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We study a dynamic learning-to-rank problem in which N agents strategically inflate the reward signals that
are used to rank them, with corruption budgets chosen endogenously. The learner observes noisy manipulated
outcomes and seeks to maximize total true reward over T' periods. Under a general supermodular ranking-
reward model, we show that efficient learning remains achievable despite strategic manipulation. Specifically,
a simple Experiment-Then-Commit policy attains regret bounded in 7', namely O(min{N logT, N?’})7 under
a strategy profile that forms an o(1)-equilibrium among agents as N and T' grow.

Our analysis proceeds in three parts. First, we show that agents’ strategic interactions converge to a static
nonatomic game. Second, we find a nonatomic equilibrium in this limit, where agents’ manipulation intensity
increases with their types. Third, we transport the limit equilibrium to the finite-agent, finite-horizon setting,

which yields non-asymptotic approximate-equilibrium and regret guarantees.
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1. Introduction We study the problem of sequential learning to rank a population of N strate-
gic agents over T periods. In each period, the learner assigns the agents to ranked positions, observes
a noisy signal of each agent’s performance, and uses these signals to refine her future rankings so
as to maximize cumulative reward. Each agent, in turn, can inflate his observed signal at a cost,
anticipating that it will earn him a more valuable position later. As a result, the learner faces data
corruption as an outcome of the collective strategic responses of the agents. Her task is to design a
ranking policy that achieves low regret under such corruption.

Such settings arise naturally in many data-driven ranking environments. One main motivating
example is product ranking on e-commerce platforms, where sellers are ranked based on consumer
engagement signals (e.g., clicks and purchases) and can inflate these signals through “brushing”, i.e.,

the systematic generation of fake orders to boost rankings, which is a prevalent practice documented
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as an industry-wide phenomenon (see, e.g., |Golrezaei et al.|[2023, Jin et al. 2023). The same logic
arises in search engine rankings, where websites compete for visibility in organic search results and
can inflate the signals on which the search engine relies, using click farms, manufactured engagement,
and other “black-hat” search engine optimization (SEQO) tactics, to climb the rankings. In all such
settings, the algorithm’s policy shapes agents’ inflation incentives, and the resulting inflation distorts
the very data the algorithm relies on. This coupling poses challenges on two interlocking fronts: the
algorithm’s need to learn from data, and the endogenous corruption of that data by strategic agents.

From the learning side, the learner must contend not only with the combinatorial difficulty already
inherent to ranking-bandit problems (e.g., |Lagrée et al.[2016} Lattimore et al. 2018, |Ermis et al.
2020, Wang et al.|2024), but with the fact that the signals she relies on to distinguish high-type
from low-type agents are systematically distorted by the agents themselves. The existing literature
on learning under corrupted data predominantly models corruptions as adversarial, i.e., those chosen
by a worst-case adversary subject to a budget constraint (e.g., Lykouris et al.|2018| |Golrezaei et al.
2023)). While powerful, the adversarial framework can be too conservative: by treating corruption as
unstructured worst-case disruptions, it forgoes the gains available when corruption carries concrete
structure. For example, in our setting, the structure we wish to capture comes from the equilibrium
behavior of self-interested agents. As we will show, recognizing this structure leads to performance
guarantees substantially sharper than the adversarial framework would suggest.

On the game-theoretic side, each agent’s inflation action depends on its effect on this agent’s own
future ranking and on the actions of all other agents. The resulting intertemporal strategic interaction
can thus be highly intricate. Characterizing this equilibrium, as well as the learner’s performance
against it, becomes a nontrivial problem in its own right. Together, these two challenges are the
central object of this paper. We thus ask: does there exist a ranking algorithm that can achieve

near-optimal performance under potentially pervasive strategic corruption?

1.1. Overview of Main Results. In this paper, we show that a simple, model-free policy can
make efficient learning remain achievable under strategic corruption. We study Experiment-Then-
Commit (ETC), a policy that simply cycles uniformly through rankings during an experimentation
phase before committing to the empirically best one. Under an appropriate equilibrium notion of
agents’ strategic behavior, the regret of ETC is of order Oy r(min{NlogT, N3}). This matches a
universal lower bound up to logarithmic factors, and stands in sharp contrast to adversarial corruption
models, where an Q(7') corruption budget yields a vacuous Q(T') regret.

