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Motivated by the concept of satisficing in decision-making, we consider the problem of satisficing regret
minimization in bandit optimization. In this setting, the learner aims at selecting satisficing arms (arms with
mean reward exceeding a certain threshold value) as frequently as possible. The performance is measured by
satisficing regret, which is the cumulative deficit of the chosen arm’s mean reward compared to the threshold.
‘We propose SELECT, a general algorithmic template for Satisficing REgret Minimization via SampLing and
LowEr Confidence bound Testing, that attains constant expected satisficing regret for a wide variety of
bandit optimization problems in the realizable case (i.e., a satisficing arm exists). Specifically, given a class of
bandit optimization problems and a corresponding learning oracle with sub-linear expected (standard) regret
upper bound, SELECT iteratively makes use of the oracle to identify a potential satisficing arm with low regret.
Then, it collects data samples from this arm, and continuously compares the LCB of the identified arm’s mean
reward against the threshold value to determine if it is a satisficing arm. As a complement, SELECT also enjoys
the same (standard) regret guarantee as the oracle in the non-realizable case. To further ensure stability of
the algorithm, we introduce SELECT-LITE that achieves a light-tailed satisficing regret distribution plus a
constant expected satisficing regret in the realizable case and a sub-linear expected (standard) regret in the
non-realizable case. Notably, SELECT-LITE can operate on learning oracles with heavy-tailed (standard) regret
distribution. More importantly, our results reveal the surprising compatibility between constant expected
satisficing regret and light-tailed satisficing regret distribution, which is in sharp contrast to the case of
(standard) regret. Finally, we conduct numerical experiments to validate the performance of SELECT and

SELECT-LITE on both synthetic datasets and a real-world dynamic pricing case study.
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1. Introduction

Multi-armed bandit (MAB) is a classic framework for decision-making under uncertainty. In MAB,
a learner is given a set of arms with initially unknown mean rewards. She repeatedly picks an arm
to collect its noisy reward and her goal is to maximize the cumulative rewards. The performance is

usually measured by the notion of regret, which is the difference between the maximum possible



total mean rewards and the total mean rewards collected by the learner. With its elegant form, MAB

has found numerous applications in recommendation systems, ads display, and beyond, and many

(near-)optimal algorithms have been developed for various classes bandit optimization problems

(Lattimore and Szepesvari [2020).

While making the optimal decision is desired in certain high-stakes situations, it is perhaps
not surprising that what we often need is just a good enough or satisficing alternative (Lufkin
2021)). Coined by Nobel laureate Herbert Simon (Simon![1956), the term “satisficing” refers to the
decision-making strategy that settles for an acceptable solution rather than exhaustively hunting
for the best possible.

The concept of satisficing finds its place in many real world decision-making under uncertainty
settings (Caplin et al.|2011) as shown below.

e Cloud Service: Consider an operator tuning the configuration of a user-facing cloud service.
In each period, the operator selects a configuration, such as a resource allocation, caching rule,
batching level, routing policy, or timeout setting, deploys it for a short evaluation window, and
observes a noisy measure of service quality, for example the fraction of requests that are completed
correctly within a prescribed latency bound. The operator then uses this feedback to choose
the configuration in the next period. In this setting, the operator typically does not need to
identify the configuration with the highest possible service quality. Instead, the goal is to meet
a prespecified service-level objective, such as ensuring that at least 99% of requests satisfy the
latency requirement (see, e.g., Chapter 4 of |Sloss|2016| and |Google|2026|). Configurations that
reliably meet this target are acceptable, whereas configurations that fall short expose users
to degraded service and should be avoided. Therefore, in this setting, the objective is to hit
the configurations that meet the reliability requirements as frequently as possible rather than
searching for the configuration with the maximum service level.

e Inventory Management: Studies show that product stockouts can result in customer disen-
gagement and impair a firm’s profitability (Fitzsimons|2000} |Jing and Lewis 2011). As such,
retailers usually replenish their products periodically to improve service level (i.e., probability
of no stockout for any product). Notably, due to the complexity of inventory decisions as well
as various constraints (e.g., capacity and inventory cost), it is often very challenging and costly
to identify the optimal inventory decision that maximizes service level. Therefore, instead of
blindly maximizing service level, retailers typically set a target service level, e.g., the ideal service
level in retailing is 90% ~ 95% (Levy et al./[2023]). Consequently, in face of the unknown demand
distributions, one can cast the problem into a MAB setting with a different objective. In this
setting, a retailer starts without complete knowledge of the demand distributions and proceeds by

trying various stock level combinations (i.e., arms) of the products over time. Here, the objective



is to hit the target service level as frequently as possible rather than maximizing the service level

every time.

e Product Design: In fashion product design, designers usually need to design a sequence of
products for a group of customers with initially unknown preferences. Since the design of a
product is often a highly complex decision involving deciding a combination of many features of
a product, identifying the optimal design often involves extensive exploration over many feature
combinations, which could be both costly and time-consuming for designers. Therefore, instead of
demanding for the best design every time, designers only need to pick a design that can hopefully
meet the expectation of a certain portion of the customers for most of the time (Whitenton![2014,
Mabey|2022)).

The above examples give rise to the study of satisficing bandits (Tamatsukuri and Takahashi| 2019}

Michel et al.[2023) where the objective is to hit a satisficing arm (i.e., an arm whose mean reward

exceeds a certain threshold value) as frequently as possible. The corresponding performance measure

is satisficing regret, which is the cumulative deficit of the chosen arm’s mean reward compared to
the threshold. In particular, [Michel et al.| (2023]) develops SAT—UCHE an algorithm for finite-armed

satisficing bandits: In the realizable case (i.e., a satisficing arm exists), the algorithm attains a

constant expected satisficing regret, i.e., independent of the length of the time horizon; Otherwise, in

the non-realizable case (i.e., the threshold value is out of reach), it preserves the optimal logarithmic
expected (standard) regret.

Despite these, existing algorithms usually impose that there is a clear separation between the
threshold value and the largest mean reward among all non-satisficing arms, which is referred to
as the satisficing gap. Moreover, the satisficing regret bounds usually scale inverse proportionally
to the satisficing gap. On the other hand, it is evident that in many bandit optimization problem
classes (e.g., Lipschitz bandits and concave bandits), the satisficing gap can simply be 0, making
the bounds vacuous. Therefore, it is not immediately clear if SAT-UCB (Michel et al.|2023) or
other prior results can go beyond finite-armed bandits and if constant satisficing regret is possible

for general classes of bandit optimization problems.

1.1. Main Contributions

In this work, we propose SELECT, a novel algorithmic template for Satisficing REgret Minimization

via SampLing and LowEr Confidence Bound Testing. More specifically:

e We describe the design of SELECT in Section |3} For a given bandit optimization problem class
and an associated learning oracle with sub-linear (but not necessarily optimal) expected standard

regret guarantee, SELECT runs in rounds with the help of the oracle. At the beginning of a round,

! Algorithm 2, Section 3.1 in Michel et al.| (2023)



SELECT first applies the oracle for a number of time steps and randomly samples an arm from its
trajectory as a candidate satisficing arm. Then, it conducts forced sampling by pulling this arm
for a pre-specified number of times. Finally, it continues to pull this arm and starts to monitor
the resulted lower confidence bound (LCB) of its mean reward. SELECT terminates the current
round and starts the next once the LCB falls below the threshold value;

e In Section [, we establish that in the realizable case, i.e., when a satisficing arm exists, SELECT is
able to achieve a constant expected satisficing regret. Notably, the expected satisficing regret
bound has no dependence on the satisficing gap (see the forthcoming Remark [4f for a detailed
discussion). Instead, it scales inverse proportionally to the exzceeding gap, which measures the
difference between the optimal reward and the threshold value, and is positive in general; Otherwise
(i.e., when no satisficing arm exists), SELECT enjoys the same expected standard regret bound as
the learning oracle.

e In Section[5] we instantiate SELECT to finite-armed bandits, concave bandits and Lipschitz bandits,
and demonstrate the corresponding satisficing and standard regret bounds. We also establish
lower bounds of the expected satisficing regret for finite-arm bandits, concave bandits and
Lipschitz bandits, showing that the expected satisficing regret bounds established by SELECT are
near-optimal for all three bandit problem classes mentioned above;

e While SELECT attains constant satisficing regret in expectation, its performance in individual
realizations may not be stable, i.e., the probability of incurring a large satisficing regret is not
sufficiently small. To address this, in Section [6], we consider the tail risk control in satisficing regret
minimization. To confirm the necessity of new algorithms for light-tailed satisficing regret?}, we
first prove that the satisficing regret distribution of SELECT can be heavy-tailed even if we use a
learning oracle with light-tailed standard regret distribution. Then, we introduce SELECT-LITE, a
modified version of SELECT to obtain a light-tailed satisficing regret distribution. Specifically, with
an arbitrary learning oracle with sub-linear expected standard regret bound, SELECT-LITE enjoys
the following desirable properties:

—In the realizable case, SELECT-LITE attains a constant expected satisficing regret bound, and
its satisficing regret distribution is light-tailed; and

—In the non-realizable case, SELECT-LITE still maintains a sub-linear in T standard regret
bound.

Notably, our results do not rely on any assumptions on the tail distribution of the learning

oracle’s standard regret. In fact, SELECT-LITE is able to make use of a learning oracle with heavy-

tailed standard regret to obtain a light-tailed satisficing regret distribution in the realizable case.

2 The formal definition of light-tailed and heavy-tailed distributions are provided at the beginning of SectionH



Moreover, in |Simchi-Levi et al.| (2025), it is shown that any algorithm with a light-tailed standard
regret distribution has to suffer a Q(poly(7)) instance-dependent expected standard regretf’]
rather than a near-optimal O(log(T")) instance-dependent expected standard regret. Because
the constant expected satisficing regret bounds are typically instance-dependent, it becomes
unclear if a light-tailed satisficing regret distribution will inevitably cause any dependence on
T in the expected satisficing regret. Nevertheless, our results show that achieving a light-tailed
satisficing regret only worsens the expected satisficing regret by a constant. This thus reveals
the compatibility between constant expected satisficing regret and light-tailed satisficing regret
distribution. It also indicates a fundamental difference between the notions of standard regret
and satisficing regret.

e In Section [7] we conduct numerical experiments to demonstrate the performance of SELECT on
synthetic instances of finite-armed bandits, concave bandits, and Lipschitz bandits. We use
SAT-UCB, SAT-UCB+ (a heuristic with no regret guarantee proposed by |Michel et al.[2023)),
and the respective learning oracle as the benchmarks. Our results reveal that in the realizable
case, SELECT does achieve constant expected satisficing regret. Moreover, both its expected
satisficing regrets (in the realizable cases) and standard regrets (in the non-realizable cases) either
significantly outperform the benchmarks’ or are close to the best-performing ones’. We also test
the performance of SELECT-LITE and compare it with SELECT. We show that SELECT-LITE has
better performance in terms of tail distribution control compared to SELECT while still maintaining
a constant expected satisficing regret comparable to SELECT. This indicates that SELECT-LITE can
provide better protection against tail risks without incurring a significantly larger satisficing
regret in expectation.

e To test the performance of our algorithm in real-world instances, in Section [§ we also conduct
numerical experiments using a case study of dynamic pricing calibrated from a real-world
dataset. Using a real-world avocado sales dataset Kigging| (2018), we show that SELECT attains a
constant expected satisficing regret in the realizable case. Furthermore, our results reveal that
SELECT outperforms all other benchmarks both in the realizable and non-realizable cases.

e A preliminary version of this paper (Anonymous 2025) has appeared in the Proceedings of the
13th International Conference on Learning Representations (ICLR 2025). The current paper
additionally provides three significant contributions.

— First, we go beyond minimizing satisficing regret only in expectation and consider the tail
risk control in satisficing regret minimization. Specifically, we build on SELECT to establish
SELECT-LITE, which is able to attain a light-tailed satisficing regret distribution (Theorem @

3 Instance-dependent regret means it is analyzed for a fixed problem instance, e.g., with instance-specific parameters
such as A =minaxa+r(A") —r(A), and only its dependence on the time horizon is considered.



while still maintaining a constant expected satisficing regret in the realizable case (Theorem
for a wide range of bandit problems;

— Next, in Section [7.4] we test the empirical performance of SELECT-LITE using an instance
of finite-armed bandit. The results show that SELECT-LITE is able to maintain a smaller tail
probability in satisficing regret compared to SELECT while the expected satisficing regret of
SELECT-LITE is comparable to that of SELECT;

— Finally, in Section [8] we test our algorithm using a case study of dynamic pricing calibrated
from a real-world avocado sales dataset. We observe that under this instance SELECT is able to
significantly outperform all other benchmarks, demonstrating a strong empirical performance

of our algorithm in practical bandit problems.

1.2. Related Works
Besides Michel et al.| (2023)), the most relevant works to ours are Bubeck et al.| (2013)), Garivier|
et al.| (2019), Tamatsukuri and Takahashi| (2019), all of which focus on finite-armed bandits.

et al| (2013) and |Garivier et al. (2019) introduce constant regret algorithms with knowledge of

the optimal reward. This can be viewed as a special case of satisficing where the threshold value

is exactly the optimal mean reward. Hiyuk and Tekin| (2021) further extend the algorithm in

|Garivier et al.| (2019)) to multi-objective multi-armed bandit settings. Tamatsukuri and Takahashi|

(2019) also establishes constant regret for finite-armed satisficing bandits when there exists exactly

one satisficing arm. As a follow-up paper of Michel et al. (2023), Hajiabolhassan and Ortner| (2025)

considers satisficing in finite-state MDP.

Among others, Russo and Van Roy| (2022) is one of the first to introduce the notion of satisficing

regret, but they focus on a time-discounted setting. Furthermore, in [Russo and Van Roy| (2022,

the learner is assumed to know the difference between the values of the threshold and the optimal

reward.

More broadly, the concept of satisficing has also been studied by Reverdy and Leonard| (2014),
Reverdy et al.| (2017)), Abernethy et al|(2016)) in bandit learning. Both Reverdy and Leonard| (2014)

and Abernethy et al.| (2016) focus on maximizing the number of times that the selected arm’s

realized reward exceeds a threshold value. This is equivalent to a MAB problem that sets each arm’s

mean reward as its probability of generating a value that exceeds the threshold. In view of this,

the problems investigated in Reverdy and Leonard (2014]) and |Abernethy et al| (2016) are closer
to conventional MABs. They are also different from |[Reverdy et al| (2017, Michel et al.| (2023)

and ours, which use the mean reward of the selected arms to compute the satisficing regret. We

note that in Reverdy et al. (2017), a more general Bayesian setting is studied. In this setting, the

satisficing regret also takes the learner’s belief that some arm is satisficing into account.



The notion of satisficing is also studied in the pure exploration setting (Locatelli et al.[2016),
Mukherjee et al. 2017, Kano et al.|2019) as thresholding bandits. Their objective is to identify all
arms with mean reward above a certain satisficing level with limited exploration budget. Unlike the
satisficing regret we consider, the performance of their algorithm is measured by simple regret, i.e.,
the expected number of misidentification made by the final output. Note that any pure exploration
algorithm (Audibert and Bubeck! [2010)) is able to identify the optimal arm or a satisficing arm with
high probability after a number of steps. However, due to a small but positive error probability,
subsequent exploitation of the identified arm will always incur linear satisficing regret, thus a
simple explore-then-exploit approach is unable to obtain a constant satisficing regret bound. Similar
observations have also been made in Michel et al.| (2023]).

Another line of research relevant to our work is tail risk control in bandits. The general goal
of this line of research is to design bandit algorithms that achieve light-tailed regret distributions
besides minimizing expected regret. Some early works studying the tail distribution of bandit
algorithms include Audibert et al. (2009) and Salomon and Audibert| (2011), who show that for
UCB algorithms, the probability of regret greater than c(log(7))? (where p > 1 is fixed) decays
only polynomially in 7'. [Fan and Glynn| (2024) are among the first to establish bandit algorithms
with a light-tailed (standard) regret distribution. They focus on the finite-armed bandit setting
and show that for informationally-optimized bandit algorithms such as the UCB algorithm and
Thompson sampling, the probability of incurring a linear in T regret is at least Q(1/T"). Some
follow-up works include [Simchi-Levi et al. (2023)) and [Simchi-Levi et al. (2025). They show that
any finite-armed bandit algorithm with a O(log(T")) instance-dependent expected regret bound
has a heavy-tailed regret distribution. They also establish an optimal tradeoff between tail risk,
worst-case expected regret bound and instance-dependent expected regret bound. In our paper, we
consider tail risk control for satisficing regret minimization. We show that unlike tail risk control in
standard regret minimization, where O(log(7")) instance-dependent expected regret bound cannot
coexist with light-tailed regret distribution, in satisficing regret minimization there exists algorithm

that attains a constant expected satisficing regret and a light-tailed satisficing regret distribution.

2. Problem Formulation

In this section, we present the setup of our problem. Consider a class of bandit optimization
problems (A, R), where A is the arm set and R C {r: A — [0,1]} is the class of admissible reward
functions. The learner is given a set of feasible arms A and a class of admissible reward functions
R, pulling arm A € A in a time step brings a random reward with mean r(A). The learner knows
the underlying reward function r(-) belongs to the function class R, but the exact r() is initially
unknown to the learner. In each time step t=1,2,...,T, the learner pulls an arm A; € A, and then

observes a noisy reward Y; supported on [0, 1] with mean E[Y;|A;, €1 ...,A; 1,61, A =7(A;).



Remark 1. The notion of problem class (A, R) captures most of the bandit optimization problems
in the stationary setting. For example, if A= [K] and R = {r:[K]—[0,1]}, then the problem
class (A, R) corresponds to finite-armed bandits with K arms; if A is any convez set in R? and
R={r:A—][0,1], r is concave and 1-Lipschitz}, then the problem class (A, R) corresponds to con-
cave bandits.

In this work, we define two notions of regret. First, with the presence of satisficing level S, we
consider the satisficing regret introduced in [Reverdy et al.| (2017)), [Michel et al.| (2023)), which is the

expected cumulative deficit of the chosen arm’s mean reward when compared to S, i.e.

T
Regrety = Z max{S —r(4;),0}.

t=1
Because it is possible that no arm achieves the satisficing level, we also follow the conventional
bandit literature to define the (standard) regret, which measures the expected cumulative difference
of between the chosen arm’s mean reward and the optimal mean reward. Specifically, let A* =

argmaxc 4 7(A), the standard regret is defined as

T
Regret =T r(A")— Z r(Ay).
t=1

We say that the setting is realizable if r(A*) > S; Otherwise, it is non-realizable. We recall that an
arm A is satisficing if r(A) > S; Otherwise, it is non-satisficing.
Remark 2. In the definition of satisficing regret, we consider the cumulative deficit of mean reward
compared to the satisficing threshold because ideally we would like the arm pull in every time step
to be satisficing, thus we penalize every arm pull of non-satisficing arms. Even though in some
time steps the decision maker may pull an arm with mean reward over the satisficing threshold, the
excessive mean reward cannot compensate for the satisficing regret incurred in other time steps. With
this definition of satisficing regret, the problem cannot be trivially solved by running a traditional
bandit algorithm. Although any bandit algorithm will gradually converge to the optimal arm and
achieve a satisficing total reward with long enough time horizon, as time horizon T increase the
number of arm pulls of non-satisficing arm will also increase, incurring a satisficing regret scaling
in T. In the forthcoming Section[7 and Section[8, we also numerically show that directly running
bandit algorithms can incur substantial satisficing regret.

Existing works (e.g., [Michel et al.|2023)) are mostly focused on satisficing regret minimization
in finite-armed bandit settings, and usually derive expected satisficing regret bound that scales

inversely proportional to the satisficing gap

Ag=min{S —r(A):r(A) <S}.



However, for bandit optimization problems with large and even infinitely many arms, Ag can
approach 0 quickly. To address this issue, we define the notion of exceeding gap that captures the

difference between the optimal reward and S in realizable cases, i.e.,
Ag=r(A")-S.

Remark 3 (Shortfalls of Existing Algorithms). In what follows, we discuss how existing
algorithms such as the ones in|Garivier et al. (2019) and Michel et al.| (2025) are unable to extend to
more general bandit settings. At a high level, both the algorithm in|Garivier et al.| (2019) and the one
in |Michel et al| (2025) use the following steps: first, maintain and exploit a large set of candidate
satisficing arms containing all arms that are potentially satisficing; second, while exploiting the
candidate satisficing arm set, remove any arm that no longer meets the criteria of a candidate
satisficing arm; finally, when the candidate arm set becomes empty, uniformly explore the entire
arm set until the candidate arm set becomes non-empty again. Specifically, in|Garivier et al.| (2019),
the criteria for a candidate satisficing arm is that the arm’s UCB should exceed S, while in |Michel
et al.| (2023), the criteria is that the arm’s empirical mean reward should exceed S.

While the aforementioned idea works well for finite-arm bandits, it can easily fail in many other
bandit problem classes, particularly those with continuous arm sets (e.g., concave bandits and
Lipschitz bandits). For existing algorithms such as|Garivier et al. (2019) and Michel et al. (2025),
continuous arm sets presents at least two challenges:

e With a continuous arm set, the number of arms becomes infinite, and even after applying certain
discretization, the algorithm still needs to explore many more arms compared to finite-arm bandit
settings when doing uniform exploration, and many of those arms could be non-satisficing. For this
reason, uniform exploration could also mean a large number of arm pulls among non-satisficing
arms, thus incurring significant satisficing regret. Similarly, removing non-satisficing arms could
also be costly, as the candidate satisficing arm set could potentially contain a large number of
non-satisficing arms and significant regret may incur when removing these non-satisficing arms
one by one.

e The issue is further worsened by the lack of separation between mean rewards and the satisficing
threshold. Specifically, under continuous arm set, mean rewards of non-satisficing arms can be
arbitrarily close to the satisficing threshold S. This brings significant challenges to removal of
non-satisficing arms. Specifically, consider a non-satisficing arm whose mean reward is S — 9.
Under the criteria for candidate satisficing arms in either |Garivier et al. (2019) or|Michel et al.
(2025), removal of this arm is guaranteed only after Q(1/62) pulls of the arm, and a satisficing

regret of Q(l/é) is incurred when removing such a non-satisficing arm. With the arm set being
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continuous, § could be arbitrarily small, making the satisficing regret incurred when removing
even a single non-satisficing arm arbitrarily large already. We would also like to remark that
this issue cannot be solved by simply using a stricter criteria for candidate satisficing arms, e.g.,
requiring that the arm’s LCB should exceed S. With a stricter critera for candidate satisficing
arms, the candidate arm set can easily become empty, forcing the algorithm to run the already
costly uniform exploration over and over again, thus incurring even larger satisficing regret.
For these reasons, existing algorithms in |Garwier et al| (2019) and |Michel et al. (2025) are
unable to attain a constant expected satisficing regret in bandit classes beyond finite-arm bandits.

Addressing these challenges requires significant algorithmic departure from existing approaches.