We establish the results for a general class of supermodular ranking models that generalizes the
classic position-based model (PBM). In this class, the organic reward is a supermodular function of

the agent’s type and his assigned position, so that the clairvoyant’s optimal ranking is to simply rank
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the agents by their types. We then consider a strategic environment, where agents can manipulate
anonymously, at low cost, and without exogenous restrictions. The technical heavy lifting lies in the
game-theoretic and performance analysis of ETC under this dynamic and strategic environment. To
that end, we first show that under E'TC, it is a weakly dominant strategy for every agent to exhaust
his corruption budget during the experimentation phase (Proposition . This reduction collapses
the dynamic game into a static one in which each agent’s only strategic decision is the size of his
corruption budget.

Despite the static reduction, substantial challenges remain: agents’ utilities depend on high-
dimensional stochastic processes, making them often intractable to evaluate, and the induced payoff
structures are often ill-behaved (e.g., non-concave, multi-modal). To overcome this, we adopt a three-
step strategy, as explained below.

1. Step 1: Passing the game to the limit. We pass the number of agents N and the time horizon T’
to infinity. In the limit, we derive a simple nonatomic game in the spirit of Schmeidler| (1973)),
Mas-Colell (1984).

The validity of the nonatomic limit rests on a general convergence theory we develop (Theo-
rems |1] and , which identifies conditions under which the pre-limit ranking game converges to
its nonatomic limit. This theory certifies that the game in the limit is the right object to study,
and it serves as the engine for the finite-system guarantees in Step 3.

2. Step 2: Equilibrium characterization in the limit. In the nonatomic game, we find a nonatomic
equilibrium (NAE) in closed form, where every agent’s inflation intensity is given by an integral
involving his marginal reward with respect to the ranking position; see Theorem

A key structural insight that arises from this characterization is that the inflation intensity is
strictly increasing in type in this equilibrium. That represents a “self-reinforcing” property of
the agents’ strategic manipulation, which ultimately facilitates, rather than erodes, learning of
the agents’ ordinal information. A deeper intuition for this self-reinforcing property comes from
the supermodularity of the reward function, which implies that higher-type agents are more
sensitive to ranking positions and hence have stronger incentives to boost their positions.

3. Step 8: Performance guarantees in the pre-limit. Combining the convergence theory of Step 1
with the equilibrium characterization of Step 2, we obtain two non-asymptotic guarantees for
the original N-agent, T-horizon game.

o Approzimate equilibrium (Theorem . The nonatomic equilibrium profile constitutes an

Onr (b%T + %)—equilibrium. As a result, every agent’s incentive to deviate is on the order
of o(1) as N and T grow, regardless of the relative magnitudes of N and 7.
o Regret bound (Theorem E[) Under the nonatomic-equilibrium strategy profile, the regret of

ETC grows on the order of Oy 7(min{Nlog T, N*}). At the same time, we derive a universal
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regret lower bound that grows on the order of Qy 7(N); see Proposition |1} Together these
imply that ETC is order-optimal in N and T separately and jointly near-order-optimal up
to logarithmic factors. This regret order is decisively better than results under adversarial
corruption, where an Q(7") corruption budget generically leads to (7) regret.

The main technical contribution of this paper is a nonatomic-convergence framework that turns
an otherwise intractable dynamic strategic-learning problem into a tractable continuum game while
providing non-asymptotic guarantees in the pre-limit market; see Remark [2] for further explanation
and Figure [1| for an illustration. The framework is distinctively different from the usual mean-field
game approaches, and it does not rely on a specific scaling between N and T. We believe it is also
of independent interest and extends naturally to richer model variants, as we demonstrate in the

extension where we study the cascade ranking model.
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FIGURE 1. Roadmap of the game formulations.

1.2. Further Analysis and Extensions We conduct several additional analyses to deepen the
understanding of our findings and evaluate their robustness.

Finite-agent game analysis. We analyze the existence of exact Nash equilibria in the finite-N game.
We find that while desirable equilibria (e.g., the manipulation-free equilibrium) can emerge under
short horizons, high noise, or high manipulation cost, Nash equilibria may fail to exist altogether
otherwise (Propositions [5| and @ Since we aim to cover settings in which 7" can be arbitrarily larger
than N, our findings suggest that adopting relaxed equilibrium notions — such as the approzimate
equilibrium used in this paper — may be inevitable.

Cascade reward model. We extend the analysis to a cascade model, where each agent’s reward
depends on the agents ranked above him. We obtain analogues of all main results in the base model:
LSI remains a dominant strategy (Proposition , the nonatomic equilibrium admits a closed-form
solution (Theorem @, the NAE profile serves as an approximate equilibrium with explicit convergence

rates (Theorem , and the regret of ETC remains near order-optimal (Theorem .
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2. Literature Review

Dynamic learning with corrupted /manipulated data. From a methodological perspective,
our paper contributes to the growing literature on dynamic learning under corrupted or manipulated
data. Most of this literature models corruption as adversarial; a representative example is
(2018), with further developments in a variety of settings; see, for example, Gupta et al|(2019),
Bogunovic et al, (2020)), Zhong et al| (2021)), |Golrezaei et al| (2023), |Chen and Wang| (2023)), |Chen|
(2023). In particular, Golrezaei et al| (2023) studies a learning and ranking problem under

a cascade demand model with adversarial fake clicks. A limitation of the adversarial formulation,
however, is that it can be overly pessimistic for settings in which data corruption is incentive-driven.
The resulting regret guarantees typically scale linearly in the corruption budget.

Our work is motivated by the idea that stronger guarantees may be possible when corruption is

structured rather than fully adversarial. To this end, we study strategic, self-interested manipulation,

which remains relatively less explored; see Braverman et al| (2019), Feng et al. (2020)), Birge et al.|
(2021)), Dong et al.|(2022)), Chen et al|(2022), [Harris et al.| (2023)), Kleine Buening et al| (2024bla)) for

related examples. Our work is particularly inspired by |[Feng et al.| (2020), which considers strategic

corruption in the standard stochastic bandit problem under exogenously specified corruption budgets,
where self-interested arms inflate rewards. Relative to that setting, our model differs in two important
respects. First, we move from the classical bandit setting to a ranking problem, where positions
enlarge the action space and alter both incentives and learning dynamics. Second, the corruption
budgets in our model are determined endogenously by the agents rather than fixed ex ante. These
differences are central to our analysis and to the stronger guarantees we obtain. This underscores the
new structure induced by self-interested corruption with endogenous budget formation.

Our policy is also related to the broad class of “explore-then-exploit” algorithms and batched-
learning algorithms, studied under various names and formulations; see, for example,
\Szepesvari (2020), Rusmevichientong et al.| (2010)), Broder and Rusmevichientong| (2012), Perchet and|
Rigollet| (2013), [Sauré and Zeevi (2013), Garivier et al.| (2016]), [Perchet et al. (2016), Cheung et al.|
(2017), Han et al.,| (2020), Birge et al.| (2025), [Yang and Feng| (2023). In that regard, our contribution

is to study how strategic data manipulation affects the performance of such policies.

Equilibrium analysis in dynamic and multiplayer systems. A central technical challenge
in studying strategic manipulation is to characterize agents’ equilibrium behavior. Our analysis is

also related, at a broader technical level, to the literature on multi-agent learning and equilibrium

approximation in large games; see, for example, Bravo et al.| (2018]), Mertikopoulos and Zhou (2019),

Babichenko (2018). In our setting, this challenge arises because agents’ manipulation incentives are

induced endogenously by the learning policy. Characterizing such behavior is difficult even with a
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single manipulator; see, for example, Birge et al.| (2021), [Keppo et al.| (2022). Our technical con-

tribution in this direction lies in the asymptotic analysis of the induced game and in quantifying
convergence from the finite market to its nonatomic counterpart. Our equilibrium analysis differs

from standard mean-field game formulations (Weintraub et al.|2008, |Adlakha and Johari|2013, Bal-|

seiro and Gur|2019), because the learning policy in our model does not induce a (stationary) Markov

game among agents. Instead, our nonatomic equilibrium is developed following the frameworks of

|Schmeidler| (1973)), Mas-Colell| (1984). Moreover, we do not use the limiting game merely for asymp-

totic characterization; rather, we use it as a tool to obtain performance guarantees for the pre-limit

market.