3. SELECT: Satisficing Regret Minimization via Sampling and Lower
Confidence Bound Testing

In this section, we present our algorithmic template SELECT for general classes of bandit optimization
problems. When the arm set A is not too large, one can collect enough data samples for every arm
to estimate its mean reward and gradually abandon any non-satisficing arms (see, e.g., Garivier,
et al.[2019, [Michel et al.|[2023]). In general, however, the arm set can be large and may even contain
infinitely many arms (e.g., continuous arm set). Therefore, it becomes impossible to identify all
non-satisficing arms. We thus take an alternative approach: The algorithm repeatedly locates a
potentially satisficing arm with low (satisficing) regret. Then, it tests if this candidate arm is truly
a satisficing arm or not. If not, it kicks off the next round of search.

To ensure fast detection of candidate arms with low regret for a given bandit optimization
problem class (A, R), SELECT makes use of a bandit algorithm for (standard) regret minimization
on (A, R). To this end, we assume access to a blackbox learning oracle that achieves sub-linear
standard regret for the bandit optimization problem class (A, R).

Condition 1. For problem class (A, R), there exists a sequence of learning algorithms ALG such
that for any reward function r € R and any time horizon t > 2, the expected regret of ALG(t) is
bounded by

t

Zr(AS)

s=1

t-r(A)—E < Cyt*log(t)”.

where C1 >1,1/2<a < 1,8>0 are constants only dependent on the problem class and independent
from the time horizon t.

We remark that Condition [ only asks for sub-linearity in standard regret upper bounds rather
than optimality. Therefore, it is an extremely mild condition and can be easily satisfied by a wide
range of bandit optimization problem classes and the corresponding bandit learning oracles, e.g.,
finite-armed bandits, linear bandits, concave bandits, Lipschitz bandits, etc. We will demonstrate

this in the forthcoming Section [§] and Section [[] of the Appendix.
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With this, for a problem class (A, R) and its sub-linear regret learning algorithm ALG, SELECT runs

in rounds. In round i, it takes the following steps (see Fig. 1| for a illustration):

Forced LCB
ALG (tl ) S amp l.].Ilg Tests
s | . 1 [ . 1
I 1
Arm A , | | X
Index - N I I I Round
Round I Uniformly draw| | | terminated when
: 1 one arm from | | I LCB < S
tart:gagt ed T‘;’h en 1 . trajectory | | /
<
| Iﬁﬁlllllllﬂlllll. [ |
Nl B B I I ' m
EEN, [ [ [ I Im
| | | |
| | | |
| | | |
| 1 1 1 »
— Y ) T
me
Round ] Round .
. Round i . Horizon
i—1 i+1

A square at coordinate (t, a) means the algorithm
pulls arm a at time step t

Figure 1 lllustration of a single round of SELECT

Step 1. Identify a Potentially Satisficing Arm: Let ; = 27(!=®)/* SELECT follows ALG(t;) for
the first t; = H_l/ (1727 — [2i/2] steps of round i and records its arm selections. Then, it samples
an arm A; uniformly random from the trajectory of ALG(¢;) in this round. By virtue of ALG, we find
an arm whose mean reward is at most O(t2~*) = O(~;) below 7(A*) in expectation, and only O(t%)
satisficing regret is incurred in this step in the realizable caseﬁ We note that in the realizable case,
as i increases, O(7;) will gradually become smaller than A%, meaning that the sampled arm A, is
more likely to be a satisficing arm and enjoys no satisficing regret;

Step 2. Forced Sampling on the Identified Arm: To validate if A; is a satisficing arm or
not, we need to collect enough data from pulling A; before performing any statistical test (see the
forthcoming Remark El for the reasons). However, when the arm set A is large, ALG(¢;) might only
have pulled A; for limited number of times. To circumvent this, we perform a forced sampling on
A; by pulling it for T; = [, %] times;

Step 3. Lower Confidence Bound Tests: In this step, SELECT kicks off the LCB test as more
data is collected from pulling A;. We use k (initialized to 0) to denote the number of additional

4We adopt the asymptotic notations O(-),Q(-), and O(-) as defined in (lCormen et a1.||2009b. When logarithmic factors
are omitted, we write them as O(-),Q(-), and ©(-).




12

pieces of noisy reward data generated by pulling A; in the current time step and 7°* to denote the
running total reward collected from Step 2 and the current step so far. At the same time, it keeps

comparing the LCB of A;’s mean reward, i.e., 71 /(T; + k) — V4log(T; + k) /(T; + k), against the

threshold value S after acquiring every piece of new data. SELECT terminates this round and enters
the next whenever the LCB is less than S.

The pseudo-code of SELECT is presented in Algorithm
Remark 4 (Key Novelties of SELECT). Our algorithm brings together several key ingredients,
including sampling from oracle trajectories (Step 1), forced sampling to collect data (Step 2), and
the LCB test (Step 3). In what follows, we further comment on the subtleties of each step.
Step 1. Prior works on satisficing (Garwier et al.||2019, Michel et al||2025) mainly use uniform
exploration to find candidates of satisficing arms. This approach could incur major satisficing regret
when the arm set is large or even possibly infinite, as conducting uniform exploration on a large arm
set may result in pulling a large number of non-satisficing arms. To bypass this challenge, in Step 1,
we search for candidates using a bandit learning oracle with sub-linear standard regret. Hence, we
are able to find candidates of satisficing arms without incurring large regret.
Step 2. One challenge from using the LCB test in Step 3 is that it is a more conservative design
compared to prior works. In fact, if we directly enter Step 3 without Step 2, the LCB of 7“(1211) can
easily fall below S even if T’(Al) > S. This is because we may not have pulled A; for sufficiently
many times in Step 1 and the corresponding confidence interval might be large. As a result, the
lower confidence bound of T(Ai), which is the difference between empirical mean and confidence
radius, can be significantly below S. This indicates, without the forced sampling in Step 2, major
satisficing regret can be incurred due to frequent re-start of a new round. With the forced sampled
data collected from Step 2, SELECT ensures that the width of the confidence interval is of order

O(T7'*Y=0(v,) (i.e., same as E[r(A*) —r(A,)]). Consequently, whenever ~; shrinks to well below
A%, SELECT gradually becomes less likely to terminate a round (see the forthcoming Proposition @;
Step 3. In Step 3, SELECT compares the LCB of A;’s mean reward against S to determine if
A; is a satisficing arm. This deviates from prior works that use UCB (Garwier et al.[|2019) or
empirical mean (Michel et al.||2025). However, it turns out that this is essential in achieving a
constant expected satisficing regret that does not scale with 1/Ag, which can quickly explode in
many cases e.g., when the satisficing gaps can be arbitrarly small. As we will see, once entering
Step 8, SELECT can terminate a round within 1 additional time step in expectation when facing
a non-satisficing arm (i.e., in the proof of the forthcoming Proposition . In contrast, if it
follows prior works to use UCB or empirical mean instead, the number of time steps required (and

hence, the satisficing regret) will unavoidably scale with 1/Ag (see e.g., Theorem 9 of |Garivier et al.

2019 or Theorem 1 of |Michel et al.||2023).
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Algorithm 1 Satisficing Regret Minimization via Sampling and Lower Confidence Bound Testing
(SELECT)

Input: time horizon T, satisficing level S
Set 7, « 27—/ for all i =1,2,3...
for round i=1,2,... do
Set t; < [, /"]
Run ALG(t;), let {A,}scpi,) be the trajectory of arm pulls
Sample g uniformly at random from {1,2,...,¢;} and set A+ A,
Set T; + [, 2], k<0
Let ¢ be the current time step, pull arm A; for the next 7} time steps, and set 7Eot «— ZZ:?_I Y,
while LOB(4;) > S do
Set k<« k+1
Pull arm A; and observe Y;, where ¢ is the current time step

Update 7{°" « 7" + Y,

Set
. ftot 4log(T; + k)
LCB(A; -
CBA) =7 % T, +k
end while
end for

4. Regret Analysis
In this section, we analyze the regret bounds of SELECT. We begin by providing an upper bound of
expected satisficing regret in the realizable case, i.e., r(A*) > S.

Theorem 1. If r(A*) > S, then the expected satisficing regret of SELECT is bounded by

e ==
E[Regret,] < min {c ( ~ ) -polylog (g) Rexe: -polylog<T>} . W
S S

We remark that, from the first term on the RHS of (1)), SELECT can achieve a constant (w.r.t. T)
expected satisficing regret in the realizable case. Moreover, even when T is relatively small and
the constant expected satisficing regret guarantee is loose compared to the oracle’s regret bound,
it is able to adapt to the oracle’s performance and achieve a sub-linear in 7" bound on expected
satisficing regret. More specifically, when the exceeding gap A% is large, i.e., A% > C/T~17% the
regret bound w.r.t. A§ is the smaller one in the two bounds. Therefore in this case the satisficing
regret bound scales polynomially in 1/A% and does not increase even when the time horizon T
increases. When the exceeding gap A% is small, i.e., Ay < C,T~1~% the regret bound w.r.t. T
is the smaller one in the two bounds. Therefore in this case the satisficing regret bound scales

sublinearly in 7" and does not increase as A§ gets smaller.

Proof Sketch. A complete proof for Theorem [I] is provided in Section [A] As discussed in Section
there are two key intuitions why SELECT attains low expected satisficing regret: first, by virtue of

the standard regret minimization algorithm ALG, Step 1 and Step 2 of SELECT does not incur much
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satisficing regret, and Step 3 can also quickly remove non-satisficing arms without incurring much
satisficing regret; second, as the rounds proceed, SELECT becomes more likely to acquire a candidate
arm that is truly satisficing, and the candidate arm is also less likely to be removed by the LCB
test in Step 3. In what follows, we present two key results that formalize the two intuitions.

To formalize the first intuition, we use the following proposition to establish an upper bound on

the expected satisficing regret incurred in each round.

Proposition 1. If r(A*) > S, then the expected satisficing regret incurred in round i is bounded by

SC —« —«
m% /a )IOg(4/’Yv:)B-

The proof of this proposition is provided in Section of the appendix.
To formalize the second intuition, we use the following proposition to show that once SELECT runs

for enough rounds so that v; = O(A%), it becomes less likely to start a new round.

Proposition 2. If r(A*) > S, then for every i that satisfies
32C4
il 4 ; max{3,1/2} < A¥ 9
the probability that round i ends within the time horizon T (conditioned on the event that round i is

started within the time horizon) is upper bounded by 1/4.

The proof of this proposition is provided in Section of the appendix. Since each round
of SELECT runs independently, Proposition 2] indicates that the total number of rounds for SELECT can
be upper-bounded by a shifted geometric random variable with success rate 3/4.

With Proposition [I] and Proposition [2| we are ready to finish the proof of Theorem [I We
denote iy + 1 as the minimum integer such that holds. We prove that 20(-®/e =1 /v, =
Cy /A% - polylog(Cy/AY%). We further have iy = O(log(C;/A%)). Therefore by Proposition 1| the

expected satisficing regret incurred in the first i, rounds is bounded by

0080, e e [ 1\T* C
S 1-a . B < I—a . 1
z o) " log(4/v:)" < C (AQ polylog (Ag) :

i=1

Then we bound the expected satisficing regret incurred after round ig. By Proposition round
i+ k — 1 ends within the time horizon and SELECT further enters round iq + k& with probability at

most 41, Therefore the expected satisficing regret after round i, is upper bounded by

8C, - 5 1-k R G p——— > o ((T=a)(ig+ k) B ,
m%ﬁk log(4/7ig+x)” -4 —m%o ;2 #le log(2)”.

We have shown that ~; */"~* = (C1/A%)*/ (=) . polylog(Cy /A%). We further show that the sum-

20

NE

>
Il

1

mation above is polynomial in 4y, thus polynomial in log(C;/AY). Therefore the expected satisficing
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regret is upper bounded by C}/"'~*(1/A%)*/(1=2) . polylog(C, /A%). Therefore the expected satis-
ficing regret is upper bounded by the first term in the regret bound.

We further show that the expected satisficing regret is upper bounded by the second term in the
regret bound. Let 4,,.x be the total number of rounds for SELECT. We show that ¢;, ., =, ZX (1=a)
O(T), thus ima = O(log(T')). By Proposition 1| the expected satisficing regret of each round is
upper bounded by O(Cy, /"~ = O (C1t*) < O (C,T*). Since the total number of rounds is
upper bounded by O(log(T")), the expected satisficing regret of SELECT is also upper bounded by

C,T* - polylog(T). O

We also show that, in the non-realizable case, SELECT enjoys the same regret bound as the oracle
in Condition [I| (The proof is provided in Section [B| of the appendix).
Theorem 2. If r(A*) < S, the standard regret of SELECT is bounded by

E[Regret] < C1T* - polylog(T).

Proof of Theorem [2]is provided in Section Bl Theorem [2] implies that the expected standard
regret of SELECT is sub-linear in 7" in the non-realizable case. The expected standard regret bound
of SELECT matches that of the learning oracle within logarithmic factors of T, indicating a similar
performance guarantee of SELECT compared to the standard regret minimization algorithm in the
corresponding class of bandit optimization problems.

With the above results, we establish that under a very general condition, SELECT does achieve
constant expected satisficing regret in the realizable case without compromising the standard regret

guarantee in the non-realizable case.

5. Examples

In what follows, we instantiate SELECT to several popular classes of bandit optimization problems,
including finite-armed bandits, concave bandits, and Lipschitz bandits. Along the way, we showcase
how our results enable constant expected satisficing regret for bandits with large and even infinite
arm set, which was not achieved by existing algorithms. We remark that the examples given here are
non-exhaustive and similar results can be derived for other classes of bandit optimization problems
such as linear bandits. In all three examples of this section, we assume the mean reward of each

arm is in [0, 1].

1. Finite-Armed Bandits: Consider any instance of finite-armed bandit with K arms, i.e.,
A =[K]. In this case, both the UCB algorithm (see, e.g., Bubeck and Cesa-Bianchi 2012) and
Thompson sampling (see, e.g., Agrawal and Goyal 2017) achieve a regret bound of O(\/Wg(ff) ).
Combining them with Theorems [1] and 2] we have the following corollary. At the end of this section,

we also provide some discussions on the lower bounds of the expcted satisficing regret.
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Corollary 1. By using either the UCB algorithm or Thompson sampling as ALG, if r(A*) > S, the
expected satisficing regret of SELECT is bounded by

K K
E[Regrety] < min{A* - polylog (A*) VKT - polylog(T)} ;
S S

If r(A*) < S, the standard regret of SELECT is bounded by E[Regret] < KT -polylog(T).
Remark 5 (Comparison with |Garivier et al./ 2019, Michel et al.|2023). |Garivier et al.
(2019), |Michel et al.| (2025) also provide algorithms for the expected satisficing regret in finite-armed
bandit settings. While our expected satisficing regret bound is incomparable to|Garivier et al. (2019),
which attains a O(K/Ag) expected satisficing regret, we provide magjor improvement over |Michel
et al.| (2023), which achieves O(K/Ag+ K/(A%)?) expected satisficing regret. Compared to \Michel
et al.| (2023), our regret bound remove the dependence on Ag and the additional 1/A% factor. We
also point out that if we want to achieve the same expected satisficing regret as Garwier et al.| (2019),
we can simply change the LCB test in Step 3 to a UCB test.

Remark 6 (Best-of-Both-Worlds). When comparing the our expected regret bound in C’orollary
with the one in |Garwier et al| (2019), one can see that our algorithm SELECT potentially has
a better performance when A% is large and Ag is small, while the algorithm in |Garivier et al.
(2019) potentially has a better performance when A¥ is small and Ag is large. In order to establish
an algorithm that attains a “best of both worlds” and works well in both cases, in Section [N of
the appendix, we propose SELECT-BoBW, an adapted version of SELECT for finite-arm bandits that
attains an expected satisficing regret bound O(min{K/Ag, K/A%L}). , a regret bound that is the
Best-of-Both-Worlds, improving upon both |Garwier et al.| (2019), |Michel et al. (2023). Specifically,
SELECT-BoBW is modified based on SELECT by adding a UCB test in the forced sampling in Step
2, which compares the UCB of candidate arm mean reward against the threshold S, during forced
sampling. Whenever the UCB of the candidate satisficing arm falls below S, the forced sampling
1s terminated early and SELECT-BoBW immediately proceeds to the next round. We present a full
discussion of SELECT-BoBW in Section[N| in the appendiz.

2. Concave Bandits: Consider any instance of the concave bandit, i.e., A C R? is a bounded
convex set, and r(A) is a concave and 1-Lipschitz continuous function defined on A. |Agarwal et al.
(2011)) gives an algorithm that enjoys poly(d)y/T - polylog(T) regret. Together with Theorems |1/ and
we have the following corollary.

Corollary 2. By using the algorithm in |Agarwal et al.| (2011) as ALG, if r(A*) > S, then the
expected satisficing regret of SELECT is bounded by

ly(d d
E[Regretg| < min {poAy*() -polylog <A*> ,poly(d)ﬁ-polylog(T)} ;
s s

If r(A*) < S, the standard regret of SELECT is bounded by E[Regret] < poly(d)v/T - polylog(T).
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3. Lipschitz Bandits: Consider any instance of the Lipschitz bandit in d dimensions, i.e.,
A=10,1]%, and r(A) is an L-Lipschitz function (here Lipschitz functions are defined in the sense
of co-norm). Bubeck et al.| (2011 introduces a uniformly discretized UCB algorithm to achieve a
O(L/ @+ d+D/(d+2) | /log(T')) regret upper bound. Together with Theorem || and Theorem [2, we
have the following corollary.

Corollary 3. By using the UCB algorithm with uniform discretization in |Bubeck et al.| (2011) as
ALG, if r(A*) > S, then the expected satisficing regret of SELECT is bounded by

L L
S S

If r(A*) < S, the standard regret of SELECT is bounded by E[Regret]| < LT - polylog(T).

Remark 7. Recall that Ag =min{S —r(A):r(A) < S}, one can easily verify that in the realizable
case, Ag =0 for both concave bandits and the Lipschitz bandits. As such, one cannot directly apply
the results in|Garivier et al.| (2019), Michel et al| (2023) to acquire a constant expected satisficing
regret. With the notion of exceeding gap A% and SELECT, we establish constant expected satisficing

regret bounds for these two classes of bandit optimization problems.

5.1. Lower Bounds for Satisficing Regret Minimization

To complement our main results, we also present the expected satisficing regret lower bounds
for finite-arm bandits, bandits with concave rewards and Lipschitz bandits. By establishing lower
bounds on the expected satsificing regret, we show that SELECT attains a near-optimal expected
satisficing regret bound for all three aforementioned bandit problem classes.

The first one is an expected satisficing regret lower bound for the finite-armed bandits.
Theorem 3 (Finite-Armed Bandits). For every non-anticipatory learning algorithm w, every
0<A<1/20, every Ke€Z,, K>2, and T > K/A?, there exists an instance of finite-arm bandit
with K arms such that r(A*) — S = A, and the expected satisficing regret incurred by 7 is at least

Theorem |3| establishes a Q(K/A%) lower bound on the expected satisficing regret for finite-arm
bandits. The lower bound established in Theorem [3]| matches the expected satisficing regret upper
bound of SELECT in Corollary |1j up to a logarithmic factor of K/A%. This also suggests that the
expected satisficing regret bound of SELECT is near-optimal up to logarithmic factors of K/A%.
Remark 8. In Michel et al.| (2023), the authors adapt the results from |Bubeck et al. (2013) (for
MAB with known optimal mean reward) to establish a Q(K/Ag) expected satisficing regret lower
bound for finite-armed bandits. This is different than the one in Theoren]d, which is Q(K/A) with
A being the exceeding gap (i.e., A%). This difference originates from the lower bound instances. The

lower bound instance in |Bubeck et al.| (2015) (when adapted to satisficing bandits) sets the threshold
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value to the optimal mean reward, i.e., S =r(A*), which makes both the expected satisficing regret
and standard regret lower bounds to be Q(K/Ag). In our lower bound proof, we allow S to be smaller
than r(A*), which leads to a lower bound that depends on the difference between these two quantities.

Next, we provide an expected satisficing regret lower bound for bandits with concave rewards.
Theorem 4 (Bandits with Concave Rewards). For every non-anticipatory learning algorithm 7,
every 0 < A <1/162 and every T > 1/A?, there exists an instance of one-dimensional bandit with
concave reward such that r(A*)— S =A, and the expected satisficing regret incurred by m is at least
Q(1/A).

Theorem [ establishes a 2(1/A%) lower bound on the expected satisficing regret for concave
bandits. The lower bound established in Theorem [4 matches the expected satisficing regret upper
bound of SELECT in Corollary [2|up to a polynomial factor of d and a logarithmic factor of d/A%. If
we consider the dimension d as a constant, then the expected satisficing regret bound of SELECT for
concave bandits is near-optimal up to a logarithmic factor of d/A%.

Finally, we provide an expected satisficing regret lower bound for Lipschitz bandits.

Theorem 5 (Lipschitz Bandits). For every non-anticipatory learning algorithm m, every 0 < A <
1/20, every d € Z, Lipschitz constant L > 1 and time horizon T > L/ A2 there exists an instance
of d-dimensonal Lipschitz bandit such that r(A*)—S = A, and the expected satisficing regret incurred
by 7 is at least Q(LY/ AT,

Theorem [5| establishes a Q(L?/(A%)4"!) lower bound on the expected satisficing regret for
Lipschitz bandits. The lower bound established in Theorem [5| matches the expected satisficing regret
upper bound of SELECT in Corollary [3| up to a logarithmic factor of L/A%. This also suggests that
the expected satisficing regret upper bound provided by SELECT is near-optimal up to a logarithmic
factor of L/AY.

6. Tail Risk Control in Satisficing Regret Minimization

While SELECT achieves a constant satisficing regret in expectation, it is unclear if it enjoys a
light-tailed distribution on the satisficing regret (i.e., the realized satisficing regret is unlikely to
be much larger than the expectation), a highly desirable property in maintaining the stability of
an algorithm (Fan and Glynn| 2024, |Simchi-Levi et al.|2023)). We say the satisficing regret of an
algorithm is light-tailed if the probability of satisficing regret being greater than = decays at a
rate of exp(—x¢) for some ¢ >0 as z increases. In other words, the satisficing regret distribution is

light-tailed if there exists ¢ € (0,1) and Ay, Ay, such that for any 7" and any 0 <z <T,
Pr(Regrety > z) < Ajexp (—2¢/As). (3)

Here Ay, Ay > 0 are parameters independent of x. We remark that A; and A, can depend on the

length of the time horizon T, but we require that A; could scale at most polynomially with T,
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and A, could scale at most poly-logarithmically with 7. On the other hand, any algorithm whose
satisficing regret distribution does not satisfy is said to have a heavy-tailed satsficing regret
distribution

A light-tailed satisficing regret distribution is critical in many practical settings of satisficing
regret minimization, particularly in applications sensitive to tail risk such as healthcare and supply
chain. In these applications, a light-tailed satisficing regret distribution reduces the possibility of
suffering substantial losses for the decision maker, thus providing the decision maker with more
protection against extreme scenarios. For instance, in the inventory management example discussed
in Section [T} if an algorithm is able to achieve a light-tailed satisficing regret distribution, it indicates

it is highly unlikely for the retailers to frequently fall short of the designated service level over time.

6.1. Key Challenges and Insufficiency of SELECT

Based on prior results (see, e.g., Fan and Glynn |2024, |Simchi-Levi et al.[2023| Simchi-Levi et al.

2025)), achieving a light-tailed satisficing regret distribution while still maintaining a constant

expected satisficing regret can be extremely challenging due to the following reasons:

1. Tradeoff between Instance-Dependency and Tail Risk: Existing works show that in
standard regret minimization for finite-armed bandits, a worse instance-dependent expected
standard regret is inevitable for any algorithm with a light-tailed standard regret distribution.
In particular, Simchi-Levi et al.| (2025) prove that any algorithm with a light-tailed standard
regret distribution has to suffer a Q(poly(T")) instance-dependent expected standard regret,
rather than a near-optimal O(log(T)) instance-dependent expected standard regret for the UCB
algorithm and Thompson sampling. Since existing constant expected satisficing regret bounds
(e.g., |Garivier et al. 2019, Michel et al. 2023, and ours) are all instance-dependent, one may
conjecture that in satisficing regret minimization, a light-tailed satisficing regret distribution
could also inevitably come at a cost of worse (e.g., polylog(T") or poly(T")) instance-dependent
expected satisficing regret. Then, it becomes unclear whether a constant expected satisficing
regret bound can coexist with a light-tailed satisficing regret distribution even in the finite-armed
bandit setting.

2. Heavy-Tailed Learning Oracle: To the best of our knowledge, existing works on tail risk
control for standard regret focus mostly on finite-armed bandits and linear bandits, and it
remains unclear whether there exists learning oracles with light-tailed regret distribution for more
general classes of bandit optimization problems. Therefore, we may have to start with learning
oracles with potentially heavy-tailed standard regret distribution. This makes our algorithm
design even more challenging in achieving a light-tailed satisficing regret distribution for more

general classes of bandit optimization problems.
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Before proceeding, we first confirm the necessity of new algorithmic techniques in achieving a light-
tailed satisficing regret distribution. We use the following proposition to show that the satisficing
regret distribution of SELECT can indeed be heavy-tailed even if the learning oracle ALG used is
already light-tailed.

Proposition 3. For every finite-armed bandit learning oracle with O(ﬁ) standard regret, if the
oracle selects each arm at least once with probability at least 1/2, then there exists an instance of

two-armed bandit such that for oll T € Z, , the satisficing regret of SELECT satisfies

T 1
Pr <Regrets > 14) > 1 exp(—2log(T)?).

The proof of Proposition [3]is provided in Section [D] of the appendix. Proposition [3] states that
the satisficing regret distribution resulted from SELECT is heavy-tailed under mild conditions of
the learning oracle. In fact, such conditions in Proposition [3| hold widely in most of the existing
algorithms for finite-armed bandits, such as the UCB algorithm, Thompson sampling, and even
for the algorithm in [Simchi-Levi et al. (2025)), whose standard regret distribution is known to be
light-tailed. This suggests that simply applying SELECT does not guarantee a light-tailed satisficing
regret distribution, even if the learning oracle adopted is light-tailed. Therefore, a new algorithm is

needed if we want to ensure a light-tailed satisficing regret distribution.

6.2. SELECT-LITE: SELECT with Light-Tailed Satisficing Regret Distribution
In this section, we present SELECT-LITE, an augmented algorithmic template with a light-tailed
satisficing regret distribution for more general classes of bandit optimization problems.

We note that there are two factors that prevent SELECT from achieving a light-tailed satisficing
regret distribution. First, the length t; of Step 1 and the length T; of Step 2 increase exponentially
as rounds proceed. Since larger t; and T; often result in larger tail risk, the rapid growth of ¢; and T;
can lead to uncontrolled tail risk, eventually resulting in a heavy-tailed satisficing regret distribution.
Second, in the LCB test in Step 3 of SELECT, we construct a sequence of confidence intervals for
the candidate satisficing arm such that the k-th confidence interval contains the true mean reward
with probability 1 — poly(1/k). Although we have shown that these confidence intervals guarantee
removal of a non-satisficing candidate arm in constant time steps in expectation, the distribution of
the number of steps in the LCB test could also be heavy-tailed, potentially leading to a heavy-tailed
satisficing regret distribution.

In observance of these, we make two modifications to SELECT to make the satisficing regret
distribution light-tailed. First, in the modified algorithm, we set the length ¢, of Step 1 and the
length T/ of Step 2 to scale polynomially with the number of rounds ¢ instead of exponentially.

Second, we use larger confidence intervals in the LCB test such that the k-th confidence interval
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contains the mean reward with probability at least 1 —exp(—Q(k¢)). With this configuration of
confidence intervals, if the candidate satisficing arm is non-satisficing, then the probability that the
LCB test lasts for more than k time steps is at most exp(—Q(k¢)), thus we are able to guarantee
that the number of steps for the LCB test in each round follows a light-tailed regret distribution.

We refer to this algorithm as SELECT-LITE, and the complete algorithm is provided in Algorithm 2]
Here, I'(z) is the gamma function given by I'(z) = [~ t*~! exp(—t)dt.

Algorithm 2 Satisficing Regret Minimization with Light-Tailed Satisficing Regret Distribution
(SELECT-LITE)

Input: time horizon T, satisficing level S, tail distribution parameter
Set y; <— i~ (/<D= for all i =1,2,3. ..
for round i =1,2,... do
Set ¢} [’y{l/(l_a)w
Run ALG(Z)), let {fls}se[t;] be the trajectory of arm pulls
Sample ¢ uniformly at random from {1,2,... ¢/} and set A, A,
Set T/ + [, %], k+0

Let ¢ be the current time step, pull arm A, for the next T! time steps, and set 7{°" Zi{l’/*l Y
while LCB(A;) > S do
Set k+k+1

Pull arm fli and observe Y;, where ¢ is the current time step
Update 7°f - 7iot 4V,

Set
) prot k¢ +log (8C'T(C71))
end while
end for

6.3. Tail Risk and Regret Analysis of SELECT-LITE
In this section, we provide a tail risk and regret analysis of SELECT-LITE. We show that
SELECT-LITE has the following desirable properties: in the realizable case, SELECT-LITE enjoys
both a light-tailed satisficing regret distribution and a constant expected satisficing regret bound at
the same time; in the non-realizable case, SELECT-LITE still maintains a sub-linear standard regret
bound.

We first use the following theorem to show that SELECT-LITE indeed has a light-tailed satisficing
regret distribution in the realizable case.
Theorem 6. If r(A*) > S, then for all x > 0, the probability that satisficing regret of
SELECT-LITE exceeds x is bounded by

xr— I ¢ , T —20)5
Pr(Regretg > x) <exp (22’0 +4- (9+ o _( C)/3)2J1r(1 — a)—1> ) +exp (10 +2— (4)> ,
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¢
where ig = O <1/A§ : log(l/Ag)ﬁl) (192(16“)) and xo = 6(ig + ((io + 1)'/¢) are constants indepen-
dent of x and T'.

Proof Sketch. The complete proof of Theorem [6] is provided in Section [E] of the appendix. Similar
to Proposition [2 we first prove that in SELECT-LITE, the probability of round i terminating within

the time horizon is at most 1/4 for all large enough 1.

Proposition 4. If r(A*) > S, then for all i that satisfies

320 (1 — )~/
(1—a)?

V2+2log (8CTIT(C))y; ~ log(d /7)™ #1/2F < A, (4)

the probability that round i ends within the time horizon T' (conditioned on the event that round i is

started within the time horizon) is upper bounded by 1/4.

Proposition [4] implies that the total number of rounds for SELECT-LITE can be upper-bounded
by a shifted geometric random variable with success rate 3/4. Proof of Proposition 4] is provided in
Section of the appendix.

The inequality in the theorem is trivial when = < x(, thus we focus on the case where x > x,.
We denote iy as the smallest i that satisfies (). Since x > o, we get >33 (#, +T}). Then
we divide the satisficing regret of SELECT-LITE into three parts: 1. the satisficing regret incurred
in Step 1 and 2 by round iy; 2. the satisficing regret incurred in Step 1 and 2 after round ig; 3.
the satisficing regret incurred in Step 3 of all rounds. Since = >3, (¢/ +T7), the first part of
satisficing regret is at most x/3. Therefore if the total satisficing regret exceeds z, then either the
second or the third part of satisficing regret exceeds x/3.

To bound the tail distribution of the second part of satisficing regret, we first define ky as the
maximum integer such that Z;Sjﬁl(t; +T!) <x/3. Then we verify that ko= Q(x¢). If the second
part of satisficing regret exceeds x/3, then the total number of rounds should be at least i+ ko + 1,
and by Proposition [4] SELECT-LITE enters round iq+ ko + 1 (i.e., round iy + ko terminates within
the time horizon) with probability at most 4% = exp(—(z¢)). Therefore the probability that the
second part of satisficing regret exceeds /3 is at most exp(—Q(z¢)).

To bound the tail distribution of the third part of satisficing regret, by the definition of confidence
intervals we have that the probability that the number of steps in the LCB test exceeds k is
O(exp(—k*)). Furthermore, by Proposition 4} the total number of rounds of SELECT-LITE is upper
bounded by a shifted geometric random variable with success probability 3/4. Then we use the

following proposition to bound the tail distribution of the third part of satisficing regret.
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Proposition 5. Suppose {Q;} are independent nonnegative random variables and there ezists

K, >0,0< (<1 such that for all x>0 and all i € Z7,
Pr(Q; > ) < K, exp(—a°).
Let N(X) be a geometric distribution with success rate being 1 — X, where A <1/2. Then for all

N+N(X) Ni1 ¢

2V 1 = N) x
P o)<t Mep (- ,
7”( > Ql—x>— 12X eXp( K1+1>

i=1

x>0, we have

Proposition [5| states that the sum of a random number of independent light-tailed random
variables is still light-tailed if the number of random variables follows a shifted geometric distribution.
Proof of Proposition [5]is provided in Section By Proposition [5], the probability that the total
number of time steps for Step 3 exceeds z/3 is at most exp(—Q(x¢)). Therefore the probability that
the satisficing regret incurred in Step 3 exceeds /3 is at most exp(—Q(z¢)). Therefore we conclude
that the probability that the satisficing regret of SELECT-LITE exceeds x is at most exp(—(z°))

for large enough =x. O

Remark 9 (Independence of T for the Tail Probability Bound). We would like to point
out that the tail probability bound of SELECT-LITE does not depend on T'. In other words, for any
realizable instance, there exists a fized light-tailed distribution that dominates the distribution of
satisficing regret of SELECT-LITE with any time horizon T. This is in sharp contrast with the tail
probability bounds provided in prior works such as|Simchi-Levi et al| (2025), which deteriorate as T
increases although the standard regret distribution for every fized T is light-tailed.

We use the following theorem to show that SELECT-LITE enjoys a constant expected satisficing
regret bound.
Theorem 7. If r(A*) > S, then the expected satisficing regret of SELECT-LITE is bounded by

¢t+a(l—¢)

(1-0%(1-a)
E[Regrety] <min< C; <§i ) e - polylog (gi > , C1T*0 =9+ polylog(T)
5 s

Proof of Theorem [7]is similar to that of Theorem [I] and is provided in Section [F] of the appendix.
Theorem [7] states that for all 0 < ( < 1, SELECT-LITE attains a constant expected satisficing regret
bound depending on ¢. The power of 1/A% in the expected satisficing regret bound is monotonically
increasing in (, suggesting that stronger guarantees on tail distribution of satisficing regret leads to
larger constant satisficing regret on its expectation. When ¢ approaches zero, the power of 1/A%
approaches «/(1 — a), which is the same as the one in the expected satisficing regret bound of
SELECT. This implies that when ( is small, SELECT-LITE can have a similar expected satisficing
regret as SELECT.
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We would like to remark that although both SELECT and SELECT-LITE are able to attain a
constant expected satisficing regret bound, the expected satisficing regret bound of SELECT-LITE is
always weaker than that of SELECT. Specifically, the constant bound of SELECT-LITE scales with
Cy /A% to the power of ((+ a(1—¢))/(1—¢)*(1 — «), while the constant bound of SELECT scales
with C;/A% to the power of /(1 —«). Since 0 < (<1 and 0 <a <1, we have (+a(1 -() >«
and (1 —¢)*(1 — @) <1— «. Therefore we always have ((+a(1—())/(1—-¢)*(1 —a)>a/(1—a),
implying that the constant bound of SELECT-LITE is always weaker than that of SELECT. Numerical
experiments also show that SELECT outperforms SELECT-LITE in terms of expected satisficing regret,
which we refer to Section for details. To conclude, although SELECT-LITE provides stronger
protection against tail risk, such protection comes at the cost of a higher expected satisficing regret
compared to SELECT. In applications that are sensitive towards tail risk, it would be better for the
decision maker to use SELECT-LITE. On the other hand, if the decision maker only cares about
satisficing regret in expectation, than SELECT is able to better serve the purpose of minimizing
expected satisficing regret.

Finally, we show that in the non-realizable case, the expected standard regret of SELECT-LITE is
sub-linear in T

Theorem 8. If r(A*) < S, the expected standard regret of SELECT-LITE is bounded by
E[Regret] < C, T =97 . polylog(T).

Proof of Theorem [8] is provided in Section [G] of the appendix. Theorem [§] states that for all
0 < (<1, SELECT-LITE always attains a sub-linear in T expected standard regret bound in the
non-realizable case. When ( approaches zero, the power of 1" in the expected standard regret bound
of SELECT-LITE approaches «, which is the power of T" in the expected standard regret bound of
SELECT and the learning oracle used in Step 1. In other words, when ( is small, SELECT-LITE can

have a similar expected standard regret as SELECT.

6.4. Novelty of the Results
In this section, we would like to highlight some major novelties of our algorithm SELECT-LITE.

New Approach towards Light-Tailed Regret Distribution: In SELECT-LITE, a light-tailed
satisficing regret distribution is attained mainly from a novel multi-round structure of the algorithm,
where we gradually increase the number of time steps of running the learning oracle to search for
satisficing arms. In Proposition [4] we prove that the number of rounds of SELECT-LITE is upper
bounded by a shifted geometric distribution, which implies that the probability of starting a new
round decays exponentially as the rounds proceed. With a polynomial growth in the length of

running the oracle and an exponential decay in the probability of starting a new round, we are able
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to prove that the total number of time steps of running the oracle and forced sampling. This design
is novel in the literature of tail risk control in bandits. Our approach is also fundamentally different
from existing ones in [Fan and Glynn| (2024) and [Simchi-Levi et al.| (2025), where a light-tailed
regret distribution is obtained by using larger confidence intervals that hold with a probability of at

least 1 —exp(—Q(T°)).

Nuanced Difference between Satisficing Regret and Standard Regret: [Simchi-Levi et al.
(2025) show that for standard regret minimization in finite-armed bandits, any algorithm with a
light-tailed standard regret distribution will inevitably incur a polynomial in T instance-dependent
expected standard regret. In other words, no algorithm can maintain both a light-tailed standard
regret distribution and a near-optimal O(log(7T")) instance-dependent expected standard regret
bound at the same time. Because the constant expected satisficing regret bounds are typically
instance-dependent, it becomes unclear if a constant expected satisficing regret is compatible with a
light-tailed satisficing regret distribution. In this paper, we show that it is indeed possible to break
this impossible regime. Specifically, SELECT-LITE is able to attain a light-tailed satisficing regret
distribution and a constant instance-dependent expected satisficing regret bound in the realizable
case. Furthermore, our results can be extended beyond finite-armed bandits and are applicable to
any class of bandit optimization problems that has a learning oracle with a sub-linear expected
standard regret bound. This reveals a fundamental difference between the notions of standard regret

and satisficing regret.

No Additional Assumptions on the Learning Oracle: We emphasize that our results do
not rely on any condition on the learning oracle other than a sub-linear expected standard regret
(Condition . In particular, we do not require that the standard regret distribution of the learning
oracle is light-tailed. Instead, SELECT-LITE is able to make use of learning oracles with a heavy-tailed
standard regret distribution to attain a light-tailed satisficing regret distribution in the realizable
case. For example, the satisficing regret distribution of SELECT-LITE is light-tailed when using
the UCB algorithm or Thompson sampling as the learning oracle in Step 1, even though both
algorithms are proven to have a heavy-tailed standard regret distribution (see Fan and Glynn [2024)).
The reason why the tail distribution of the learning oracle’s standard regret does not change the
result is that with the help of Proposition [4] we are able to directly prove that the total number of
time steps of running the learning oracle and forced sampling follows a light-tailed distribution.
Since we have assumed that the mean reward of each arm belongs to [0, 1], the total satisficing regret
incurred when running the learning oracle and forced sampling follows a light-tailed distribution.
The ability of making use of learning oracles with potentially heavy-tailed standard regret distribu-

tions is important for SELECT-LITE to generalize to a broader range of bandit optimization problem
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classes. To the best of our knowledge, algorithms with light-tailed standard regret distribution
have been established for only a very limited range of bandit optimization problems including
finite-armed bandits and linear bandits. By accepting algorithms with potentially heavy-tailed
standard regret distribution as learning oracle, SELECT-LITE is able to extend beyond this scope to
any class of bandit optimization problems that admits a learning oracle with sub-linear expected
standard regret bound.

Remark 10 (Light-Tailed Standard Regret in the Non-Realizable Case). We would like to
clarify that although we have proven a light-tailed satisficing regret distribution for SELECT-LITE in
the realizable case, SELECT-LITE may not be able to attain a light-tailed standard regret distribution
in the non-realizable case. The main reason for this is that we make no assumption on the standard
regret distribution of the learning oracle. Because in the non-realizable case, SELECT-LITE could
run the learning oracle in ©(T) time steps, it could have a heavy-tailed standard regret distribution
in the non-realizable case if the standard regret distribution of the learning oracle is heavy-tailed. In
Section[H of the appendiz, we introduce an algorithm for finite-armed bandits that, besides achieving
a constant expected satisficing regret, attains both a light-tailed satisficing regret distribution in the

realizable case and a light-tailed standard regret distribution in the non-realizable case.

7. Numerical Experiments on Synthetic Data
In this section, we conduct numerical experiments to test the performance of SELECT on finite-armed

bandits, concave bandits, and Lipschitz bandits.

7.1. Finite-Armed Bandits

Setup: In this case, we consider an instance of 4 arms, and the expected rewards of all arms
are {0.2,0.4,0.6,0.8}. We vary the length of the time horizon from 500 to 7000 with a stepsize
of 500. We conduct experiments for both the realizable case and the non-realizable case. For the
realizable case, we set the satisficing level S = 0.7; for the non-realizable case, we set the satisficing
level S =1.5. In both cases, we compare SELECT against the “Phase Exploration with Bounded
Regret” algorithnﬂ in Garivier et al| (2019) (referred as Phase Exploration in the following),
STS algorithm in [Russo and Van Roy| (2022)) with adaptations to the time-undiscounted setting,
Thompson sampling in |Agrawal and Goyal| (2017) as well as SAT-UCB and SAT-UCB+ in Michel
et al.|(2023). Note that in the setting of Russo and Van Roy| (2022)), a satisficing action (arm)
A is defined as a near-optimal one, i.e., r(A) > r(A*) — D with given D > 0, and the regret of a
single pull is defined as r(A*) —r(A) — D which can be negative, which is different to our definition

on satisficing regret. Here, we run STS directly with our satisficing level S =r(A*) — D. For our

5 Algorithm 1, Appendix C in |Garivier et al.| (2019)), with p* changed to S.
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algorithm SELECT, we use SELECT-BoBW, a variant of SELECT that attains a best-of-both-worlds
constant satisficing regret bound for finite-arm bandits (we refer to Algorithm 4] in Section [N|of the
appendix for details), and use UCB algorithm (Bubeck and Cesa-Bianchi|2012) and Thompson
sampling respectively as the learning oracle used in Step 1. The experiment is repeated for 5000
times and we report the average satisficing regret in the realizable case and the average standard

regret in the non-realizable case.

Results: The results of the realizable case are presented in Figure and the results of the
non-realizable case are presented in Figure From Figure one can see that the expected
satisficing regret of SELECT with both oracle algorithms, SAT-UCB, and SAT-UCB+ barely increases
when T exceeds 2500, and the expected satisficing regret of Phase Exploration algorithm barely
increases when T' exceeds 6000. This suggests that SELECT, SAT-UCB and SAT-UCB+ are able to
attain a constant expected satisficing regret in the realizable case, consistent with the corresponding
theoretical results. On the other hand, both STS and Thompson sampling fail to exhibit a constant
expected satisficing regret in the realizable case. When comparing the expected satisficing regret of
these algorithms, one can see that SELECT using Thompson sampling as oracle algorithm incurs
the smallest satisficing regret among all tested algorithms, and the expected satisficing regret
of SELECT using UCB as the oracle algorithm is comparable with that of SAT-UCB, slightly
outperformed by the heuristic SAT-UCB+, and is still lower than Thompson sampling, STS, and
the Phase Exploration algorithm. Although Phase Exploration algorithm eventually converges to a
constant expected satisficing regret, it converges slowly and incurs a high satisficing regret among
all tested algorithms.

From Figure one can see that the expected standard regret of SELECT using Thompson
sampling as oracle algorithm in the non-realizable case is comparable to that of Thompson sampling
and STS. The expected standard regret of SELECT using UCB as oracle algorithm in the non-
realizable case is higher, but SELECT with both oracle algorithms incurs smaller standard regret than
SAT-UCB and SAT-UCB+. One can also see that Phased Exploration fails in the non-realizable

setting, whose expected standard regret scales linearly as T' increases.

7.2. Concave Bandits

Setup: In this case, we consider an instance with arm set [0,1] and concave reward function
r(z) =1—16(x —0.25)%. We vary the length of the time horizon from 500 to 5000 with a stepsize of
500. We consider both the realizable case and the non-realizable case. For the realizable case, we set
the satisficing level S = 0.3; for the non-realizable case, we set the satisficing level S =1.5. For both
cases, we compare our algorithm SELECT with the convex bandit algorithm introduced in |Agarwal

et al. (2011). For SELECT, we use the algorithm in |Agarwal et al.| (2011) as the learning oracle.
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Figure 2 Comparison of SELECT-BoBW, Thompson sampling, STS, Phase Exploration, SAT-UCB and SAT-UCB+

We also use SAT-UCB and SAT-UCB+ as heuristics by viewing the problem as Lipschitz bandits.
That is, we first discretize the arm set uniformly with stepsize L=2/3T~1/3, where L is the Lipschitz
constant of the reward function, and then run SAT-UCB and SAT-UCB+ over the discretized arm
set. Note that for SAT-UCB and SAT-UCB+, we use a discretization stepsize that decreases as
T increases instead of a constant stepsize. The reason why we do not use a constant stepsize is
that for any fixed constant discretization stepsize, there always exists an realizable instance such
that none of the discretized arms are satisficing. This observation suggests that SAT-UCB and
SAT-UCB+ with any constant discretization stepsize could incur linear in 7T satisficing regret even
when satisficing arms exist. The experiment is repeated for 1000 times, and we report the average

results.

Results: The results of realizable case are provided in Figure and the results of non-realizable
case are provided in Figure One can see from Figure that the expected satisficing regret
of SELECT becomes stable after T' exceeds 500, suggesting that SELECT attains a constant expected
satisficing regret in the realizable case. On the other hand, all the other three algorithms fail to
exhibit a constant expected satisficing regret in the realizable case. When comparing the expected
satisficing regret of the four algorithms, we observe that SELECT incurs a smaller expected satisficing
regret than all three other algorithms.