Ranking problems for online learners. From the application side, there is growing interest
in ranking problems faced by online learners, where ranking serves as a key operational lever; see,
for example, (Chen et al.| (2021), Niazadeh et al.| (2021), Singh et al. (2021)), [Ferreira et al.| (2022)),
Derakhshan et al. (2022)), |Gao et al| (2022), Lei et al.| (2022)), Asadpour et al.| (2023), Zhang et al,

(2022), Devic et al. (2024). More specifically, the impact of fake clicks or fake orders on ranking

systems has drawn attention across operations management (Golrezaei et al. |2023)), information

systems (Jin et al.|2023)), and marketing (Long and Liu/[2022). Among these papers, (2023)

is perhaps most closely related to ours. Under a stylized model in a two-agent-one-period environment

with binary action set, they characterize equilibrium behavior under a Greedy ranking rule and
identify the possibility of “defensive brushing.” Our paper instead studies the prescriptive problem of
designing a ranking policy in the presence of strategic manipulation in a multi-agent, multi-period

environment under a general demand model.

Auctions, contests, and tournaments. Our model is also related, at a conceptual level, to

the literature on contests, tournaments, and auctions; see, for example, Edelman et al.| (2007), |Varian|
(2007), Terwiesch and Xu! (2008)), /Athey and Ellison| (2011)), [Jerath et al. (2011)), Koérpeoglu and Cho|
(2018)), |Ales et al. (2019), Mihm and Schlapp| (2019)), Bubeck et al| (2019)), |Conitzer et al.| (2022),

LLiu et al|(2022), Feng et al.| (2024)). In our setting, agents exert costly effort to improve their relative

standing, and after the dominant-strategy reduction, the ranking manipulation game resembles an
all-pay position auction. The environments are nevertheless substantially different: the learner is not
an auctioneer, does not observe inflation actions, and learns product quality from endogenous data
generated over time. The connection is therefore primarily conceptual; it is also useful for interpreting

low-noise regimes in which pure-strategy equilibria may fail to exist.

3. Model, ETC, and the Budget Competition Game
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3.1. Problem Setup There are N > 2 agents, indexed by i € [N]:={1,..., N}. Each agent has

a heterogeneous type, which we interpret as the agent’s intrinsic quality. Qualities are normalized to

1 2

T o100 L (We will discuss this uniform-grid normalization

lie on the uniform grid Oy :={0
further in Footnote ) Let o, : [N] — Oy denote the true quality-based ranking, where a larger value

of 0,(i) corresponds to a higher-quality agent. By relabeling agents in increasing order of quality, we
1 N—2
P N—17"""7" N—1"
i—1
N-1°

may assume without loss of generality that o, = e := (0 1), which we refer to as the

identity ranking. Under this labeling, agent ¢ has quality ¢ := and position under the identity

i—1
N-1"°

ranking is 2 :=e(i) = Accordingly, the identity ranking e is also the quality-based ranking.
The learner interacts with the agents over T periods. In each period ¢ € [T, she chooses a display
ranking o, represented by a bijection o, : [N] — ©x. Here, 0,(i) denotes the displayed position of
agent ¢ on the normalized grid © y. Larger values of 0,(7) correspond to better positions, with o;(i) = 1
representing the top position and o4(7) = 0 the bottom position. Because o, is a bijection, each agent
is assigned a distinct position, and each position is occupied by exactly one agent. Equivalently, o;
induces a permutation of the N display positions, written in normalized form. Among all feasible

rankings, the benchmark ranking is the quality-based ranking e, which places higher-quality agents

in higher positions.

True reward. Each agent’s period-t reward depends on his intrinsic quality and displayed position.
To model this dependence, let F':[0,1]*> — [0,00) denote the mean reward function, where F(q, z) is
the expected reward of an agent with quality ¢ € ©y displayed at position z € © NE' For agent i € [V]
in period ¢ € [T, the reward is given by

Ri(q',00(i)) = F(q", 04(i)) + €. (1)

Here, {€!:t € [T], i € [N]} are i.i.d. mean-zero sub-Gaussian random variables with variance proxy
n?, denoted by €i ~ subG(0,7?) | We do not impose specific functional forms on F' beyond some mild

structural assumptions; see Section [3.2] for details.

Observed signal. Agents may take costly actions to inflate their observed performance in order to
obtain more favorable rankings and, in turn, higher rewards. Let b > 0 denote the inflation amount
chosen by agent i in period t. Given displayed position o;(7) and inflation amount b!, the observed

signal of agent ¢ in period ¢ is
Dy = Ri(¢',04(i) +b; = F(¢',04(i)) + b + ;. (2)

! Strictly speaking, I only needs to be defined on © 5 x O n. We extend its domain to [0, 1]? for notational convenience,
especially for the asymptotic analysis as N grows.