One can see from Figure that in the non-realizable case, SELECT incurs a smaller expected
standard regret compared to the algorithm in |Agarwal et al. (2011), while performance of SELECT is
only slightly worse than both SAT-UCB and SAT-UCB+.

In this experiment, the reason why SELECT outperforms the algorithm in |Agarwal et al.| (2011)
can be explained as follows. In the instance we use in this experiment, both the set of optimal
arms and the set of significantly suboptimal arms are large, and directly running the algorithm in

Agarwal et al.| (2011) over the entire time horizon tend to over-explore due to larger confidence
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intervals, thus would potentially incur significant regret. In contrast, SELECT starts with running
the algorithm in |Agarwal et al.| (2011) over a small number of time steps ¢;. This allows SELECT to
have a much smaller confidence intervals in early stages of the algorithm, thus explores less and
exploits more aggressively. Furthermore, when running forced sampling in Step 2, SELECT also
exploits a reasonably good arm obtained from running the learning oracle, which means even more
exploitation for SELECT. Therefore, although theoretically SELECT may underperform |Agarwal et al.
(2011)) by a logarithmic factor of T, in the instance used in Figure SELECT outperforms the
algorithm in Agarwal et al.|(2011). Similar phenomenon can also be observed in the numerical

experiment for Lipschitz bandits in Section [7.3] and for linear bandits in Section [8.2
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Figure 3 Comparison of SELECT , Stochastic Convex, SAT-UCB and SAT-UCB+ for concave bandit

7.3. Lipschitz Bandits

Setup: In this case, we consider a two-dimensional Lipschitz bandit in domain (z,y) € [0,1]?
with Lipschitz rewards r(z,y) = min{1,3¢~100(=-0*+=00"1 We vary the length of the time
horizon from 500 to 5000 with a stepsize of 500. We consider both the realizable case and the
non-realizable case. For the realizable case, we set the satisficing level S = 0.5; for the non-realizable
case, we set the satisficing level S = 1.5. For both cases, we compare our algorithm SELECT with the
uniformly discretized UCB introduced in Bubeck et al.|(2011) (hereafter referred to as the “Uniform
UCB?”). For SELECT, we use the Uniform UCB as the learning oracle. We again use SAT-UCB and
SAT-UCB+ as heuristics by uniformly discretizing the arm set with stepsize L~/2T~'/4 where
L is the Lipschitz constant of the reward function, and run the algorithms over the discretized
arms. Note that for SAT-UCB and SAT-UCB+, we use a discretization stepsize that decreases
as T increases instead of a constant stepsize. The reason for this is that, as we have mentioned in
Section SAT-UCB and SAT-UCB+ with constant stepsize could incur a satisficing regret that

is linear in 7. The experiment is repeated for 1000 times and we report the average results.
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Results: The results of realizable case are provided in Figure and the results of non-realizable
case are provided in Figure One can see from Figure that the expected satisficing regret
of SELECT becomes stable after T' exceeds 500, suggesting that SELECT attains a constant expected
satisficing regret in the realizable case. On the other hand, none of the other three algorithms are
able to attain a constant expected satisficing regret. When comparing the expected satisficing regret
of the four algorithms, one can observe that SELECT incurs an expected satisficing regret smaller
than all three other algorithms.

As for the non-realizable case, one can see from Figure that SELECT achieves the best
empirical performance among the four algorithms, while the empirical performance of SAT-UCB

and SAT-UCB+ is similar to that of Uniform UCB in the non-realizable case.
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Figure 4  Comparison of SELECT , Uniform UCB, SAT-UCB and SAT-UCB+ for Lipschitz bandit

7.4. Tail Risk Control in Finite-Armed Bandits
We test the performance of SELECT-LITE in terms of both expected satisficing regret and tail

distribution of satisficing regret using an instance of finite-armed bandit.

Setup: We consider an instance of 4 arms. The expected rewards of all arms are set as
{0.2,0.4,0.6,0.8}. For the realizable case, we set the satisficing level S =0.7; for the non-realizable
case, we set the satisficing level S = 1.5. For SELECT and SELECT-LITE, we use Thompson sampling
as the learning oracle. We vary ¢ € {0.1,0.4}.

We first compare the expected satisficing regret of SELECT-LITE with that of SELECT and
Thompson sampling. In this case, we vary the length of the time horizon from 1000 to 10000
with a stepsize of 1000. The experiment is repeated for 1000 times and we report the average
satisficing regret. Then we compare the empirical tail distribution of satisficing regret between
SELECT-LITE and SELECT under time horizon 7' = 10000. The experiment is repeated for 10000

times.
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Results: The results of realized satisficing regret distribution under ¢ = 0.1 are presented in
Figure for SELECT and Figure for SELECT-LITE , and the comparison on tail probability
is presented in Figure by zooming in on the tail region of the distributions. The results under
¢ =0.4 are presented in Figure [6] Here we report the empirical distribution of realized satisficing
regret using histograms with a bin width of 10. From Figure and one can see that
under both ( =0.1 and { = 0.4, SELECT-LITE exhibits a lower tail probability compared to SELECT.
When comparing between between the case of ( =0.1 and the case of ( = 0.4, SELECT-LITE with
¢ = 0.1 exhibits a noticeably thinner tail, even though a larger ( should theoretically yield the
faster decay rate. This is because when ¢ = 0.1, ¢, increases rapidly in the first few rounds, thus
SELECT-LITE can quickly find the satisficing arm within a few rounds. Consequently, the empirical
tail of SELECT-LITE when ¢ =0.4 is a summation of tails of many rounds, but the one when ¢ =0.1
is a summation of simply one or two rounds, which potentially makes the tail probability smaller.
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Figure 5 Realized satisficing regret distribution of SELECT and SELECT-LITE at 7'= 10000 with ¢ =0.1
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The results of expected satisficing regret in the realizable case are presented in Figure .
The results of expected standard regret in the non-realizable case are presented in Figure .
From Figure one can observe that SELECT-LITE exhibits constant satisficing regret that
is only slightly larger than that of SELECT. Furthermore, both when ¢ =0.1 and when { = 0.4,
SELECT-LITE incur less satisficing regret compared to Thompson sampling. From Figure one
can see that SELECT-LITE with different ¢ incurs roughly the same standard regret as SELECT and
is slightly worse than Thompson sampling. This is because each SELECT-LITE algorithm shares
a backbone with SELECT, and SELECT-LITE with ( =0.1 has a O(T°%%) regret bound that is very
close to that of SELECT. For SELECT-LITE with ¢ = 0.4, although the theoretical standard regret
is O(T°7), worse than the O(T%%) guarantee for Thompson sampling. With these observations,
we conclude that by running SELECT-LITE instead of SELECT, the decision maker can have better
protection against tail risks, both theoretically and empirically, without incurring a significantly

larger satisficing regret in expectation.
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Figure 7 Comparison of SELECT , SELECT-LITE with different ¢, and Thompson sampling

8. Numerical Experiments on Real Data: Satisficing in Dynamic Pricing
To further evaluate the empirical performance of our algorithm in more practical settings, in this

section, we conduct numerical experiments on an instance calibrated from the avocado dataset

Kiggins (2018).

8.1. Data Description, Pre-Processing, and Setup

We use the avocado dataset Kiggins (2018) in the New York region. The data records weekly average
prices of organic avocado and the corresponding weekly total selling volume from January 4, 2015,
to December 27, 2015, for a total of 52 weeks (with outliers deleted). The weekly average prices in
these 52 data points range from $1.65 to $2.34, and the average price is $2.03. The weekly selling

volumes range from 9205 to 25675, and the average weekly selling volume is 17106.
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We consider a dynamic pricing problem with linear demands to the prices, and test the performance
of the algorithms on this model fitted by the avocado dataset. Assuming that the demand is equal to
D, = g — hp; + €, where ¢, ~ N(0,0?), given price p; at each time step ¢, we fit the linear regression
model from the real data to be § = 32724, h = 7678, 6 = 4100. By normalizing the model to ensure

unit noise variance, we obtain the coefficients to be
Gn = 32724/4100, h,, = 7678/4100, 6, = 1.

We also extend the range of average price to be p € [0,4]. The mean revenue received at each time ¢

is pi(gn — hnpt), and the mean revenue of each feasible price is visualized in Figure
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Figure 8 Expected revenue of the feasible prices p € [0, 4]

We set the length of the time horizon to be 500 to 8000 for the realizable case and 5000 for the
non-realizable case with a stepsize of 500. For the realizable case, we set the satisficing level S = 8.0;
for the non-realizable case, we set the satisficing level S = 10.0. For both cases, we compare our
algorithm SELECT with Linear UCB introduced in |Lattimore and Szepesvari (2020)). For SELECT, we
use Linear UCB in Lattimore and Szepesvari (2020) as the learning oracle. We also use SAT-UCB
and SAT-UCB+ as heuristics by viewing the problem as Lipschitz bandits. That is, we first discretize

the arm set uniformly with a stepsize L~1/3T7-1/3

, where L is the Lipschitz constant of the reward
function, and then run SAT-UCB and SAT-UCB+ over the discretized arm set. The experiment is

repeated 1000 times and we report the averaged results.

8.2. Results

The results of the realizable case are provided in Figure and the results of the non-realizable
case are provided in Figure From Figure one can observe that the expected satisficing
regret of SELECT becomes stable after T" exceeds 3000. This suggests that in the realizable case,
SELECT is able to attain constant expected satisficing regret. On the other hand, none of the other

three algorithms are able to achieve constant expected satisficing regret in the realizable case. When
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Figure 9 Comparison of SELECT , Linear UCB, SAT-UCB and SAT-UCB+ for linear bandit

comparing the expected satisficing regret of the four algorithms, one can see that SELECT incurs a
smaller expected satisficing regret than all the other three algorithms.

From Figure one can see that in the non-realizable case, SELECT slightly outperforms Linear
UCB and significantly outperforms both SAT-UCB and SAT-UCB+. The reason why SELECT and
Linear UCB significantly outperforms SAT-UCB and SAT-UCB+ is that in the problem, SAT-UCB
and SAT-UCB+ views the problem as a Lipschitz bandit, without making use of the linear structure
of demand. The reason why SELECT outperforms Linear UCB in terms of standard regret is the

same as that observed in numerical experiments on concave bandits in Section

9. Conclusion

In this paper, we propose SELECT, a general algorithmic template, for satisficing regret minimization
in bandit optimization. For a given class of bandit optimization problems and a sub-linear regret
learning oracle, we show that SELECT attains constant expected satisficing regret in the realizable
case and the same regret as the learning oracle in the non-realizable case. We instantiate SELECT to
finite-armed bandits, concave bandits, and Lipschitz bandits, and also make a discussion on the
corresponding lower bounds. We also consider tail risk control in satisficing regret minimization,
where we introduce SELECT-LITE, which attains a light-tailed satisficing regret distribution while
still maintaining a constant expected satisficing regret. Finally, we conduct numerical experiments to
validate the performance of SELECT and SELECT-LITE on both synthetic datasets and a real-world
dynamic pricing case study.

For future studies, we suggest further exploration in the following directions. First, our work
mainly focuses on the stationary settings, and further research could explore satisficing in the
nonstationary online learning settings (Wei and Luo 2021}, |Cheung et al.|[2022)). Furthermore, the
notion of satisficing regret indeed discourages exploration. Therefore, another direction is to study

the role of satisficing regret in settings with limited adaptivity (Gao et al[2019, Feng et al. [2025).
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Appendix
A. Proof of Theorem [1]
Denote ' =max{f,1/2} and K, s = (1320[)[3, and 4 as

io=max{i € Z, : C1 K g log(4/)™>1H1/2 > AL

We first prove an upper bound on ig. Denote §, € (0,1) the smallest solution to the following

equation

/ A
ﬂ p—y S
50 10g(4/50) Cl "y . (5)

Note that 8y log(4/d,)" is continuous on (0,1). When dy — 0, dylog(4/d0)? — 0, and its maximum
is max;, dylog(4/80)" > &, 10g(4/(50)ﬁ/‘5021_ > 1. On the other hand, since by definition K, 3 =
32/(1 —«)? > 32, the right hand side is upper bounded by A%(1—«)?/(32C,) < A% /32 <1/32 with
A% <1and 1/2 <a < 1. Therefore there always exists &y € (0,1) such that holds. Based on (),

we also have ,
1 . ClKoz,ﬂ 10g<4/60)ﬁ

S N
L CKo - (48')7 log((4/8)/ )%
A%
CiFa- (48)7 (4/00)*
< AL
CiK, - (4B/>ﬁ/21/2
T A
T A(G0)
Here, the first inequality is because log(x) < z for all > 0, and the second inequality is because

B’ =max{8,1/2} >1/2, thus 21/2 < 2%'. Therefore we get

, 4/3
1 <<8W clKa,ﬁ>

0o — A%
or equivalently, ) )
4/3 4/3
na' na'
i <4 (86) ClKa-ﬂ < 4(85) ClK&-ﬂ ) (6)
do A% A%

Plugging @ into the log(4/dy) term in , we have

! / / /Bl
1 ClKa Jé; 10g(4/50)ﬁ (4/3)5 ClKa B 4(86/)6 ClKa Jé]
J— ) S ’ . log ) .
% A% Ax AL
We define D, 3 =4(88")" Ko, Las = (4/3)" K, 4, then we have
A*
8o > = -
"7 LayCilog(Da sCi/A%)°
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By definition of i, we have that i, is the largest integer that satisfies ~;, > do. Therefore we get

Ag
i > 7. 7
o = L, 3Cylog(D, sC1/A%)P @)

Recall that ; =27"=*)/e (7)) implies that

i < a log, Lasth log(DaﬁCl/Ag)ﬁ/ )
1-— A%
or equivalently
g\ T=a
92i0 < <La7ﬂ01 lOg(i?ﬁCl/AS)ﬂ > ) (8)
S

We divide the total satisficing regret into regret from rounds 1 to ig and after round iy. Using

the result of Proposition [1| we have that the satisficing regret by round 7, is bounded by

)
801 —a/(l-—a)
5 log(4/7:)"
2 oy
)

8611 —a/(l-a)
< E i 4/84)°
= pa (1 )5 i log( / 0)

<§: 8701?‘ log(4/6,)°
= (1-w)f

32C i, 5
<2 B4/ o)

N\ o/ (1—a)
_32(4/3)°Cy [ LaysCilog(DasCi/A%)° g [ PasCr)’
CEIOR A S\TA

:32(4/3)51;3,//;1%)@1/(1704) 1 a/(l-a) log Do sCh af'/(1—a)+B
(1-a)? Ay Ay '

Here the first inequality is because by definition of § and iy, we have ~; = 27{1=0)/a > 4, > §,
for all i < iy, the second inequality is by plugging into the definition of ~; =271~/ the third
inequality is due to 010, 2 < 201 < 4.2 and the fourth inequality is by plugging into (6) on

log(4/d,) and (8] on 2%.
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By the results of Proposition [2], for every k& > 1, the probability that round iy + k starts within

the time horizon is at most 4**!. Therefore the regret incurred after round i, is bounded by

8(]1
—a)’

= 320, .. 1—a \ .,
<N L 90 (1og(4 )/, k) -2
° .98 ) — )8
SZ 32:27C 012’010g(4/%0)6'7(1 a;” kP .27k (10)

(1—a)?
32 2 C,

20Tk log (4 /7,0 41)" - 47F

HMS

210 log(4/6,)° Zk5 2k

)

32(8/3)5L37/ﬁ(1 O‘)C'll/ (1-a) M, 1 /(1_11)1 Do sCh af'/(1—a)+B
of A% A

where Mz =>"." k”-27% is a constant only dependent on 8. The first inequality follows directly
from the definition of v; = 271(1-)/a =, ". 9=k(1=a)/e with § = j; + k. The second inequality is
because log(4/v;,) >log(4) >1 and (1 —«)/a>1 for 1/2<a <1, and for any a,b> 1, we have
2ab > ab+12> a+0b. The third inequality is because by definition d, < +;,. The fourth inequality is
due to @ for log(4/d¢) and for 2‘%0. Combining the satisficing regret before round i, @ and

after round i, , the total satisficing regret is bounded by

32(8/3) L/ (O T (M4 2-8) /1 /I D af'/(1-a)+B
(8/3)"Ly/s ! (Mg )< ) 1og<aﬂcl) )

E[Regret ] < e As As

Furthermore, since the length of the time horizon is T time steps, we have t; <T'. Since by
definition of ¢; = [2/], the number of rounds that end within the time horizon is bounded by
2i/a < T e, i< |alog,(T)] because i is an integer. Then, the maximum number of rounds is

bounded by 4.y = [logy(T)]< alog,(T) + 1. Recall y; =270/« for any i <.y, we have

N>y = 9—(1—a)[alogy(T)]/a

> 9 (1= logy(T) fa—(1-a) /o (12)

> 9-losa(1)=1 — 1 /(27),
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where the third inequality is because (1 —«a)/a <1 for 1/2 <« < 1. Therefore, we have that the

satisficing regret is bounded by

imax 8 Cl

E[Regrety] < Z W% —a/(1-a) log(4/7,)°
i=1
< Z 2“’1 log(8T)"
2 , 13
§376112’max log(ST)ﬁ ( )
(1-a)?
32C, 1
T —=_galogy(I)+1 log(ST)
“(1-a)
64CY4
=———T"log(87)"

where the first inequality is by the results of Proposition the second inequality is by 4/~; < 8T ((12))
for all 4 <. and the definition ~; = 27*(*=®)/ the third inequality is by Zlma" 2L < 2. Qimax+l —
4 - 2max and the fourth inequality is by ima = [log,(T)] < alog,(T) + 1.

Combining the two parts of results, i.e., the constant satisficing regret and the sub-linear
satisficing regret , we have completed the proof of Theorem (1| by putting all constant terms

into the polylog term.

A.1. Proof of Proposition
We establish a satisficing regret bound for round 7 in three parts: Step 1 that runs the oracle ALG(¢;),
Step 2 that does forced sampling on the candidate arm, and Step 3 that pulls the candidate arm
with LCB test.

Recall that ¢; = [y; /"7 <2907 then log(t;) <log(2y; /™) <log(4/7:)/(1 — &) and
to = [21/ee < go(iti/e) < 9. 91 — 94~ */U=) Gimilarly, 07! < 2e-D(+/a) — g1 gila-D)/a < 9y,

With Condition |1 I the satisficing regret incurred when running ALG(¢;) is bounded by

E [i: max{S —r(A4;),0}

E |tir(A%) = r(Al)

s=1
201 —a/(l-«

<—.

) log(4/%-)ﬁ.
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Since A; is selected randomly according to the trajectory of ALG(%;) in round 4, we further have
E[max{S — r(4;),0}] <E[r(A*) — r(A;)]

CE[tr(a7) - Xl r(4)

ti (15)
<Cit* tlog(t;)”

20
Sm% 10%(4/’Yi)ﬁ-

Here the last inequality is because a < 1 and ;= [y; /"] > 77/~ therefore t2~' < ;, and
we also have log(t;) <log(4/7:)/(1 — a) because t; = [y; /"7 < (2/7:)Y0= as 1/(1 — a) > 2.
Therefore the satisficing regret incurred when pulling A, for T, = [v; 2] times during forced sampling

is bounded by

[,H : (12_%)5% log(4/7:)"

4C4

<Goap log(4/7:)" (16)

Te .
SW% 0= log(4 /)7,

where the first inequality is because 1/42 > 1 and then [v; ?] < 27; 2, the second inequality is
because /(1 —a)>1 for 0.5 <a<1.
For the LCB test, we only consider the case where the candidate arm A; is in fact non-satisficing,
i.€e., 7’(/1,») < S, because pulling satisficing ones incurs zero satisficing regret. Then for every k, round
i is not terminated after pulling non-satisficing arm A; for k times (in addition to the first 7} times)

occurs with probability at most

frot 4log(T; + k)
P i
' T, +k T, +k > 8
ot 4log(T; + k) .
<P L A,
=\ Tk Tk oA

<exp(—2-4log(Ti +k))
1 1
pr < s
(T;+ k)~ (k+1)*

where the second inequality is due to Hoeffding’s inequality, and the third inequality due to T; > 1.
Therefore expected number of arm pulls of A; after first pulling it T} times is bounded by

E [Number of times A, is pulled in round i after the first T; times]

1
—ZPr (k>s) ;(3+1)
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Since we have assumed that the expected reward is bounded on [0,1] for every arm, the expected
satisficing regret incurred in step 3 is upper bounded by 1.

Summing up the three parts of satisficing regret, i.e., the satisficing regret from Step 1 ,
Step 2 (|16]), and Step 3 (combination of and ), we have that the satisficing regret of round
1 is bounded by

201 —a/(-a) s, 40 a0 5 2C, 8
" log(4/v:)" + ——= log(4/7;:)” +1- ——57:log(4/:)
(1—aw)b (1—a)b (1—a)f (17)
80 — —Q
Sm% /e IOg(4/%‘)B-

A.2. Proof of Proposition
We denote A* = argmaxac47(A).
By Condition |1] and recall from in the proof of Proposition |1, we have
. . 2C, s
E[r(A7) —r(4)] < m%‘ log(4/:)". (18)
According to the condition of this proposition [, we have i satisfies the condition

32C «
m%‘ 108;(4/%)%)({5’1/2} <Ag.

By the Markov’s inequality we have

16C 1
Colog1/3)) <5 (19

Pr(r(A*) —r(A;) > As/2) < Pr <r(A*) —r(A;) > Aoap

where we have log(4/7;) > log(4) > 1 given 7, <1 for any .

~

If r(A;) > r(A*) — A%/2, which happens with probability at least 7/8 according to the above
inequality, then r(4;) > S+ A%/2 holds. On the other hand, if i satisfies the condition stated in the
proposition, then since C; >1 and (1 —«a)? <1 according to the assumption in Condition , we

have v;log(4/7;)'/? < A%/32. Plugging into the confidence radius, we have

\/4log<zz-+k:) <4\/1og<m:4 log([71)
T,+k = T, [

9
<4y/~21og(27;,?) < 4v2v;1og(4/7:)"/? (20)

AL A%
<4y/2. =5 <=8
_\[ 32 = 4°

where the first inequality is because T; > 1, and f(y) =log(y)/y is monotonically decreasing when
y >3 and 2-log(2)/2 >1og(3)/3 for all k>0, thus log(T; + k)/(T; + k) < 4log(T;)/T; for all k> 0;

the second inequality is because v; ' > 1, thus [v;*] < 27; 2. Suppose round i is terminated for

some k, then

Pt 4log(T; + k)
T, +k T, +k

As
2

4log(T; + k)

<r(d)-2 Ti+k

<S=r(A")— A, <r(A;) -
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or equivalently
stot

4log(T; + k)
Ti+k

i< p(A)—
T'i‘f‘]{?_r( )

By the Hoeffding’s inequality we have

f@ot

¢ Alog(Ti+k) ) _ 1 _ 1
Ti+k

P .
' Ti+k ) (Ti+k)F~ (kt1)

< T(Az) -
Therefore conditioned on r(A;) > r(A*) — A%/2, the probability that round i is terminated by the
end of the horizon is bounded by

- 1 1
2 CESERES (21)

k=1
Combining and we conclude that the probability that round 7 terminates by the end of

the time horizon is upper bounded by 1/4.

B. Proof of Theorem 2
We first prove that the standard regret incurred in round 7 is at most
8C1  —a/t-a)
— T og (4 /)P,
T—a)p og(4/7i)
The regret incurred when running ALG(¢;) in Step 1 is bounded by

t;

tir(AT) =) r(A,)

s=1

2C4 -

Sy 0 log(4/3:)”

B 1-a)

< Ot log(t;)? <

Recall that in (18]) we have shown that

B (A) = r(A)] < s loB(4/7:)"

Therefore similar to , the standard regret incurred when pulling A; in Step 2 forced sampling
is bounded by

[ ! 1 -(12_061“),@%1%(4/%)5 < ( 10

4C —a/(1—
— o - AY: 1 a/(1-a) Y

1—a)

Since 7“(1212-) <r(A*)< S, similar to , for every k, round 7 is not terminated with probability at

most
pot [4log(T) + k) 1
Pr| -t — s < .
Tk T+k 0 Sty

Therefore expected number of arm pulls of A; after pulling T} times in Step 3 is bounded by

> 1
> st
—~ (k+1)*

1
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Summing up the standard regret from Step 1, 2, and 3 in a round ¢, we have that the standard

regret of round 7 is bounded by

201 _aj(1-a) 4C1  _aji-a) 20
T, log(4/7:)® + ———~, log(4/7:)% +1- ———~,log(4/)"
A—ap og(4/7)" + T og(4/7)" + o) og(4/7:)
80 —a —«
3@% = og(4/;)°.

Furthermore, since the length of the time horizon is T' time steps, we have t; <T'. Since by definition
of t; = [2/%], the number of rounds that end within the time horizon is bounded by 2¥/* < T,
i.e., 1 < |alog,(T')] because i is an integer. Then, the maximum number of rounds is bounded by
imax = |@1logy(T)]. Following the same chain of inequalities in (L3)), we can bound the standard
regret by

ilnax 8C o o
Bfregret] Y oo 4 log(d /)’
=1

64C
SU<ap al)ﬁ T log(4T)".

Therefore, we have proven that the regret is bounded by C;7* - polylog(T).

C. Proofs for Lower Bounds
C.1. Proof of Theorem [3

We consider the following K instance of finite-arm bandits with K arms. We set the satisficing
threshold S =1/2+ A. The mean reward of each arm follows a Bernoulli distribution. For each

k € [K], the mean rewards of the k-th instance is defined as
YN TR,
T = 2 y T = 9’ .

Similar lower bound instances are also considered in Section 2 of Slivkins et al.| (2019). By Lemma
2.8 of Slivkins et al.[ (2019), there exists 0 < ¢ <1 such that for any policy that aims to identify the
optimal arm within ¢K/A? time steps, there exists [K /3] instances such that the policy incorrectly
identify the optimal arm with probability at least 1/4. We formally restate the lemma in Lemma
in Section [P] of the appendix. If we consider the arm pull of policy 7 at time step ¢ as a policy
that commits one arm A; after t — 1 arm pulls, then by Lemma |1| we have that for all t < cK/A?
there exists at least [K/3] arms k € [K] such that Pr®) (A4, = k) < 3/4. Therefore we have that
S Pr® (A, #k) > K/3-1/4= K/12. Since under any instance k € [K], pulling any arm &' # k

incurs a satisficing regret of A. Therefore we have

K T K LCK/A2J K AK CK K2
(k) — (k) (k) jminlelN adalalll U -
;E [Regrets]—;;APr (A #k) > ; ;APr (Ax#k) > 5 {NJ_Q<A>.

Here the first inequality is due to the assumption that 7" > K/A? and ¢ < 1. Therefore there exists
k € [K] such that the expected satisficing regret E™ [Regret ] is at least Q(K/A).
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C.2. Proof of Theorem [4

We define the arm set as A =[—1,1]. We consider the following two instances of concave bandits.
The reward functions of the two instances are defined as follows.

2\/ﬂx+6A+%, if —1<z<—-2V2A,

Instance 1: Y (z) = % —(z+V2A)?, if —2v2A<x<0
—2Mx+%—2A, ifo<z<1;

2\/ﬂx+%—2A, if —1<2<0,

Instance 2: 7 (z) = % —(z —V2A)?, if 0 <2 <2v2A,

—2V2Ax 4+ 6A + % if 2v2A <z <1.

Since we have A < 1/162, we have 1/2>rM(z)>1/2 —2A —2v/2A >1/2—1/81—2/9 > 1/4 for
all x € [~1,1]. Similarly, we also have 1/2 >r®(z) > 1/4 for all z € [-1,1].

We set S =1/2— A, and the random reward of arm x follows a Bernoulli distribution with
mean 7% (z) under instance i for i € {1,2}. Since we have proven that r((x),r® (z) € [0, 1] for all
x € [—1,1], the definition of random reward is valid. Since for both instances, the optimal reward is
1/2, thus both instances satisfies r(A*) — S = A.

By definition of »(*) and r® we have

e 2V2A, if v < —2v2A,
o (7) =1 =22 —2v2A, if —2v2A <z <0,
—2v/2A, if x>0,
e 2V2A, if x <0,

() =4¢ —2x4+2v2A, if 0<z<2V2A,
_9V2A, if > 2v/2A.

Therefore we have 7 (z) — r®(z) is monotonically non-increasing, thus r)(z) — r® () reaches

dx

maximum when & = —1 and reaches minimum when z = 1. We further get
r (1) —r® (1) =8A, r(1) —rP(1) = —8A.

Therefore we have that |r(V)(z) —r® (z)] <8A for all x € [-1,1].
Next, we prove that for any p,q € [1/4,1/2], we have KL(Bernoulli(p)||Bernoulli(q)) < 8(p — ¢)*.
For any p € [1/4,1/2], we define f,(q) as

f»(q) = KL(Bernoulli(p)||Bernoulli(q)) = plog <§) +(1—p)log (1:2) '

Then we have f,(p) =0 and f,(q) = —p/q+(1—p)/(1—q), thus f(p)=0. We further have that for
all p,q €[1/4,1/2],

i D 1—p p I-p
f (q)—q—2+(1iq)2§(1/4)2+(1/2)2_4+12pg10.
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Here the first inequality is due to ¢ € [1/4,1/2] and thus 1 — q € [1/2,3/4]. Furthermore, by Taylor’s
theorem, there exists £ € (p,q) such that

1(@) = 1) + ) a—p) + 55 —p)*

Since f,(p) = f,(p) =0, we have f,(q) = £,/ (£)(¢—p)*/2 < 5(¢ — p)* < 8(¢q — p)?, therefore for all
p,q € [1/4,1/2], we have KL(Bernoulli(p)||Bernoulli(q)) < 8(¢ — p)?. Since we have proven that
[r®(z) —r®(z)] <8A, we have

KL (Bernoulli(r(l)(x))| ‘Bernoulli(r@) (2))) < 8(rW(z) —r@(z))? < 51242

We define Ty = [1/512A%], and define Prﬁi) as the probability space of a policy 7 by time step ¢

under instance 7. Then we have

KL(Pri"|[Pri?) <t fnax, KL (Bernoulli(r'")(z))| [Bernoulli(r® (z))) < t-512A% <T; - 512A% < 1.
(22)
Here the second inequality follows from . By the Bretagnolle-Huber inequality (see, e.g., Theorem
14.2 of [Lattimore and Szepesvari 2020), we have that for all ¢ < Ty,

1
Pr®(4, > 0) + Pri?(4, <0) > o exp(=KL(Pr}"|[Pr{”))) > 7 exp(~1). (23)

N | =

We denote Regret(si) as the satisficing regret under instance i. By definition of ") and r®) we have
rM(z) <1—2A for all x>0 and r?(x) <1—2A for all 2 <0. Since S =1— A, pulling any arm
x > 0 under instance 1 and pulling any arm x < 0 under instance 2 incurs a satisficing regret of at

least A. Therefore we have

T
E" [Regret] + E® [Regrety] > > A(Pr) (4, > 0)+Pr'® (4, <0))

t=1
To

> AP (4,>0)+Pr? (4, <0))
t=1

1 1 1 1
>ToA- = —-1)=-— “-DA|——=|=Q( ).
=Toh - 5 exp(=1) =g exp(—1) {512A2J <A>
Here the first inequality is due to the assumption that 7> 1/A?, and the second inequality is
follows from . Therefore under either instance 1 or instance 2, the policy incurs (1/A) regret.

C.3. Proof of Theorem [5]
We define M = |L/4A |, and we define M? instances indexed by m € [M]¢. The arm set is defined
as [0,1]¢, and the reward of each arm follows a Bernoulli distribution. For every m € [M]¢, we

define y™) as y™ = (2m; —1)/2M, and the mean reward function 7™ of instance m is defined as

11
™) (x) :max{2,2+2AL||wy(m)Hoo}'
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For any x € [0,1]¢ and m € [M]¢ such that ||z — y™||.. > 1/2M, since M = |L/4A| < L/4A, we
have ||z — y™||» > 2A/L, thus ™) (z) = 1/2. Therefore 7@ (x) > 1/2 only when ||z — y™||, <
1/2M.

We also construct M? instances of finite armed bandit indexed by [M]?. The reward function of
instance m is denoted as 7™). The arm set is set to be [M]?, and for each m € [M]?, we define

instance m as

1 1
™ (m) = 5T 2A, 7™ (m/) = 3 Vm' #m. (24)

Based on the policy 7, we construct a policy 7’ for finite-arm bandits with arm set being [M]?. For
any x € [0,1]¢, we define m(zx) = argmin{||x — y™||: m € [M]?}. For each round t € [T, suppose
the policy 7 pulls arm m(x) and observes a random reward R. Then, with probability p,, we feed
the random reward R back to policy 7, and with probability 1 —p,,, we generate a Bernoulli random

variable with mean 1/2 and feed the realized random variable back to policy . Here, we define

1
=5A max{2A — L||x — y™®)||,0}.

Pz
We show that under any instance m € [M]?, the random reward fed back to 7 follows a Bernoulli
distribution of r(™)(z). For any m # m(x), the random reward R of arm m follows a Bernoulli
distribution with mean 1/2, thus the reward fed back to 7 also follows a distribution with mean
1/2, which is equal to 7™ (x) since m # m(x). If m = m(z), then the probability the reward fed

back to 7 is equal to 1 is equal to

S(m(x 1 1 1
P ™) (m(z)) + (1 — pa) - 5= D= <2+2A> +(1—pa)- 5
1 1

=35 +28p, = 5 +max{2A — Lz —y ™| |, 0}
1 1
—max{Q—i—QA—LH.’B—’y(m(w))|oo,2} :T(m(w))(w)'

Therefore under any instance m € [M]¢, the mean reward fed back to 7 is equal to 7™ (), thus
the reward observed by the policy 7 in this setting follows the same distribution as running the
policy on the corresponding Lipschitz bandit instance.

Next, we show that the expected satisficing regret incurred by 7 is greater than or equal to that
incurred by 7. It suffices to prove that r(™)(x) < 7™ (m(x)). If m = m(z), then by definition
we have 7™ (m(x)) = 1/2+2A > r(™) (). If m(x) #m, we define m(zx) =m’. By definition of
{y™) :m € [M]?}, for every x € [0,1]%, there exists m € [M]? such that ||z —y™||. <1/M. Since
by definition %™ is the closest to 2 among {y™ : m € [M]*} measured by infinite norm, we have
||lx —y™")|| < 1/M. Furthermore, since m #m/, by definition of ™ we have [|y™ —y™||,, >
1/M, therefore

/ 1 1 1
TS ™) O — ™S .
o= 5™l 2 [[5™ ~ 4™ Il ~ o = y™lloe 2 12— 52 = 51~
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We have proven that r™)(z) =1/2 for all = € [0,1]¢ such that ||z —y™|| > 1/2M. Therefore in
this case we also have 7™ (m(z)) > 1/2=r™)(z). Then we conclude that the mean reward of
any arm pull of 7 is smaller than or equal to that of 7/, thus under any instance m € [M]¢, the
expected satisficing regret of 7 is greater than or equal to that of 7’

By Theorem |3} when T > M?/A? there exists an instance m € [M]¢ as constructed in such
that the expected satisficing regret of 7’ is at least Q(M<?/A). Since M = ©(L/A), and the expected
satisficing regret of 7 is greater than or equal to that of 7/, we have that there exists an instance

such that the expected satisficing regret of 7 is at least Q(L¢/A%F!).

D. Proof of Proposition
We consider a simple instance of two-armed bandit: 7(1) =1 and r(2) =0 with S =0.5.

Since for finite-armed bandit, there exists algorithms that attains a O(v/T) regret bound,
we have a = 1/2, thus by definition of t; = [2/*]. For ease of discussion, we assume that the
algorithm SELECTruns indefinitely, but only the satisficing regret incurred during the first T
time periods is considered. We define iy, = [alog,(T")], and define £ as the event that in
the infinite time horizon, there are at least i,,,, rounds that are terminated. Recall that we
have assumed that the probability that arm 2 is pulled at least once in each round i € [I]
is at least 1/2. Define event &£ := {arm 2 is pulled in Step 2 for every round i € [I]}, and &; :=
{arm 2 is pulled in Step 2 in round ¢}. Then for each round i, & happens if arm 2 is pulled at least
once in Step 1, and is further sampled to Step 2. According to the assumption in Proposition [3] the
probability that arm 2 is pulled at least once in Step 1 is at least 1/2. During the random sampling
that proposes a candidate arm at the end of Step 1, arm 2 is sampled as candidate with probability
at least 1/t; given it is pulled at least once in Step 1. Then, Pr(&;) > 1/2-1/t; for any i, £ happens
with probability at least

l imax

l
11 _ 5711
Pr(g):HPr(gi)ZHi;Z I1 5
i=1 i=1 Y=t ¢
1+logy(T)/2 1+logy(T)/2

(1) . )
> 9—(1+logz(T)/2) H 9= (142i) _ 9—(2+logy(T)) H 92
i=1 i=1
1+logo(T') /2

_ 1 —2i _ L (24logy(1)/2) (14108, (1) /2)

O 1 g2 _ 1 exp(=log(2)logy(T)°)

— AT 4 exp(log(T))

= %exp(—(log(T)z/log(z) +1log(T)))

(iii) 1
> exp(-2log(T)?).

1=




50

where step (i) is based on iy, < 1+ log,(T)/2 and the definition of ¢; = [2/%] < 22+ for a =1/2,
step (ii) holds for T'> 8, and step (iii) holds with 1+ log(7")/log(2) < 2log(T) for T > 8.
Next, we show that if £ holds, then the satisficing regret of SELECT is at least 7'/14. By definition

we have t; = 2%max > T therefore within a time horizon of T time steps, the total number of

rounds cannot exceed i,,,,. Therefore if £ holds, then for each round 4 that is started within a time
horizon of T time periods, the candidate satisficing arm A; is arm 2. If the total number of time
steps for Step 3 is at least T'/7, the total satisficing regret is at least T'/7-1/2=T/14. Otherwise,
the total number of time steps for Step 1 and 2 is at least 67°/7. In this case, we claim that the total
number of time steps for Step 2 is at least T'/7. Let iy be the number of rounds that terminates
within T time steps. Then the total number of time steps for Steps 2 is at least ZZO 4%, and the

ig+1 41

total number of time steps for Step 1 is at most > .2} The ratio between the two is at least

S 4 4 1

SO g = 40 4 400kl T 5

Therefore the total number of time steps for Step 1 is at most 5 times that of Step 2, thus the total
number of time steps for Step 1 is at least T'/7. Since under £, SELECT always pulls arm 2 in Step
2, the satisficing regret incurred during Step 2 is at least 7/7-1/2 =T/14. Combining both cases,
we know that the satisficing regret is always at least 7//14 under £. Therefore, we can bound the

probability of total satisficing regret exceeding 7'/14 as
T 1
Pr <Regrets > 14) >Pr(€) > Zexp( 21og(T)?),

where the final inequality is based on .

E. Proof of Theorem
The inequality in the theorem is trivial when x < zy as the right-hand side is at least exp(2io+4) >
1> Pr(Regrety > x), thus for the rest of the proof we assume x > x.

Denote ' =max{3,1/2} and K, 3 = 3201(517;)6\/2%—210g(8§ IT'(¢~1)), and g as

io =max{i: Ko7, ¢ log(4/v,)m=181/2) 5 Ay

Define the satisficing regret incurred in the Step 1 and 2 in each round i as R;, then the probability
that cumulative satisficing regret incurred in the Step 1 and 2 after round i, exceeds /3 is upper
bounded by

( Z R; > ) ZPr ( Z R, > % and algorithm ends at round i +k>

i=1ig+1 i=i9+1

= Z < Z R, > - ‘Ends at round iy + k) - Pr(Ends at round iy + k)

i=1i0+1

i0+k
< > Ri> )-41"“,

i=ig+1

Mg
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where the final inequality is based on Proposition [4
We first prove an upper bound on iy. Denote §, € (0,1) the smallest solution to the following

equation
/ A
8y log(4/80)" = ——. (26)
Kapc

Here 8, always exists because the following observations: 6'~¢log(4/6)? is continuous on (0, 1],
6'~¢log(4/6)" — 0 when § — 0, and §'¢log(4/8)" > 1 when § = 1; furthermore, A% <1 and
K, g, >1, thus the right hand side lies in (0, 1]. Therefore such J, always exists. Then we have

1 Kupclog(4/6,)"

5 ¢ A%
Kopc/(1=¢)" - (45 log ((4/50)<1—<;>/<45'>)5
- N
Kape/ =0 - (48)” (/55"

< A
_Kape/(1=Q)7 - (48)72'2
Ay ()"

(887 Kap/(1-¢)”
Ag (5374) 1/4

<

where the first inequality is because log(z) < z for all z >0 and 2!7¢ <2, and the second inequality
is because 3 = max{8,1/2} >1/2, thus 2'/2 < 25", Therefore

/ N\ 4/3
1AYe] o B
1 (B8 Ko/ 1=07 ) o
8y ° A%
and this further implies that
! N\ 4/(3(1=¢))
"NK, 1—¢)8
log(4/do) <log | 4 <(85) aﬁf/( 9) >
s

¢ raang PAACCO)

- (4 (88)" Ka.c/(1=) )

= 10g A
S

1 4176(88")" Kap.e/(1—()*
3-0 < A )

Plug this inequality back to the log(4/dy) term in , and we have

’ 4 ’ / /6/
1 Kapclog(4/60)” _ Kape ( 4 )B log 4'¢(88")" Kap,e/(1=¢)”
5 an Ay \B0-¢ A%
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We write Dy g =4"¢(88) Kapc/(1—C), Lasc=(4/(3(1=0)))" Kqps.¢, then we have

A*
5> 5 .
® T Lagclog(Dapc/A%)°

By definition of i, that it is the largest integer ¢ that satisfies v; > dy, we also have

¢ Ag
Yo =T 5 10g(Da g /AP
a,8,¢108(Ma,p ¢/ Rs

Recall that v; =i~ (1/¢=D1=2) thus

¢

g % (1—a

< (La,ﬁ,clog(Da,ﬁ,c/As)ﬂ )“ QT

10 > A .
S

— x/3 C_i B
ko = \\<<2+<+(2(1/C_1)(1—a))—1> 0 1>+J , (30)

then for any round k < ko, recall that v; =i~ (/¢<=D0=9) then ¢} = [, /"] <14 i¥/<1 and

We set

T! = [7;%] <14 20/¢-D0=9) " the cumulative satisficing regret in Step 1 and 2 can be upper

bounded by linear in ¢, and 77 as

io+k i9+k i0+k
Z R; < Z (t2—|—Ti’)§2k‘+ Z (il/C—l_l_iQ(l/C—l)(l—a))
i=ig+1 i=ig+1 i=ig+1
io+k+1
<% +/ (61 4 20/ 0=0)y g
i9+1
1 i0+k+1
=2k + (Cyl/c‘ + y2(1/<—1)(1—a)+1>
2(1/¢—=1)(1—a)+1 ig+1
ig+k+1 (31)

<ok+ ((“ 2(1/C—1)(1 —a)) W)

(ii) / < 1
S R N Trraus yrrwry

1 i 1/¢
<1/c—1><1—a>> (ot+k+1)

i0+1

)(io+/~c+1)1/<

< <2 +¢+ 5

(2) x/3,
where step (i) is because 2(1/¢ —1)(1—a)+1<1/¢ for 1/2 < a < 1, step (ii) is because y/¢ 41 >0
and k < k'S for ( <1 and k > 1, and step (iii) is based on k < ko, (io + k + 1)*/¢ increasing in k,
and the definition of k. Therefore if the cumulative satisficing regret in Step 1 and 2 exceeds
x/3, the total number of rounds should be at least iq + ko + 1. Furthermore, by Proposition 4| we

know the probability that the total number of rounds exceeds iy + ko is at most 4~%0. Therefore,
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plug into the definition (30)) of ko, and the probability of exceeding z/3 in Step 1 and 2 can be

further bounded as

Pr< Z Ri>§> < 47 ko

i=ig+1

z/3

<
<qiot2 4 (‘ <2+c+<2(1/<—1)(1—a))*1 ) )

2\ %0+2 /3 C
<@ oo (- (sreramismaar) )

<exp <4+ 219 —

<9+ CETORI _a)_1><> |

where the final inequality is because 2+ (¢ <3 and ("' —1>1—(.

Then we bound the probability that cumulative satisficing regret incurred in the Step 3 of all
rounds exceeds x/3. For each round i, the probability that round 7 is not terminated after pulling
non-satisficing arm A;, i.e., r(A;) < S, for k; times (in addition to the first 77 times) occurs with

probability at most

e \/kf log (8CT(CY) _

br (T;+k T/ + k;
prot kS +1og (8¢T(¢Y)) - (33)
<P Y A,
a F(Tz’ﬂf \/ T! + k; > r(A:)
C ¢
< — ke
*sr(g—l)eXp( k).

where the second inequality is based on Hoeffding’s inequality. The probability that satisficing

regret incurred in the Step 3 in round i exceeds x/3 can be bounded by

Pr (max {s —r(Ay), o} > w/S) <Pr(k;>x/3) < exp (—(/3)°) ,

¢
8I(¢1)

where the first inequality is because max{S —r(4;),0} <1 based on reward r € [0,1] and S <7, the

second inequality is by applying . Note that ¢/T'(¢™") < 3/2, using Proposition [5| the probability
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of total regret in LCB test exceeds /3 can be bounded by

Pr (imax {S — T(Ai),O} k> x/3>

(ZO+§/4 max{S —r(/ii),O} ki > 1:/3)

A1) ()3 (34
S ECEY p( ¢/(8T(¢)) )

¢
§2i0+2 -exp _1‘7/3
3/16 1 1

. ¢
SeXp <7,0 + 2— 4>

where the first inequality is based on Proposition [4] which says that for each round ¢ > iy, it ends
and starts round i + 1 with probability at most 1/4. The second inequality is due to Proposition
where the total number of rounds follow a geometric distribution with success rate 3/4=1—-1/4
in addition to the initial iy rounds. The third inequality is because ¢ <1 and T'((™*) > 2/3, thus
¢/8T(¢™1) <3/16. The fourth inequality is due to 3(3/16+1) <4 and 270! <efoth,

As we assume x >z = 6ig + 6 (io + 1)/¢, recall that v; =i~(1/¢=DA=9) then T} = [4; %] <t and
t =[] <144/¢71 then

10

i0 20
ST AT <Y 2t < 2ip+ Y 200/
i=1 i=1 i=1
i9+1

i9+1
<2ip+2 / Yty = 2i, + 2¢y*¢
1

1
<2ig +2¢(ig +1)Y¢ < /3.