? Specifically, a variance proxy n” requires that the noise term €; satisfies E[exp(se;)] < exp(2n°s®) for every s € R.

This standard assumption accommodates, for example, bounded and Gaussian noise distributions.
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Thus, the learner observes the agent’s reward only after it has been inflated by the agent’s strategic

action. For convenience, let D, :=(D},..., DY) denote the vector of observed signals in period t.

Learner and agent decisions. We consider an algorithmic learner that sequentially determines
rankings based on historical observed-signal data. A learner policy is denoted by 1 and maps the
public history hY_; := {01, D1,...,0,_1,D;_1} to the ranking o, in period ¢t. The learner does not
know the agents’ intrinsic qualities or the reward function F. We assume that the learner commits
to a ranking policy ¢ at the outset and follows it throughout the processﬂ

Given 1, each agent may strategically manipulate the data by “boosting” or inflating the observed

signal D!. Although costly, such manipulation shapes the data the learner observes, and can improve
the agent’s future ranking positions. Because higher positions yield higher rewards, agents trade a
present cost for a future benefit. Formally, agent i’s strategy II* has two components:

o At period 0, agent i chooses a corruption budget B > 0 at cost cB‘, which constrains his
subsequent inflation.

o In each period ¢ € [T], he chooses how much to “boost” the observed signal D! within the
remaining budget. We denote it by b and formally refer to it as the inflation amount. It is
chosen adaptively as a function of the private history hi_, := (B% 0y, D% b}, ... 0, 1,D! | bi )
taking values in the range [0, B’ — >°)_] bi].

In short, each agent’s decision separates the budget choice from the dynamic allocation problem.
This structure mirrors a feature of practice, i.e., firms typically fix spending plans in advance and

have limited flexibility to revise them mid-campaign. Earlier work also uses the same structure (e.g.,

|Golrezaei et al.[|2023| Feng et al.|[2020) but treats the corruption budget as exogenous. Here, each

agent chooses his budget endogenously.
Writing IT = II() := (IT*,... TIV) for the resulting strategy profile, the learner’s policy and the
agents’ strategies jointly determine the system dynamics; see Figure 2] for an illustration. In later

sections, we will characterize II(¢)) using appropriate equilibrium concepts.

Learner selects Initial ranking True reward Updated True reward
ranking policy y o R, ranking &, R,
\'4 A v A N
[ 1=0 t=1 1=2 o t=T

Sellers choose Inflated data
brushing budget B b,

3 To make the commitment credible, we require the ranking policy to be verifiable ex post by the agents. This condition
is satisfied, for example, when the learner’s ranking is a deterministic function of the public history, which we assume
throughout the paper.

Inflated data
b

FIGURE 2. Timeline.
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Learner’s objective. The learner seeks to identify the quality-based benchmark ranking so as to
maximize expected cumulative reward over the horizon. Under learner policy ¢ and agents’ strategy
profile IT, the learner’s expected cumulative reward is E, [23:1 SN Ri(dq, at(i))} : To evaluate
a learner policy 1, we use regret, defined as the loss in expected cumulative reward relative to a
clairvoyant learner that knows the agents’ qualities and the reward function F'. Under the struc-
tural assumptions on F' introduced later, the clairvoyant learner selects the quality-based benchmark

ranking e in every period. Accordingly, the regret is

Rr = TZ?; F(q¢',2") —Eyn [ZtT—l sz\;l Rt(qi’gt(i))} .

Throughout the paper, we study the asymptotic growth of the learner’s regret Ry as the horizon
T increases, taking into account the agents’ strategic responses. To describe these asymptotic rates,

we use standard order notation. In particular, for two functions f,g:7Z, — R, , we write

O(g(T)), if limsupy_,, f(T)/g(T) < oc;
f(T) _ O(Q(T))v if lim SUPr_ 00 f(T)/g(T) =0;

Qg(T)), if liminfr o, f(T)/g(T) > 0;

w(g(T)), if liminfr o f(T)/g(T) = 0.

In particular, if R =o(T'), we say that the learner’s ranking policy achieves complete learning.

REMARK 1. In our convergence analysis for the nonatomic market model, we also consider a sequence
of markets in which N grows. It is therefore useful to describe how regret scales when both 7" and N
tend to infinity. To this end, we extend the order notation in the natural way: for example, we write

F(N,T) = Onr(g(N,T)) if WmSup,nin 7y s00 Lxgs < 00. This definition allows N and T' to grow

jointly without imposing restriction on their relative rates. That said, in our setting the dependence on T’

is of primary interest, as illustrated by the following result.