Therefore x/3 > Zzozl(t; +T7), then the satisficing regret incurred before round i, in Step 1 and 2

is always bounded by /3. Recall i( is a constant without x or T, we can bound the tail of total

regret with a combination of , , and as

Pr (Regrety > x) <Pr <ZR > )—i—Pr( Z R; > )—l—Pr <§:max{8—r(ﬁi),0}-ki>x/3>

1=19+1

<exp <4—|—2i0— <9—|—(2(1—<)/$3)_1(1—04)_1>C> + exp (i0+2—:if>.

Finally, since (z — xg); <z, by replacing = with (z — x¢), we obtain the probability bound in the

theorem.
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E.1. Proof of Proposition
By Condition |1| and similar to , because the expression of ¢/ in 7; remains unchanged compared
to that in Algorithm [T} we still have

t!

s~

1 1 ’ * 1 lo ’ C
Elr(A%) —r(A)] = GE | tir(A") = D _r(As)| < 5 City log(7)” < mmlog(‘l/%)ﬁv

s=1

where the last inequality holds because #; = [1/7,1/(1=®] < 2/,1/(1=) < 4 /~,1/ (=),

According to the condition of this proposition, we have i satisfies the condition

320, (1 —¢)~¢/?

1 1 1-¢ \max{3,1/2} *
0o V/2+21og (8¢T(¢1))y) ~ log(4/y:) <A

Note that for any 0 < ¢ <1, (1—¢)~¢/?2>1 and v, > ;. Therefore i satisfies

320 max *
Aoy Oj)ﬂ% log(4/~:) 312 < A

By the Markov’s inequality and log(4/~;) >log(4) > 1 for v; < 1, we have

16C4 s
_704)&% log(4/7:) > <

a (35)

N A 1

Pr(r(A") —r(A;) > A5/2) <Pr (r(A*) —r(A;) > 3
Now, if 7(A;) > r(A*) — A%/2, which happens with probability at least 7/8 according to the above
inequality, then r(A;) > S+ A%/2 holds. On the other hand, if i satisfies the condition stated in the

proposition, then

(1=¢)¢%- /24 2log (8¢ 'T(¢1))y; ~“log(4/7,)"* < A%/16. (36)

Note that for f(y) =y*/(T] +y), it reaches its maximum when

d Iy (C 1)
dT/ﬂy) = (T! +y)? =0.

Therefore the maximum of f(y) is reached at T} /(1—¢). For simplicity, we set D =log (8¢ 'T'(¢™1)).

For k=0, the confidence radius is bounded by

D
T

?

A*
<VDy; <2VDy; ¢ log(4/7:)" < ?S,
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where the first inequality is because T/ = [, *] >7; ?, the second inequality is because v; < 1 and
2log(4/7;)*/* > 1, and the final inequality is due to (36). For k > 1, the confidence radius is bounded

)

K4+D® [(D Dk _ (D+1) (_
,Ti/‘i‘k? — ,Tzl‘i‘k? — ( T!
. \/<D+1><1—T§><-<<n'< (37)

(i)
(D+1)(1 =)~y ~¢
(iif) A*
<2/(D+1)(1 = ¢)~2y}“log(4/7:)/? < ?S
where inequality (i) is because k¢ > 1 as k is a positive integer, inequality (ii) is because (¢ <1 as

(<land T] = [7;?] >~ % as v, ' =i/ D=2 > 1 inequality (iii) is because 21log(4/v;)'/? > 1 for
any v; < 1, and the final inequality is due to . Suppose round ¢ is terminated for some k, then

ot [k¢+ D LA A k¢ + D
A S=r(A%)— AL <r(4,)— =5 <r(4;) -2 ,
Ti,‘i‘k Ti/+k< T( ) S—r( ) 9 _’I"( ) Tzl‘i‘]‘u'

or equivalently

ot . k<4 D
A .
Tk =" T

?

By the Hoeffding’s inequality we have

7ot - k¢ +D
< ) — < k¢ — D)=
Pr <T’+/€_ r(A;) )_exp( k* — D)

Cl) exp (—kc) .

Therefore conditioned on 7(A;) > r(A*) — A%/2 the probability that round i is terminated by the

end of the horizon is bounded by

(38)

Combining and we conclude that the probability that round ¢ terminates by the end of
the time horizon is upper bounded by 1/4.

E.2. Proof of Proposition
We define Y; = QS for all 4, then for all i € ZT,

Pr(Y; > z) = Pr(Q; > 2"/¢) < K, exp(—x).
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For all 1 € Z*, we have

Y;
o (eXp <K1 —Zi- 1) = 1') =Pr(Y; > (K, +1)log(x)) < Kyz~ %171

Since Q; > 0, we have exp(Y;/(K; + 1)) > 1, therefore

Y o Y
E ! =14+ P u >z |d
oo ()| = (e () 2o

<1 +/ Kz %17 1de =2.
1

Let N(X) be a geometric random variable with success probability 1 — A. Then we have

o (32 o (£ %)
<D Pr(N()) =n>'ﬁE [exp (KYJrl)]

n=1 =1

§§:Pr(N()\) =n)-E

(o)

<) Pr(N(\)=n)-2"

n=1

where the first inequality is by conditioning on all n > 1, the second inequality is by the independence
of Y;, the third inequality is by , and the final equality is based on the assumption that A < 1/2.
We define W = Zi\SN(’\) Y;, then combining the above inequality with and the independence
of y;, we have

N+N(})
W Y,
E[GXP<K1+1>]_E eXp( Z_; K1+1>
Y N
~(2lor (7)) =

ON+L(1 — )
<~ 7
- 1-2X

NV Y,
- (z ml)

i=1

By Markov’s inequality and the above inequality on Elexp(W/(K; +1))], we have

w x
>x)= >
Pr(W >z) Pr(exp<K1+1)_exp K1+1)>

<E [exp (Klvz 1)] /exp (K1$+ : (40)

AR PN exn [ ®
1oy PUTKR 1)




58

Since 0 < ¢ <1, we have

N+N(A) N+N(X N+N()) ¢
W= ZY-— ZQ<><ZQ>

Therefore, plugging into , we have

N+N(N) N+N(A ¢
(E ()

<Pr(W >2°)
_ 2 (1)) 2
=T 1o PR )

F. Proof of Theorem

We first use the following proposition to bound the expected satisficing regret of each round.

Proposition 6. If r(A*) > S, then the satisficing regret incurred in round i is bounded by

8C —a/(l—a

Proof of Proposition [6] is provided in Section We also recall the bound on i,
is defined as the largest i such that K, gz, ¢log(4/7)™>81/2t > A% where K, ¢ =

%\/2+210g (8¢=1T(¢1)). 4o is upper bounded in that

c

s\ T2y

i < (La,ﬁ,élog(Da,B,C/As)ﬁ )<1 Qe

0= A* )
S

where ,6/ = max{ﬁ, 1/2}, Da,@( = 41/(1—0(85’)5/}'{&75,(/(1 — C), and Law&@ = (4(1 — C)/g)ﬁ,Ka,,B,C'

Furthermore, recall that d, € (0,1) is the smallest solution to Equation as
/ A
637C 10g(4/60)'6 = = )
Ka,ﬁyé

then we know dy <, =1, ~(1/¢=1-e)

Using the result of Proposition [ we have that the satisficing regret by round 4, is bounded by

10

8C —a/(l—a
Zm% /1= log(4/7,)"

=1
i 80 -
_Z : 510079 log(4/80)”

801 Z-1+a<1 O/

log (43 (1/¢—D1=)y3
_(1—06)5 0 Og( )

¢t+a(l-¢)

'\ o2 (o) g B
8C, (La,/;,(log(Daﬁ’C/Ag)B)“ a*a )log (4La,ﬂ,<10g(Da,6,c/As)ﬂ>

SA—a)pa-0p A% Ay

(41)
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where the first inequality is based on the definition ~; =i~ (1/¢=D(-2) and that v; = 27 (1-)/a >
Yig > 0o for all i <ig, the second inequality is because i*(1=¢)/¢ < iU for any i € [ig], and the
third inequality is simply plugging into the upper bound on iy in (29)).
By the results of Proposition 4] for every k > 1, the probability that round ¢ = ig + k starts within
the time horizon is at most 4=%*1. Therefore the regret incurred after round i, is bounded by
>y i k) gl 4

1_
=1

0 o
§(1801)6 (2:(2@'(,)(1(1—4)/4105.3:(4/’71')13.4—k+1+ Z (%)a<1—<>/<1og(4/%)5.4_k+1>
—
k=1

k=ip+1

8C CD(i-a -
giolé 3 (Z'O.(%O)O‘U—C)/C log(4iél/C bHa ))5+Z(2k)a(1—<)/< log(4k(1/C—1)(1—a))ﬁ.4—k+1)

k=1

¢t+a(1=¢)
_ g\ 002 a) AN
< 8C, - 20079/ [ Ly 5 log(Dage /A% |79 )log L0 p,c10g(Da e /A%)° M
T (1-a)f(1-()° A% A ’

(42)
where M = (18215 S oo, (2k)*(1=0)/Clog (4k>(1=C)¢)B . 4=FF1 ig a constant only dependent on a, 3,
because 4 *+! term decreases exponentially although k*(*=9/¢ grows in polynomial, and the final
inequality is again simply plugging into the upper bound on 7. Then, combining the satisficing
regret before round i, and after round g , the total satisficing regret is bounded by

¢+a(1-¢)

= (200-0/¢ 4. 9) Lopc) o0
a0 A

’ 18
B (¢+a(1-0) )8
log(Da,p,c/A%) =907 log <4L"’5 ’Clog(ff”g </83) >
S

E[Regrety] < M+

Furthermore, since the length of the time horizon is T' time steps, we have

imax—1 tmax—1 max—1

T > Z th> Z A 1>/ 27 e = C(imax—1)"¢,

thus the maximum number of rounds is bounded by ip. <14 | (T/¢)¢] = [(T/{)%] because imay is

an integer. Recall that v; = j—(1/¢-D-a) g decreasing in 4, for any ¢ < ¢,,.,, we have

Vi >PyZmax - ngi(/c D=
Z(gl/CT/C)—(l—C)(l—a) (44)

>(2¢T/O)7
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where the the second inequality is because iya < [(T/C)¢] < (T/C)¢+1<2(T/¢)¢ based on T/¢ > 1
for T>1 and ¢ < 1, and third inequality is because ( <1 and 1/2 < a < 1. So, 4/; < 22+1/¢T/(.
By the results of Proposition [6] we have that the satisficing regret is bounded by

E[Regret ] < Z m% /A=) Jog(4/7,)"
=1

< _ 7l e(1=0/Coe(22FY/ST /)8
=)D L og( /<)

< 5O g2ty / T eamoreg
= (1 — 04)5 ) Y Yy

(45)
Zmax"l‘l

8C, a(1-0)/c+1 log(22+1/<T /¢)?

1-a)(a-0/c+1)”
< (1 — a)ﬁ(a8(fl— C)/C n 1) (imax + 1)a(174)/4+1 10g(22+1/CT/§)5

(ii) 8CIC—0¢(1—C)—C L 4e¢T =141
<
T (=)l =1+

where step (i) is based on and step (ii) is because iy + 1 < 2ipmax < 2(T/C) +2 < 4(T/¢)¢
because iyay > 1 and (T/¢)¢ > 1.

1

T(1=0)+¢ log(22+1/<T/C)B.

Combining the two parts of results, i.e., the constant satisficing regret and the sub-linear
satisficing regret , we have completed the proof of Theorem [7| by putting all constant terms
into the polylog term.

F.1. Proof of Proposition [6]
Following the proof pattern of Proposition (1} as the expression of #] in 5, remains ¢, = [; /0],
the same as , the satisficing regret incurred when running ALG(t)), i.e., satisficing regret incurred

in Step 1, is still bounded with Condition [I] by

Y

/
i

E imax{s—r(As),O} <E [tir(A7) =) r(A)| <

s=1

201 -

(1 . Oé)ﬁ Vi /=) log(4/’72)ﬁ

Since A, is selected randomly according to the trajectory of ALG(%}) in round 4, the same as ,

we still have

E[max{S —r(A;),0}] <E[r(A") —r(4,)] < 201)5%‘ log(4/7:)".

(11—«

Therefore the satisficing regret incurred when pulling A, for T! = [~; %] times in Step 2, similar to

, is still bounded by

4C —a/(l-a
L0 l0g(4/7,)".

4C4 1 s
5V log(4/7:) SW

[ ! w -(12_0;)5%10g(4/%)‘3 <d—ap

v
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Recall , if r(flz) < S, then for every k, round i is not terminated after pulling arm A; for k

times (in addition to the first 7! times) occurs with probability at most

N ( ot \/k<+1og<8<1r<<1)> >S>

j‘;/ + k o ﬂ/ + k
ftot kS +log (8¢'T'(¢1)) A
< i ;
= (T{Jrk: \/ TR

= e (""C los <8r<§1>>> = gric o0 ().

Therefore, the same as to , expected number of arm pulls of A; after first pulling it T/ times,

i.e., the expected number of pulls in Step 3, is bounded by

E [Number of times A; is pulled in round i after the first 77 times]

o~ ¢ o
:;Pr(k >s)= YD) Zexp (—s%)

<. - s=1
SSF(CI)/Q exp (fx<) dx

¢ o1y L
SW () = 3 <1

Summing up the satisficing regret from Step 1, Step 2, and Step 3, we have that the satisficing

regret of round ¢ is still bounded by

8C —a/(l1—a

Note that, this is exactly the same as in Proposition

G. Proof of Theorem

We first prove that the regret incurred in round ¢ is at most

8C —a/(l-«
m%‘ /a )IOg(4/')’i)B-

For Step 1, the regret incurred when running ALG(t}) is bounded by

¢
!/ * - lo / 20 - —«
E | tir(A") - ZT(AS) < Oyt log(t;)" < m% “ )log(4/%-)ﬁ. (46)

s=1

The same as , we further have

Bl (A7)~ r(A)] < sy lo(4/70)" (47)

20,
(11—«
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Therefore, for Step 2, the same as , the satisficing regret incurred when pulling A; is bounded
by

1 2C, 4C, _ 4C, —a/(1—
) Tog(4/7)P<—"1  ~Tlog(4/;)P < ——L A=/ 1= 5504 /~.)5. 4
[%2“ (1 04)[’% og(4/:) =1 04)5% og(4/v:)" < (1 a)ﬁ% og(4/:) (48)

Since r(A;) <r(A*) < S, for every k, round i is not terminated with probability at most

?ztot k¢ +log (8€_1F(C_1))

<Pr ( A \/k“rlog(SC_lF(C_l)) >T(Ai)>

T +k T/ +k

<exp (—k< +1log <8r(<g—1)>> = 8Fé_1)exp (k).

Therefore, for Step 3, following the same calculation process in , expected number of arm pulls

of A; after pulling 77/ times is bounded by

C OoeX —flfc x
<grc ), e (e

<1.

¢
SEO(CY)

Then, the expected standard regret incurred in Step 3 is bounded by

20,

20 o
Sm%bg@lm)ﬁgm% 1" log(4/7:)", (49)

(T =

OO\’—‘

1-E[r(4") —r(4)]

where the first inequality is based on and the second inequality is based on v; < 1.
Summing up the standard regret in Step 1 ., 2(48)), and 3., we have that the satisficing

regret of round 4 is bounded by

80 —a —a
m%‘ /a )10g(4/%)ﬁ-

Since the length of the time horizon is T' time steps, we have

tmax tmax

r25 e Sz [T g,

thus the maximum number of rounds is bounded by imax < | (T'/€)¢], which implies that iy, +1 <
2imax < (T/€)¢ because iy, > 1. Recall from ([44) that 4/v; < 2*Y/¢T/¢ and follow the same chain
of inequalities in , we have that the regret is bounded by

T 8C,
E[Regret] <Z 1 A0 g (4/7;)P

< Z i a(l O/ 10g(22H/ST /)P
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< O og(@rriiTy) / T eamorg
STy o 1 y y
8C imax+1
= ! a(1-¢)/¢+1 log (22F1/¢T /)8
y og ¢
A=l -0/ +]) , losETRT/O
8C,

: a(1-¢)/ /
ST aa(i Qg 1) e+ 1M o (T CY

8C,¢—o(1=0=C . ga(¢T =1)+1
— (I=a)fa(Ct=1)+1)

Therefore the regret is bounded by C,T*1=9%¢ . polylog(T).

TOZ(1*C)+C 10g(22+1/<T/C)B

H. Tail Risk Control for Satisficing in Finite-Armed Bandits

In Section [6] we established SELECT-LITE, which is able to attain a constant expected satisficing
regret and a light-tailed satisficing regret distribution in the realizable case. However, in the non-
realizable case, the standard regret distribution of SELECT-LITE may not be light-tailed. In this
section, we focus on the finite-armed bandit setting and establish an algorithm that: 1) attains a
constant expected satisficing regret and a light-tailed satisficing regret distribution in the realizable
case; 2) attains a sub-linear expected standard regret and a light-tailed standard regret distribution
in the non-realizable case.

Similar to Condition |1} we first assume access to a learning oracle that attains a sub-linear
expected standard regret and a light-tailed standard regret distribution for finite-armed bandits.
Condition 2. There exists an finite-armed bandit algorithm ALG(t), functions A(K,t), N'(K,t)
and ¢ >0 such that for any instance of K-arm bandits and any time horizon t,

1. The expected standard regret of ALG(t) is upper bounded by CK*'t*2log(t)?, where C,ay,as, 3

are constants independent from K and t;

2. The probability that the standard regret of ALG(t) exceeds x is wupper bounded by

A(K,t)exp(—x¢ /N (K,t));

3. A(K,t) can be at most polynomially dependent ont and A'(K,t) can be at most poly-logarithmically

dependent on t.

Without loss of generality we also assume that A(K,t) and A’(K,t) are monotonically increasing
in t for every K, and is monotonically decreasing in x for every fixed ¢ and K. Condition [2| can be
satisfied by existing algorithms, such as the one established in [Simchi-Levi et al.| (2025)).

For finite-armed bandits, we notice that the oracle algorithm is able to output the candidate arm
that asymptotically converges to the optimal arm by choosing the one that is the most frequently
pulled. Because the arm is already been pulled by at least t;/K times, leveraging this history already
yields a tightened confidence interval for it, making forced sampling unnecessary. This holds for

both realizable and non-realizable cases.
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Therefore, we make three modifications to SELECT to make both satisficing regret distribution
and standard regret distribution light-tailed for finite-armed bandits with the help of a light-tailed
oracle algorithm. First, we get rid of forced sampling and directly start LCB test after running the
oracle. Second, we use the arm that is pulled most frequently during ALG(¢;) as the candidate arm,
and the historical data of this arm being pulled when running ALG(¢;) can be used in LCB test.
Third, we use larger confidence intervals in the LCB test the same as the one in SELECT-LITE. The

complete algorithm is provided in Algorithm

Algorithm 3 Light-Tailed Satisficing Regret Minimization for Finite-Armed Bandits
(SELECT-LITE+)

Input: time horizon T, satisficing level S, tail distribution parameter ¢
Set ; «— 27 H(1=a2)/a2 for a]l §=1,2,3...
for round i =1,2,... do
Set t; < [~; /172
Run ALG(t;), let A; denote the arm that is pulled most frequently along the trajectory during
ALG(t;).
Set 7; be the number of times A; is pulled during ALG(t;), k < 0.
Set 7i°* be the sum of observed reward of pulling A, for 7, times during ALG(¢;).
while LOB(A;) > S do
Set k< k+1
Pull arm A; and observe Y, where ¢ is the current time step

Update 7t - piot 1Y

Set
. ptot ¢ ~1P (-1
LOB(A) Fet 2k +log (8¢TIT(CT))
Tl‘i‘k Ti+k
end while
end for

With the help of a finite-armed bandit learning algorithm with light-tailed standard regret, we
use the following theorem to show that SELECT-LITE+ can enjoy a light-tailed satisficing regret
distribution in the realizable case and a light-tailed standard regret distribution in the non-realizable
case.

Theorem 9. If r(A*) > S, then under Condition @, for any x >0 the probability that satisficing
regret of SELECT-LITE+ exceeds x is bounded by

Pr(Regretgy > x)

—x¢ ] ¢
<(azlog,(T) + 1)A(K,T)exp <24(a2 o, (T) + 11N (K T)) +exp (zo—H — 3> ,
2 )

where ig = O <log2 (1/A§ : 10g(1/A§)5/>> is a constant independent of x.
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If r(A*) < S and the oracle algorithm ALG is light-tailed, then the probability that standard regret
of SELECT-LITE+ exceeds x is bounded by

Pr(Regret > x)
e

(aglog,(T) + 1)AN(K,T)

<(azlog,(T) + 1)A(K,T) exp (2 > +2T*? exp (—(z/2)°) .

Proof of Theorem [9] is provided in Section In the next theorem, we show that similar to
SELECT, the satisficing regret of SELECT-LITE+ can be bounded by a constant in the realizable case.
Theorem 10. If r(A*) > S, then the satisficing regret of SELECT-LITE+ is bounded by

2
E[Regrets] < min {Cl (CJZ;:H> e - polylog (CJ;;“) , C1T*? -polylog(T)} .

Proof of Theorem is provided in Section The proof relies on two critical results. In
Proposition [7] we show an upper bound on the satisficing regret of round i. The proof is provided
in Section of the appendix. In Proposition [8) we also show that once SELECT-LITE+ runs for
enough rounds, it is unlikely to start a new round. The proof is provided in Section [H.4] of the
appendix.

Proposition 7. If r(A*) > S, then the satisficing regret incurred in round i is upper bounded by

401Ko¢1+1 v—ag/(l—aQ)

=g log(4/)".

Proposition 8. If r(A*) > S, then round i terminates within the time horizon with probability at

most 1/4 if i that satisfies

320, K1+ (1 — ()=¢/2

(1—ay)? V2 + 4log (8CT(C 1))yl log(4/;)m=8:1/2 < A%, (50)

We also show that in the non-realizable case, SELECT-LITE+ enjoys the same standard regret
bound as the oracle shown in Theorem [11} The proof is provided in Section of the appendix.
Theorem 11. If r(A*) < S, the standard regret of SELECT-LITE+is bounded by

C K12 . polylog(T).

H.1. Proof of Theorem
For notational brevity we define p(z; K,t) = A(K,t)exp(—z¢ /AN (K,t)). We first bound the tail
probability of running the oracle. We define the satisficing regret incurred in the oracle algorithm

in each round i as R;. Since by definition of ¢; = [2/2], the number of rounds that end within
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the time horizon is bounded by 2/%2 < T, i.e., i < |aslog,(T)| because i is an integer. Then, the
maximum number of rounds is bounded by 4., = [@2log,(T)], and the probability that cumulative

satisficing regret incurred in oracle algorithm exceeds z/2 is
imax T imax T
P R, >—-|< Pr| R; >

imax "1;'
< p <.§ K, ti)
; 2imax (51)

Simaxp (ma Ka T>

20max

<(azlogy (1) +1)p (2 TG T)

The third inequality is because p(x; K,t) is monotonically increasing in ¢, and the fourth inequality
is because p(z; K, t) is monotonically decreasing in x.