ProposITION 1. (Regret order in N) Let Ap:=F(1,1) — F(0,0). Under any learner rank-
ing policy and any agent strategy profile, the learner’s regret satisfies Ry < ApNT = Oy (NT).

Conversely, there exists a problem instance for which Ry = Qy r(N).

Proposition [1| provides universal upper and lower bounds on regret with respect to N. To streamline

the presentation, we will not restate the universal upper bound in subsequent regret bounds.

4 Throughout the paper, Ey o and Py denote expectation and probability under the system dynamics induced
jointly by (¢, II). When either ¢ or II is clear from the context, we use the abbreviated notation Err, Pr, or simply
E, P.
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3.2. Assumptions and the Clairvoyant Benchmark We summarize our assumptions on

the expected reward function F' below.

ASSUMPTION 1. The function F' satisfies the following two properties:

(i) MONOTONICITY: F(q,z) is strictly increasing in both quality q and ranking position z.

(ii) SUPERMODULARITY: F(q,z) is supermodular on ©n x ©x. That is, for all i,j,m,n € [N] such
that i > j and m > n, we have F(q",z™) — F(q",2") > F(¢’,2™) — F(¢7, 2").

In the assumption above, Part [(i)| states that both quality and position positively affect reward. In
our model, the notion of intrinsic quality enters only through its effect on the reward function F ﬂ
The positional effect is well documented in the literature; see, for example, |Joachims et al.| (2005),
Craswell et al.| (2008), Ursul (2018).

Part|(ii)|is the more substantive part of our model. One main reason we adopt this family of reward
functions is that, under supermodularity, the clairvoyant’s problem has a clean and intuitive solution,

which is to rank the agents according to their intrinsic quality.

PROPOSITION 2. (Clairvoyant’s solution) If F(q,z) is supermodular on Oy x Oy, then the

quality-based ranking maximizes the total expected true reward. That is,

ecargmax y  F(q',0(i)).
When N =2, the converse is also true.

Under supermodular reward functions, the notion of “optimal” ranking can be naturally defined
using the clairvoyant’s solution, and is consistent with the usual intuitive goal of learning-to-rank
problems. In addition, this result shows that, when N = 2, the supermodularity of the reward function
and the optimality of the quality-based ranking are equivalent; in Appendix [A.T] we further extend
the analysis to cases where N > 2. The supermodularity of F' also implies a useful insight. Roughly
speaking, the sensitivity of high-quality agents’ rewards to ranking position is greater than that of
low-quality ones. This insight will be revisited throughout the paper.

The supermodular family of reward functions generalizes many widely studied models. The most
prominent is the position-based model (PBM) in the ranking bandit literature, where F(q,z) =
f(@)g(2) with f, g positive and increasing, which makes F' automatically supermodular; see Richard-
son et al.|(2007)), Lagrée et al.| (2016)), Ermis et al.| (2020). Similar separable conditions also appear in
click-through-rate models; see|Aggarwal et al.| (2006]), Varian| (2007), Edelman et al.|(2007), L’Ecuyer
et al.| (2017). Our framework also connects to customer-search formulations. When N = 2, it sub-
sumes the cascade model and Weitzman-type search models (Jin et al.|[2023). In Section we will

show that our results from the base model continue to hold under the cascade model for general N.

® The assumption that qualities lie on the uniform grid Oy is immaterial. Indeed, let On be an arbitrary grid
containing the quality vector ¢, and let F'(§", 2”) be a reward function defined on © y x ©n. Define F'(¢",27) := F(¢", 2”)
on Oy X On. Then F satisfies Assumption |1|if and only if F' does.
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3.3. The Experiment-Then-Commit Policy We next describe the learning algorithm as our
proposed solution, which we call Experiment-Then-Commit (ETC). It is a simple policy that separates
learning from exploitation. In the experimentation phase, the learner rotates the displayed ranking
so that each agent occupies each position equally often. Specifically, fix N rankings {x’ : j € [N]}
defined as cyclic shifts of a baseline order (z!,...,2N): w7 = (29,277 ... 2N 21 ... 2971, for all
j € [N]. Under 7, agent 1 is assigned to position 27, agent 2 to position 27! and so on, with indices
interpreted cyclically. The learner displays each ranking s’ for 7y :=7/N periodsﬂ so that during
the first 7 periods each agent appears in every position exactly 7y times. Thus, this phase eliminates
systematic differences in position exposure across agents.