We then bound the tail probability of LCB test. This is divided into realizable and non-realizable
cases. For the realizable case, the probability that satisficing regret incurred in the LCB test in

round i exceeds x/2 can be bounded by
Pr (max {S — T’(Ai),O} k> a;/2>

< e (~@/2)°).

where the first inequality is because max{S —r(4;),0} < 1 based on reward r € [0,1] and S < r, and
the second inequality is by applying (33)). Note that ¢/T'((™!) <3/2, exp (2¢) < e?. Proposition

tells that the total number of rounds follows a geometric distribution with success rate 3/4 in

addition to the initial iy rounds, where iy is the largest ¢ that fails to satisfy Inequality in
Proposition |8 Then, using Proposition similar to , the probability of total regret in the
LCB test exceeds x/2 can be bounded by

Pr (imax{S—r(fli),O}-kri>x/2>
z‘i0:+1N(1/4)
SPr( Z max{S—r(Ai),0}~ki>:v/2>

yo(1— 1/ (e/2)¢ (52)
SR TR YR <‘</<8r<<1>>+1>

io+1 /2
e (g

: ¢
<exp <zo +1- 3>
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For the non-realizable case, the probability that cumulative satisficing regret incurred in oracle

algorithm exceeds x/2 is upper bounded by

_pr (exp (i kf) > exp ((g)‘)) (53)

[ ()
exp((z/2)°)

imax

:exp( (x/2)¢ HIE exp kc)}

=1

where where the first inequality is because max{S —(A;),0} <1 based on reward r € [0,1] and
S <r, and the second inqualityi is based on Markov inequality, and the independence among each

round ¢ is used in the final equality. For each term E [exp (kf )}, it can be bounded by

eXp kc ZPr exp( C)

<1+2Pr exp( )

C Zexp 25C +s<)

¢
S”sm D)

where the second inequality is based on Inequality (6I). Note that, the bound on Efexp(k)] is
independent of the round 7. With max{S —r(4;),0} <1 based on reward r € [0,1] and 7(A*) > S,
we plug into , and can bound the probability that cumulative satisficing regret incurred in

(¢ <2,

oracle algorithm exceeds x/2 by

Pr (Z max {S — r(fli),O} k> x/2> <exp (—(z/2)) - 2" Te2loe) = 272 exp (—(2/2)¢) . (55)

Combining oracle tail probability with the tail probability in the LCB test for the
realizable case and the tail probability in the LCB test for the non-realizable case, we bound

the tail probability in the realizable case as

z ¢
Pr (R t < 1 T 1 KT o+1 — —
r (Regrety > ) < (aplog,(T) + )p<2(a210g2(T)+1)’ , >—|—exp <zo+ 3>
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and tail probability in the non-realizable case as

x
Pr(Regret < (azlogy(T) 41 s K,T | +27° —(z/2)°).
¢ (Regret >2) < (axlogs(T) 4 U 5o oy K0T ) 4277 exp (~(0/2))
H.2. Proof of Theorem [10
Denote f' =max{f,1/2} and K, 5 = 3201K?11f;(21)g<)%/2 V2 +4log (8¢'T(¢1)), and iy as

io = max{i : KQ,B,C'yil_c log(4/’yi)max{ﬁ’1/2} > AL}

We first follow the proof of Theorem [6] in Section [E] and Theorem [I] in Section [A] to get an upper

bound on ig. Denote & € (0,1) the smallest solution to the following equation

/ A%
6o log(4/8)" = —5—,
’ ’ Kapc

the same as Inequality . Following exactly the same proof steps to Inequality , we get

! ! 4/3
1 _ (88")" Kapc/(1=¢)°
5 ¢ A ‘

We write Dy ¢ =470 "85 Ko pc, Lapc=(4(1—¢)/3)" Ko ¢, then, the same as (28), we

have

- As
R Lo cl0g(Dasc/A%)"
By definition of iy we also have
- Az
To 2 La,ﬁ,qlog(Di,ﬁ,c/AE)ﬁ”
thus /
S g (LW B ) |

Using the result of Proposition [7] we have that the satisficing regret by round iy is bounded by

O AC Kot
Sy ea/0me) g4 )

i=1 (1-ap)? ™

O 40 Kt 4C Kttt
:Z(ll_WTlog(él/(So)ﬁZ(ll_w(2zo—1>log(4/5o)ﬁ (56)

i=1

N\ Tt AN
- 8C, K1+t Lo gclog(De g /M%) ) 1200 log 2L, 5,c10g(Da g/ A%)°
T(1-a)f(1-¢)P A% Ag '
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By the results of Proposition [8] for every k& > 1, the probability that round ig + k starts within

the time horizon is at most 4=%*1. Therefore the regret incurred after round i, is bounded by

\4C, Kot _
. QI_WQ " log(4/vigr)” - 47
k=1

16C Kal+1 1- ’
_Z ! o(log(4/’yi0)+ aa2k> 27k

2

16-2°C, Ko‘l'H 1-— B
—Z 2010g(4/ ) - L0 5 gk
1—042 Qg 7)
5
16-2ﬂ01Ka1+ . - (
<20 log(4/d) Zkz ‘2-
2
16 -28C, K11 M i _ 1/(1-0\ 7P
: ", 20log ((4-0,) ")
2
/ _;)472_ N\ B
<16'2ﬁ01Ka1+1M Lasclog(Dapc/Ag)? | o007 log 4Lq g 10g(Da s,/ A%)°
ag(1—=¢)P Ag A ’

where M =3%"7" k27" is a constant only dependent on «,3,(, and the second to the third
inequality is following the same pattern in Inequality . Then, combining the satisficing regret
incurred by round ig and after g , the total satisficing regret is bounded by

E[Regretg] <

801KO‘1+1 (25+1a;ﬁM + (1 _ 042)_’6) <La,ﬁ,g) (1—a;)2(1—c)
(1-¢)7 A

D =¥r=o 2L D "
A
.1 a,3,¢ 1 a,f,¢ 1 a,B,¢ .

Furthermore, since by definition of #; = [2/%2], the number of rounds that end within the time

horizon is bounded by 21/ < T i.e., i < |aylog,(T)] because i is an integer. Then, the maximum
number of rounds is bounded by 4., = [z log,(T)]. Therefore, we have that the satisficing regret

is bounded by

W AC Kt
E[Regretg] < Z ! 02/ 0702 1004 /)P

1 — OZQ
imax 401
2”11 T
< Z T —agy 2 log(® &
32C1K°‘1+1
77“21 8T
o)’ 0g(8T)”

where the first inequality is based on Proposition [7} the second inequality is based on the definition

;=27 (17e2)/o2 and 4/~; < 8T as shown in (12).
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H.3. Proof of Proposition [7]
We follow the proof of Proposition ! in Section |A.1l Recall that t; = [’y_l/ - a)], similar to ,
the satisficing regret incurred when running ALG(¢;) is bounded by

t;

tir(A") = r(Ay)

s=1

20, K1
< 2K —oafi-en)go (g 08. (58)

<E
- (1—ay)f ™

E ZimaX{S —r(Ay),0}

Since A; is the most frequently selected arm, it has been pulled for at least t;/K times during
ALG(t;), and we further have
E |:t T(A*) Zsi 171(As):| 20 Ko+l | A
LK S M=oy V108l /)"
(59)

If r(A;) > S, then for every k, round 4 is not terminated after pulling arm A; for k times (in addition

E[max{S —r(4;),0}] <E[r(A*) —r(A;)] <

to the number of pulls 7; during ALG(¢;)) occurs with probability at most

nto \/ch +log (8¢I(¢TY) _

P 3
' Tl+k’ Tl‘i‘k

<P L
=t TZ+I€

ptot B 2k<—|—10g (8C_1F(C_1)) >7,.(A)
T + k l

<exp <—2k:< +log <8F(§1)>> Ssr(gl) exp (—k°).

Therefore expected number of arm pulls of A; after first pulling it 7; times is bounded by

E [N umber of times A; is pulled in round 7 after the first 7} times]

:;Pr(st)ZSFél) o (o) < g [ (o)

¢
S80(C)

Summing up the satisficing regret incurred in oracle running and LCB tests , we have

T =

that the satisficing regret of round i is bounded by

200K 20, K1+
Aoy ™ og4/n) + 127 ulog(d/m)”
4ClKa1+ —« «
_W% 2/l log(4/)".

H.4. Proof of Proposition
We follow the proof of Proposition [4]in Section Recall from the proof of Proposition [7], we have

tir(A*) — Zsi L T(As) N G
{ K ] < 2(f K ;ﬁ ~ilog(4/7:)".

E[max{S —r(4;),0}] <E[r(A*) —r(A;)] <
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According to the condition of this proposition, we have i satisfies the condition

320, K1+ (1 — ()¢
(1—a)?

/2
V2 +4log (8¢T(C1))v, ~C log(4/;) ™ 1A1/2 < A%

Note that for any 0 < ¢ <1, (1—¢)"%2>1 and 7, > ;. Therefore i satisfies

W%’ log(4/;) P12 < A%,

by the Markov’s inequality we have

160, K11
(1—a)?

Now, if r(A4;) > r(A*) — A%/2, which happens with probability at least 7/8 according to the above

Pr(r(A°) = () > 43/2) < Pr (4 = () > log(4/20°) <5 (60

inequality, then r(A;) > S+ A%/2 holds. On the other hand, if ¢ satisfies the condition stated in the

proposition, then

(1=0)"/%\/2+410g (8CTT(CT)y;~log(4/7:)'/* < AY/16.
Note that for f(y) =v°/(7; +v), it reaches its maximum when

Yty (C—1)

=0.
(7 +y)?

d
@f(y) =

Therefore the maximum of f(y) is reached at (7;/(1— (). For simplicity, we set D =log (8¢ 'T'(¢™1)).
Similar to Inequality , the confidence radius for any k is bounded by

¢
\/2k;<+D g \/(D+2)k:< _ | P+Y (ffic)

Tl‘i‘k’ Tl—i-k' - TZ+<1<T1C>

Ti

—0)=¢. e
S\/(D+ 2)1—-¢)~¢ ¢y < VDK -0/2(1 — ¢)=¢/21¢
A*
<2VD +2K (1= )72y, log(4/7)"/* < =,
where the only difference to Inequality is the constant term, i.e., D+ 2 instead of D 4 1, and
7>t/ K >~ 07 /K >~72/K is used. Suppose round i is terminated for some k, then

ftot 2k¢ + D L A% . 2k¢+ D
—_— S=r(A") = Ay <r(A) — 52 <r(dy) -2y =2,
ik \ TR ST Assrd) =5 sr(d) Ttk

or equivalently
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By the Hoeffding’s inequality we have

O YR ¢ ¢
Pr " <r(4;) - P < ST exp (—2k¢) < ST exp (—k°) . (61)

Therefore conditioned on r(A4;) >r(A*) — A%/2 the probability that round 7 is terminated by the

end of the horizon is bounded by

Z T(CT) exp (—kc) < ST(CT) /0 exp (—mc) dz

T =4,

(62)

<

—8I(¢Y)
Combining and we conclude that the probability that round ¢ terminates by the end of
the time horizon is upper bounded by 1/4.

H.5. Proof of Theorem [11]
We first prove that the regret incurred in round 7 is at most

200K /(1)
A~ “2Nog(4/7:)°.
A—ap og(4/7:)

Similar to with modification on constant term C; to C; K1, the standard regret incurred
when running ALG(¢;) is bounded by

t

tir(A7) = r(A,)

s=1

201 K™ oy /(1-as)

E < —

log(4/7:)”. (63)

Since A; is the most frequently selected arm, it has been pulled for at least t;/K times during

ALG(t;), and similar to we further have

E |t;r(A*) _E?:l r(As) (Kot
[ ti/ K ] = z(?—Kozz); wlog(4/7)" oy

E[r(A") —r(4)] <

Since r(A4;) < r(A*) < S, then for every k, round i is not terminated after pulling arm A; for k

times (in addition to the number of pulls 7; during ALG(%;)) occurs with probability at most

P i
t Tl—i-k

o \/2k< +log (8¢TII(¢TY)) _ ¢
Tz+k

jptot 2k¢ 41 —1p(¢-1 .
pp [ [ losBCTC)
ﬂ‘f’k Tz‘i‘k‘

<exp <2k:< +log (8F(§1)>) = 8F(§1) exp (—k°).
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Therefore expected number of arm pulls of A; after first pulling it 7; times is bounded by

N C ¢ C OOeX —.’L‘C T
¢ —ip(pe-1y — L
SSF(C—I) CT(C )—ggl-

Summing up the standard regret in oracle running and LCB tests as a combination of
and , we have that the standard regret of round 7 is bounded by

201KO¢1+1 —ag/(1—ag)

—", log(4/v:)".

A—a) og(4/7)"

Since the length of the time horizon is 7' time steps, we have ¢; <T', following imax = [z log,(T)].

Therefore, following similar chain of inequality in , we have that the standard regret is bounded
by

tmax 40 Ka1+ _a o
E[Regret] < Z ! 2/(1=02) 150(8T)P

1—042
imax 401
2’“1 T
_Z oy 2 log(8T)’
1601K°‘1+1
717“2 log(8T
S0 —ay) g(8T)"

Therefore the regret is bounded by Cy; K*1*1T2 . polylog(T).

I. Choices of (1,a, for Several Bandit Optimization Problem Classes
In this section, we provide a detailed discussion on the choice of C,,a, 8 for several bandit opti-

mization problem classes. In three cases

I.1. Finite-armed Bandits
Consider any instance of finite-armed bandits with mean reward bounded by [0,1]. By Theorem 7.2
of Lattimore and Szepesvari| (2020), for any given time horizon ¢ > 2, the standard regret of the

UCB algorithm is upper bounded by

8\/Ktlog(t)+3Y _(r(k*) —r(k)) < 8y/Ktlog(t) + 3K,

where K > 2 is the number of arms and £* is the optimal arm.

When t > K, the regret is upper bounded by &/Wg(t)—f— 3K < 11\/Wg(t), where the last
inequality is due to t > K > 2, thus ¢t > 3 and log(t) >log(3) > 1; When ¢t < K, the regret is upper
bounded by t < VKt < 11,/Ktlog(2) < 11/Ktlog(t).

Thus for any given time horizon t > 2, the regret of the UCB algorithm is bounded by 11 \/Wg(t) .
Therefore, by setting C; = 11VK and a =8 =1 /2 and using UCB algorithm as the oracle,

Condition [ is satisfied for finite-armed bandits.
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I.2. Concave Bandits

Consider any concave bandits with A C R? being a compact and convex set contained in a Euclidean
ball with radius 1, and reward function being concave and 1-Lipschitz. By Theorem 2 of [Agarwal
et al.| (2011)), for any given time horizon ¢t > 2, the standard regret of Algorithm 2 in |Agarwal et al.
(2011)) is upper bounded by

2d° log(d dd7c; | d(d+1)\ [ 4ed*
768d°\/tlog(t)* (C();g()-i-l)( e d+ )> < = +11>,

2 02 62 02

where ¢y, ¢y are algorithm hyperparameters that satisfies ¢; > 64, ¢; <1/32. Therefore Condition is
satisfied for concave bandits by using Algorithm 2 in |Agarwal et al. (2011) and setting oo =1/2,

8 =2 and
22 log(d Adie, d(d+1)\ (4e,d?
01:768d3<02g()+1>< o, ddt )>< a +11),

c3 c3 Co c3

Furthermore, if the instance of concave bandit is one-dimensional, i.e., A= [0, 1], by Theorem 1
of Agarwal et al. (2011)), for any given time horizon ¢t > 2, the standard regret of Algorithm 1 in
Agarwal et al.| (2011) is bounded by

1084/tlog(t) - log, /5(t) = 108/ log(4/3)V/t - log(t)*/2.

Therefore Condition [I] is also satisfied for one-dimensional concave bandits by using Algorithm 1 in

Agarwal et al.| (2011) and setting C; = 108/log(4/3), a =1/2, §=3/2.

1.3. Lipschitz Bandits

Consider any Lipschitz bandits with arm set being [0, 1]%, reward function being L-Lipschitz and
mean reward bounded on [0, 1] (here we define Lipschitz continuity in the sense of co-norm). By
Section 2.2 of Bubeck et al.| (2011)), if the regret of the UCB algorithm for finite-armed bandits
with K arms is bounded by CALG\/Wg(t) for any t > 2, then for any given time horizon ¢t > 2,
the standard regret of the uniformly discretized UCB algorithm introduced by Bubeck et al.| (2011])
(hereafter referred to as the “Uniform UCB”) is upper bounded by

(1 +CALG)Ld/(d+2)t(d+1)/(d+2) X /log(t).

Using the results in Section[[.I} we have carc = 11, thus the regret of the Uniform UCB algorithm
is bounded by

12 LY/ (@+D(d+D/(d+2) | /o0 (7).

Therefore, by setting C; = 12LY (@42 o= (d+1)/(d+2), 8=1/2 and using Uniform UCB as the
oracle, Condition [1] is satisfied for Lipschitz bandits.
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J. Ablation Study for the Three Steps of SELECT

In this section, we use an ablation study to demonstrate that all three steps of SELECT play

a vital role in obtaining a constant satisficing regret. Specifically, we compare the performance

of SELECT with the following adapted versions of SELECT:

e SELECT without Step 1: instead of identifying candidate satisficing arms using a learning oracle,
the candidate satisficing arm is drawn uniformly at random from the arm set before we proceed
to forced sampling and LCB test in each round;

e SELECT without Step 2: After identifying a candidate satisficing arm from Step 1 in each round,
the forced sampling in Step 2 is skipped and a LCB test on the candidate satisficing arm is
immediately started;

e SELECT without Step 3: Each round is terminated after running Step 1 and Step 2 without
entering the LCB test in Step 3.

Setup: We conduct the ablation test using an instance of the Lipschitz bandit. We use the reward
function defined in Section [7.3] and set the satisficing threshold S = 0.7. The learning oracle we use

in Step 1 is Uniform UCB introduced in Bubeck et al. (2011)).

Results: The results are provided in Figure [I0] One can see that after removing any of the
three steps, our algorithm is unable to maintain constant satisficing regret in the realizable case.
Specifically, Step 1 serves the purpose of efficiently identifying a candidate satisficing arm. If Step 1
is replaced by randomly drawing candidate satisficing arms from the arm set, then the satisficing
regret is almost linear in 7', indicating that the algorithm struggles to identify satisficing arms
without the help of the learning oracle. Step 2 and Step 3 combined mainly serve the purpose of
exploiting the candidate satisficing arm and at the same time, testing whether it is truly satisficing.
Without either Step 2 or Step 3, the satisficing regret starts a round of rapid increase whenever the
time horizon T exceeds certain thresholds, thus fail to maintain constant satisficing regret. This
indicates that without either Step 2 or Step 3, the algorithm almost always terminates a round
shortly after completing Step 1 even if the candidate satisficing arm obtained from Step 1 is indeed
satisficing. We refer to Remark [4] for a detailed discussion on the reason for this. Therefore we
conclude that all three steps of SELECT play a vital role in obtaining a constant satisficing regret

bound in the realizable case.

K. Robustness on the choice of v;
In Algorithm (1, we define ; = 27—/ for all i € Z,, but all our results still hold if all 7; are
multiplied by a constant. In this section, we conduct numerical experiments on testing the robustness

of SELECT in the choice ~;.
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Figure 11 Performance of SELECT with different choice of ~;

Setup: We conduct the experiment on the same instance of Lipschitz bandit in Section We
multiply the {~;} in Algorithm [I| with a constant A, and vary A=0.5,1,2,5.

Results: The result of the realizable case is provided in Figure|11(a)| and the result of the non-
realizable case is provided in Figure [11(b)l One can see from the results that different choices
of +; have limited impact on the empirical performance of SELECT, both in the realizable and

non-realizable case. Therefore the empirical performance of SELECT is robust in the choice of ~;.

L. Ablation Test for Oracle Choice in Finite-Armed Bandits
In this section, we conduct an ablation study to demonstrate that in finite-armed bandits, using
oracle algorithm with sub-linear standard regret bound instead of a uniform sampling, the approach
used in Michel et al.| (2023) and |Garivier et al.| (2019), plays a vital role in obtaining a small constant
satisficing regret in the realizable case and a sub-linear standard regret in the non-realizable case.
The same as Section [7.1] and Section [N we consider an instance of finite-armed bandits with 4
arms, and the expected rewards of all arms are {0.2,0.4,0.6,0.8}. We vary the length of the time
horizon from 500 to 7000 with a stepsize of 500. We conduct experiments for both the realizable case

and the non-realizable case. For the realizable case, we set the satisficing level S € {0.65,0.7,0.75};
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for the non-realizable case, we set the satisficing level S = 1.5. In both cases, we test the performance
of SELECT-BoBW with different oracle algorithms, including Thompson sampling, UCB algorithm,
and uniform exploration (i.e., draw an arm uniformly at random at each time step). The experiment
is repeated for 5000 times and we report the average satisficing regret in the realizable case and the

average standard regret in the non-realizable case.

The results of the realizable case are presented in Figure |12(a)] [12(b)| and [12(c)| and the results

of the non-realizable case are presented in Figure [12(d)l from Figure [12(a)| and [12(b)], one can

observe that although SELECT-BoBW using uniform sampling as oracle algorithm is able to attain
a constant expected satisficing regret, it exhibits a much slower convergence rate and incurs a
much larger expected satisficing regret, compared to SELECT-BoBW using Thompson sampling or
UCB as oracle algorithms. Furthermore, one can observe from Figure that if S is large and
AY is small, SELECT-BoBW using uniform sampling as oracle algorithm might even fail to reach a
constant satisficing regret within a time horizon of 7000. Furthermore, in all these three realizable
cases, SELECT-BoBW using uniform sampling as oracle algorithm has higher variance according to
the error bar. This is because unlike an oracle algorithm with sub-linear standard regret bound,
uniform exploration does not converge to the optimal arm, and it is more likely that a non-satisficing
arm is selected as a candidate for Step 2 and 3 in each round. When comparing SELECT-BoBW
using Thompson sampling with SELECT-BoBW using UCB agorithm, one can observe that the
performance of SELECT-BoBW with Thompson sampling outperforms SELECT-BoBW with UCB. This
observation indicates that while any learning oracle with sub-linear expected standard regret enables
SELECT-BoBW to attain a constant expected satisficing regret, SELECT-BoBW can also attain better
empirical performance if a learning oracle with better empirical performance is implemented in
Step 1.

From Figure one can see that in the non-realizable case, SELECT-BoBW using uniform
exploration as oracle algorithm incurs linear expected standard regret in 7T, and the expected
standard regret is much larger than that of SELECT-BoBW using sub-linear oracle algorithms.
Therefore we conclude that using an oracle algorithm with sub-linear standard regret bound instead

of a uniform exploration is necessary.

M. Ablation Test for Design of {v;}

In order to highlight the importance of exponential decay of {7;}, in this section, We conduct an
ablation test comparing different designs of {~;} using an instance of Lipschitz bandit. Specifically,
we use the instance of Lipschitz bandit used in Section where the arm set is A= [0,1]?, and the
reward function is 7(x,y) = min{1, e~ 100(@=05°+u=0-0)} We vary the length of the time horizon

from 500 to 10000 with a stepsize of 500. We use the Uniform UCB as the learning oracle of SELECT,
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Figure 12 Performance of SELECT-BoBW using Thompson sampling, UCB, and uniform sampling as oracle

algorithm

and we compare SELECT equipped with the following three designs of {7;}: 1) exponential decay,
s = 2711=)/@ 9) linear decay ~y; = (i/2)~', and 3) constant ~; = 1/4.

The result of the realizable case is provided in Figure and the result of the non-realizable
case is provided in Figure One can see from Figure that in the realizable case, although
both exponentially decaying {7;} and linearly decaying {~;} attain a constant expected satisficing
regret, the regret incurred by the exponentially decaying {v;} is smaller than that incurred by
linearly decaying {7;}. On the other hand, the satisficing regret with constant {~;} increases linearly,
failing to reach a constant value. In the non-realizable case, the exponential design of v; also incurs
the least standard regret, followed by the linear design, while the constant design performs the
worst. This shows that using a decreasing sequence of {~;} is necessary for attaining a constant
expected satisficing regret, and exponentially decaying {~;} used in our algorithm is better than

linearly decaying {v;}.

N. Best-of-Both-Worlds Regret Bound for Finite-Arm Bandits

For satisficing regret minimization in finite-arm bandits, existing works such as|Garivier et al.| (2019)

establishes a constant expected satisficing regret bound of O(K /Ag), where Ag is the satisficing gap
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given by Ag =min{S —r(A): A€ A, r(A) < S}. On the other hand, our algorithm SELECT is able to
attain a O(K/A%) expected regret bound, where A% is the exceeding gap defined as A% = r(A*) —S.
When comparing the our expected regret bound in Corollarywith the one in Garivier et al.| (2019)),
one can see that our algorithm SELECT potentially has a better performance when AY is large and
Ag is small, while the algorithm in |Garivier et al.| (2019) potentially has a better performance when

% is small and Ag is large.

In order to establish an algorithm that attains a “best of both worlds” and works well in both
cases, in this section, we present SELECT-BoBW, an adapted version of SELECT for finite-armed
bandits that incurs an expected satisficing regret bound O(min{1/Ag,1/A%}). Specifically, the
expected satisficing regret bound of SELECT-BoBW achieves the “best-of-both-worlds”, dominating
both regret bound of SELECT and the one in |Garivier et al. (2019). The complete algorithm is
provided in Algorithm

In SELECT-BoBW, we can use either the UCB algorithm (see, e.g., [Bubeck and Cesa-Bianchi
(2012)) or Thompson sampling (see, e.g., Agrawal and Goyal (2017)) as the learning oracle ALG.

We use the following theorem to establish an expected satisficing regret bound for SELECT-BoBW.
Theorem 12. If r(A*) > S, then the expected satisficing regret of SELECT-BoBW is bounded by

K K\ K K
E <min < — -polylog [ =— ) . == . polyl VET -polylog(T) b .
[Rem‘ets]_mm{Ag p0y0g<Ag)7 As poyog(AgAJ, polylog( )} (66)

Proof of Theorem [12]is provided in Section
We also show that in the non-realizable case, SELECT-BoBW enjoys the same standard regret
bound as the oracle shown in Theorem [13|

Theorem 13. If r(A*) < S, the standard regret of SELECT-BoBW is bounded by
E[Regret] <V KT -polylog(T).

Proof of Theorem [13]is provided in Section of the appendix.
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Algorithm 4 Satisficing Regret Minimization for Finite-Armed Bandits (SELECT-BoBW)

Input: time horizon T, satisficing level S
Set ;<27 for alli=1,2,3...
for round i=1,2,... do
Run ALG(t;), let {A }scpr,) be the trajectory of arm pulls
Sample ¢ uniformly at random from {1,2,...,¢;} and set A+ A,
Set T; 4", k+ 0, 7°* 0
for r=1,2,---,T; do
Pull arm A; and observe Y;, where ¢ is the current time step
Update 7{°" + 7" + Y,
Set

A pot 41 1
UCB(A) « 1 4 [Aloer 1)
T T

if UCB(A;) < S then
Continue to next round 7 + 1
end if
end for A
while LCB(A;) > S do
Set k+k+1
Pull arm A; and observe Y;, where t is the current time step
Update 7{° « 7{°* + Y,

Set
. fot 4log(T; + k)
LCB(A, L
(4) T, +k T, +k
end while
end for

Remark 11. We would like to remark that forced sampling is not necessary in attaining a constant
expected satisficing regret in finite-armed bandits. In fact, a more simplified version of SELECT-BoBW
is to directly use the arm that is pulled most frequently along the trajectory during ALG(t;) as the
candidate arm, similar to Algorithm[3, and leverage the observed reward of this arm during oracle
running. Using similar arguments in the proof of Theorem we can prove that the expected

satisficing regret of SELECT-Arm without forced sampling in the realizable case is bounded by

K K K
E[Regrety] <min{ min<{ ——, ~— ¢ -polylog | —— |, KV'T - polylog(T) ¢ . (67)
As Ag A%

In other words, after removing forced sampling, the algorithm is still able to attain a constant
expected satisficing regret bound of O(min{1/Ag,1/A%}) similar to SELECT-BoBW. However, when
A% is small, the algorithm without forced sampling potentially incurs a larger expected satisficing
regret of O(K~/T) rather than the corresponding O(VKT) expected satisficing regret bound for
SELECT-BoBW. This is because the most frequently pulled arm is pulled for at least t;/ K times during
ALG(t;), and its (satisficing) regret of a single pull is bounded by O(t%/(t;/K)) = O(K~;), which



81

only suffers from a difference in constant term K compared to the original one with forced sampling.
At the same time, its width of the confidence interval at the beginning of LCB test is of order
O((t;/K)~2) = O(vVK) by leveraging its observed reward during ALG(t;), which still only suffers
from a difference in constant term VK compared to the original one. That is, both the expected
satisficing regret incurred in round i given in Proposition[9, and the round i, that we can start to
bound the exit probability given by Proposition [I0, only change at most by a constant term K. On
the other hand, by skipping the forced sampling, we are able to get rid of the 1/Ag-log(1/Ag) in
Proposition [ which is incurred in forced sampling. Finally, we are still able to bound the expected
satisficing regret by the Best-of-Both-Worlds O (min{ K /A%, K/Ag}) and a slightly worse sub-linear
satisficing regret O(K/T).

N.1. Numerical Experiment

To test the performance of SELECT-BoBW, we conduct a numerical experiment under a wide range of
(Ag, A%) pairs on finite-armed bandits. We consider an instance of 4 arms, and the expected rewards
of all arms are {0.2,0.4,0.6,0.8}, the same as the setting in Section We fix the time horizon
to be 10000, and vary the satisficing level S from 0.62 to 0.78 with a stepsize of 0.01, resulting in
the pair (Ag, A%) € {(0.02,0.18),(0.04,0.16),--- ,(0.18,0.02) }. We compare SELECT-BoBW against
SAT-UCB and SAT-UCB+ in Michel et al. (2023), and the “Phase Exploration algorithm” in
Garivier et al.|(2019) with p* changed to S. For SELECT-BoBW, we use its simplified version noted
in Remark and use UCB algorithm and Thompson sampling respectively as the learning oracle.

The experiment is repeated for 1000 times and we report the average satisficing regret.
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(=3
(=]
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Figure 14 Constant satisficing regret changing with satisficing level S at time horizon 7" = 10000

The results are presented in Figure One can see that SELECT-BoBW using Thompson sampling
as oracle algorithm has the lowest constant expected satisficing regret under most of the (Ag, A%)
pairs, except for (Ag,A%) =(0.18,0.02) (i.e., S =0.78) where the Phase Exploration algorithm

has a lower satisficing regret due to an additional polylog(1/A%) in the satisficing regret bound
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of SELECT-BoBW. The constant expected satisficing regret of SELECT-BoBW using UCB as oracle
algorithm is comparable to that of the heuristic algorithm SAT-UCB+, and is lower than that
of SAT-UCB. Note that for the Phase Exploration algorithm, it fails to converge to a constant
satisficing regret when S < 0.67, even if we increase the time horizon to T'=20000. Therefore the
reported satisficing regret of the Phase Exploration algorithm when S < 0.67 is smaller than its

constant expected satisficing regret.

N.2. Proof of Theorem
For any sub-optimal arm a € A, we define A, =r(A*) —r(a), and N,(t) as the number of times arm
a is pulled if an algorithm (either the UCB algorithm or Thompson sampling) is run over a time
horizon of ¢ time periods. By Theorem 2.1 of |Bubeck and Cesa-Bianchi (2012) and Theorem 1.1 of
Agrawal and Goyal (2017)), there exists constants ¢;,cy > 0 such that both the UCB algorithm and
Thompson sampling satisfies the following two properties:
1. Worst-case expected standard regret bound: the expected standard regret is upper bounded
by ¢1y/KTlog(T);
2. Instance-dependent bound on expected arm pulls: The expected number of arm pull of
any sub-optimal arm a is upper bounded by E[N,(t)] < ¢y log(t)/AZ.
Proof of the theorem relies on two critical results. First, we show an upper bound on the satisficing
regret of round 4.

Proposition 9. If r(A*) > S, then the expected satisficing regret incurred in round i is bounded by

INY? 66 5 K 1
in{ de, VK~ Hlog (=) —log ( +— |+ 2e2log [ =) ¢
mln{ cﬂr% og <%> ' As 0g (AS>+AS 2108 (’Yz‘)

Proof of Proposition [9]is provided in Section of the appendix.
Next, we show that once SELECT-BoBW runs for enough rounds, it is unlikely to start a new round.

Proposition 10. If r(A*) > S, then for every i that satisfies
16v2¢, VK~ log(1/7:)/? < A%,

the probability that round i ends within the time horizon T (conditioned on the event that round i is
started within the time horizon) is upper bounded by 1/4.
Proof of Proposition [10]is provided in Section of the appendix.
We define i as
io =max{i € Z, : 16v/2¢; VK~ log(1/7)Y? > A%},

and denote &y € (0,1) the smallest solution to the following equation

A*
Solog(1/6)V/2 = — 25
10g(1/d0) 16V2c,VE
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Then we have

1 16v2eVKlog(1/6)" _ 16v2eiVK - 1/6,7  16v2e,VK 1

do Ag As AG 5%

Here the inequality is because log(z) < x for all x > 0. Therefore we have

1 - 16v2c, VK ’
8o A '

Therefore we have

A A
5o = 5 > 5 .
T 16v2e VK log(1/6,)/2 ~ 32e,VK - log(16v/2ci VK | A%) 12

Here the inequality follows from . By definition of iy we have that iy is the largest integer that

satisfies v;, > dy. Therefore we get

A*
ip 2 > ’
Yio = 32¢,VK -log(16v/2c, VK | A%)1/?

Recall that v; = 27%, the above inequality implies that

iy <log, (3261\@ log(16v2e, VK /AG)Y 2) , (69)

A

The satisficing regret bound depending only on 1/A% is exactly the same as the one in Theorem
In what follows, we focus on proving the expected satisficing regret bound that depends on Ag.

Using the result of Proposition [0 we have that the satisficing regret by round 4, is bounded by

i(%lo (2)+ K oo (1))
P Ag & As Ag 2108 Vi

. 66 5 K 1
SZO . ES 10g IS —+ IS . 202 IOg 5*0

<ilog2 (6401\/?'10g(128\/§cl\/f/A§)1/2> . (ﬁﬁlog (5) +4eyK log (16\/501\/?))

=Ag A% Ag A%

<& polylog (2
_AS poyog ASAE °

(70)
where the first inequality is by plugging into the definition of v; and ~; > v;, > & for any i <, and

the second inequality is due to and .
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By the results of Proposition for every k > 1, the probability that round iy + k starts within

the time horizon is at most 4~**!. Therefore the regret incurred after round i, is bounded by

) _
g As <6610g <A5> +2K ey log(l/’yio%)) 4R

66 5\ et 2Ke, o
g —log <A> +Z log(4/7i,) + k) —— Al 4

k=1

2K
log( ) ZZlog 4/7ig )k -4 ASCQ

4KCQ k
_As log< >+10g 4/0¢) Zk 4~
<lo< ) 16Kc2 (a,5c1f>
Ay Ag

<£ olylo
Ag POYI8 AsAg '

The first inequality follows directly from the definition of 7; = 27° then log(1/viy+x) =
log(1/2 0tk = log, (2*)/log,(e) + log(1/7i,) <log(4/7i,) + k. The second inequality is due to
log(4/7;,) >1>1/2 for v;, <1, and for any a,b> 1, we have 2ab>ab+1>a+b, and 21@1 4=k <

4/3. The third inequality is similar to the case in satisficing regret by round ¢y. The fourth inequality
is plugging into Inequality and 21@1 k-47%=4/9.

We note that > 1/A% < K/(min A%) = K/Ag. Taking the sum of and (71)), we have that
the total expected satisficing regret is bounded by

K K
E[Regret ] < As - polylog (ASA*> (72)
s

Following similar steps in the proof of Theorem [I} we can prove that the expected satisficing

regret is upper bounded by

K
E[Regret ] < min{A* polylog( > VKT -polylog(T )} (73)
Ag
Combining the regret bound in , , we have completed the proof of Theorem
N.3. Proof of Proposition [9]
Recall that t; =~; 2, then log(t;) = log(7;2) < 2log(1/7;) and t,/* = 2/ = 1/~,. Therefore in the
realizable case, by the worst-case expected standard regret bound of ALG, the satisficing regret

incurred when running ALG(¢;) can be bounded by

E 2 max{S —r(4,),0}

t

tir(A) — Z (As)

< e VKt log(t;)'/?
s=1

=v2c; VK~ log (1)),

<E (74)
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and the instance-dependent bound

E ZZ:maX{S —r(Ay),0}

—E |3 (5 - r(A))1(r(4,) < 5)]

Ls=1

<E| Y NOr(A) —1(a)) (75)

_aE.A,r(a)<S

(ii) co log(t;) (i) colog(t;)
< — =7 < 2o\
Yy ebi)@ 5 ok

acA,r(a)<S acA,r(a)<S
. Z 2¢ylog(1/7:)
= —

acA,r(a)<S S

where step (i) is by decomposing satisficing regret by arm pulls, step (ii) follows from the instance-
dependent bound on expected arm pulls for ALG, and inequality (iii) is because A, =r(A*) —r(a) >
S —r(a) = A%. Combining and , we conclude that the satisficing regret incurred when
running ALG(¢;) is bounded by the

a
a€A,r(a)<S S

E Zimax{S—r(As),O} <min { V2, VK~ log(1/7)Y?, Z 2eslog(1/7:) (76)

Then, we consider the expected satisficing regret incurred in the forced sampling with UCB
test. Using similar arguments as in , the expected satisficing regret incurred in Step 2 is upper
bounded by

1
T L a Kt;log(t;) = v2e, VK~ Hlog(1/7,) 2. (77)

Then, we establish an expected satisficing regret bound in Step 2 with respect to Ag. If r(/ll) <8,

for simplicity, we denote A; as a, and define 7, as

TozmaX{T: \/‘W>Ag/2}'

We first provide an upper bound on x given z/log(x + 1) < y. Because y/z > log(z + 1) for any
x> 1, we know y > x/log(z + 1) > y/x. Then, for any z > 1

r <ylog(z+1) < ylog(2z) < ylog(2y?).

Plugging into the definition of 7 as 7/log(r + 1) < 16/A%*, we get

< 16 1 (2 . 162> < 64 1 ( 5 )
T 0 og [ — 1.
0 Agz g Ag4 A(§2 g A
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For 7 < 79, the satisficing regret is bounded by

. 64 5
To‘ASSI%IOg <A%> . (78)
For 7 > 7y, we know the confidence radius is less than A%/2, and the non-satisficing arm is pulled if

its UCB is greater than S as

pot 41 A A 41
711—+ 70g(7) >S=r(A)+As>r(A)+2 Og(T),
T T T

this happens with probability

ftot 4log(T+1) 1
7 _ N A < — = .
Pr (7’ - >S5 | <exp(—8log(r+1)) (r+1)8

Therefore the expected number of arm pulls of the non-satisficing A; after first pulling it 7y times is
bounded by

E [Number of times A; is pulled in forced sampling after the first 7, times]

> i 1 (79)
= Z Pr(r>s)= Z mﬁl-
s=79+1 s=19+1

Combining the instance-dependent regret bound before 7 and after 7 , recall that
AL <1<1/A%, we get

64 5 1 64 5 65 5 65 5
1-A%+—1 — )| <—+—1 — )| <=1 <—1 — . 80
Y °g<A§)—A%+A% Og(Az>—Ns °g<Az>—As Og(As> 50
Therefore, combining the instance-independent regret and the instance-dependent regret

in forced sampling, the satisficing regret incurred in forced sampling with UCB test is bounded by

in d V2o, VA og [ — v 55 1o (2 (81)
min C1 Yi g i ,AS g AS .

If ’I“(AZ) < S, then for every k, round i is not terminated after pulling arm A; for k times (in

addition to the number of pulls 7; during ALG(¢;)) occurs with probability at most

stot .
Py et 4log(Ti + k) o g
T; + k T; + k
rrot Alog(m; + k) -
<P U A.
=0t Tl‘f‘k Ti+k >7’( Z)

<exp(—2-4log(r; +k))
1 1
< Y
(i +k)®~ (E+1)8
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where the second inequality is based on Hoeffding’s inequality, and the third inequality based on
7: > 1. Therefore expected number of arm pulls of A; after first pulling it 7; times during ALG(;) is
bounded by

E [Number of times Ai is pulled in round ¢ after the first 7; times

1
—ZPrk>3 Z(s—i—l) <1.

So, the satisficing regret in LCB test can be bounded by 1

Summing up the two parts of satisficing regret, i.e., the satisficing regret from ALG(¢;) (7 ,
forced sampling with UCB test , and LCB test, we have that the satisficing regret of round ¢ is
bounded by

1/2 ‘
mind 2v2e, /R og (1), Paog () 3 2elellid
i S

A%
1\"* 66 5), K 1
<min< 4c; VK5, o <> , —lo ()+-20 lo <) .
= { 1 gt g - Ag g Ag Ag 2108 %

N.4. Proof of Proposition
Using similar arguments as in that

Efr(A%) — r( tl

W \/561\/?'72’ log(l/%‘)l/z-
According to the condition of this proposition, we have i satisfies the condition
16v/2¢; VK, log(1/7:)'/* < A,
By the Markov’s inequality, we have

Pr(r(A") = r(A) > A3/2) < Pr (r(4) —r(A) > 8v2e,VEyilog(1/3)'?) < o (82)

OOM—t

If 7(A;) > r(A*) — A%/2, which happens with probability at least 7/8 according to the above
inequality, then r(A ) > S+ A% /2 holds. We first analyze the exit probability in LCB test. If ¢
satisfies the condition stated in the proposition, we can recall Inequality . ) that

dlog(Ti+k) _ A%
Ti+k — 4

Suppose round 7 is terminated for some k, then

Pt 4log(T; + k)
T, +k T, +k

As
2

4log(T; + k)

<S=r(A") - A <r(4) - Tk

<r(A;) -
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or equivalently

ptot A 4log(T; + k)
< r(Ay) — | ———=.
T,+k~ r() T+ k
By the Hoeffding’s inequality we have
7ot - 4log(T; + k) 1 1
P L <r(A)— < < .
T\ o <) To+k |~ (Titk)® ~ (k+1)8

Therefore conditioned on 7(A;) > r(A*) — A% /2, the probability that round i is terminated during
LCB test by the end of the horizon is bounded by

- 1 1
2 r 1P =16 (83)

Then, we consider the probability of termination during forced sampling with UCB test given

r(A;) > S+ A%/2. For any T € [T}], we start a new round if

1

peot 41 1 A A
AL AT D 64— A% < r(Ay).

i
By the Hoeffding’s inequality we have

7ot 4log(T+1) . 1
L2 ) < .
Pr( = + = <r(4;) | < CESIE

Therefore conditioned on 7(A;) > r(A*) — A%/2, the probability that round 4 is terminated during
forced sampling with UCB test by the end of the horizon is bounded by

T;

= 1
Z r+1 Z T+1 =16 (84)

Combining , , and , we conclude that the probability that round ¢ terminates by the

end of the time horizon is upper bounded by 1/4.

N.5. Proof of Theorem [13]
Because the regret incurred during forced sampling with UCB test is bounded by the one incurred
without UCB test, we know the the standard regret incurred in round 7 is still at most
8civVK —a/(l @)
T—ay’

Since the length of the time horizon is T time steps, we have t; < T, thus the maximum number

log(4/7i)ﬂ.

of rounds is bounded by 4. = [alog,(T)]. Therefore, the same as the regret bound in Theorem
(following the same chain of inequality in ), the regret is bounded by
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< Z Sclf 941 log (8T)°

3201\/>
(1— a)?
32c1f
(1* @)’
64cl\ﬁ
(1— )’

Plugging into a=1/2 and c1vVK o« VK in the UCB algorithm, the standard regret is bounded by
VKT - polylog(T).

T imax oo (8T)P
204 logo (T)+1 10g(8T>

“log(8T)".

O. Dependence in Dimension for Lipschitz Bandits

In Corollary [3] the expected constant satisficing regret of SELECT in the realizable case is
O (A’g*(dﬂ)), which grows exponentially in the dimension d. In this section, we test this expo-
nential dependence on d. We consider a class of instances of Lipschitz bandits with concave
expected reward in domain (x,,---,z4) € [0,1]%. To fix the Lipschitz coefficient, the rewards is set
as (21, ,xq) =1—25/(7Vd)- ZZ (@ —0.7)% so that L =5 for all d > 1. We vary the dimension
from 1 to 7 with a stepsize of 1. The time horizon is set to be 500000 and the satisficing level is set
to be S =0.5. We use the Uniform UCB as the learning oracle. The experiment is repeated for 100

times and we report the average results.

—$— SELECT

20000

15000

10000

5000

Constant Satisficing Regret

i 2 3 4 5 6 7
Dimension

Figure 15 Constant satisficing regret changing with dimension d in Lipschitz bandits

The result is presented in Figure where one can see that the constant satisficing regret follows

an exponential increase as the dimension d gets large, which matches our theoretical result.

P. Auxiliary Results

For completeness, we restate some known results from existing literature.
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Consider the following K instances of K-arm bandits. The reward of each arm follows a Bernoulli

distribution, and under instance k, the mean rewards are defined as
w _ 1 w_ 1
=40 —Z,Vk #k. (85)

The following lemma establishes the information impossibility of distinguishing the instances
defined in within O(K/A?) time steps.
Lemma 1 (Lemma 2.8 of Slivkins et al.| (2019)). Let w be any non-anticipatory policy that commits
one arm it after adaptively making T arm pulls. Then there exists a constant 0 < c <1 such that

for all T < cK/A?, there exists at least [K/3] arms k € [K] such that Pr'® (ip = k) < 3/4.
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