Let Di:= >7_, Di denote agent i’s total observed signal during Phase 1. The learner then forms

the empirical ranking @ by ordering agents according to D' equivalently, one may define

i) = —— Y. ID'>D}, i€[N]
JEINN\{i}
Hence, (i) > 7(j) whenever D > D7["|In the next phase, the learner displays the ranking & in each
of the remaining T — 7 periods.

Algorithm [I|summarizes the ETC policy. It is a particularly simple policy for the dynamic learning
problem studied here. It involves only a single tuning parameter, 7, uses minimal information about
the model primitives, and is very easy to implement. The remainder of the paper investigates its
performance in two different regimes, one in a low-manipulation regime, and the other one in a more

interesting full-manipulation regime.

Algorithm 1 Experiment-Then-Commit (ETC)

INPUT: Length of the experimentation phase, 7.
PHASE 1: (Ezperimentation) Display all cyclic permutations {7 : j € [N]}, each for 7o =7/N times.
PHASE 2: (Commitment) Obtain ranking & by sorting the observed signals {D'}. Display ranking

7 for the remaining T — 7 periods.

S For the moment, we assume that 7 is a multiple of N, so that 7o € N. This assumption is inessential and will be
relaxed later.

"If ties occur, they may be broken according to any fixed deterministic rule. In particular, when the aggregated
signals admit continuous distributions, ties arise with probability zero.
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3.4. The Low-Manipulation Regime We begin with the simpler case in
which inflation can be effectively controlled. For each M > 0, define IIM :=
{IT= (1", ..., 1IV) : II°(hi_,) < M for all i € [N], t € [T], and histories h{_,}. Thus, II" is the class
of strategy profiles for which every agent’s per-period inflation amount is bounded by M at all
times. The special case M = 0 recovers the manipulation-free setting. The next result shows that

ETC performs well over IT for sufficiently small M.

ProrosITION 3. (Regret of ETC under low manipulation intensity) There ezists a con-
stant M > 0 such that the following holds. Suppose the agents use a strategy profile TI € TIM | and
the learner implements ETC with experimentation length T = N|CylogT|, where Cy is a sufficiently
large constant. Then Ry = O(logT).

Proposition [3 shows that ETC achieves logarithmic regret whenever per-period inflation is suffi-
ciently small. The intuition is that, if inflation is not strong enough to overturn the gaps in agents’
rewards, then the cumulative observations collected during the experimentation phase preserve the
correct ranking with high probability. Once this occurs, textbook concentration arguments imply that
ETC commits to the optimal ranking after only O(logT') experimentation periods. The logarithmic
regret bound is also optimal in this manipulation-free setting. Indeed, when N = 2, the problem
contains the classical two-armed bandit setting as a special case, so the Q(logT') lower bound of |Lai
and Robbins| (1985)) applies.

More broadly, Proposition [3| helps isolate the source of difficulty. Even when the aggregate amount
of inflation over the T periods is linear in 7', ETC achieves regret of order O(logT), as long as
the inflation amount in each period is controlledﬁ As a result, the proposition shows that the total
volume of inflation is not by itself the relevant measure of difficulty. Rather, the difficulty arises when
inflation can be temporally concentrated so as to distort the ranking precisely when the learner is

attempting to identify it. We study this regime next.

3.5. The Full-Manipulation Regime and the Static Reduction We now turn to the main
setting, in which agents face no exogenous per-period upper bound on inflation. This regime captures
the more challenging case in which the learner has limited ability to control agents’ manipulation

activity.

The ranking manipulation game. In this setting, the agents’ strategic responses to the learner’s

ranking policy form a dynamic game, which we call the ranking manipulation game. Formally, this is

8 This contrasts with much of the stochastic-corruption literature, such as [Lykouris et al.| (2018), |Golrezaei et al.
(2023)), [Feng et al| (2020), where the regret bound typically depends directly on the corruption budget, and a
corruption budget of order Q(T) can therefore lead to regret of order Q(T'). It also contrasts with adversarial settings
in which even sublinear total corruption can be concentrated in the early periods and thereby mislead the learner.
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a T-period extensive-form game with N players, denoted by I'y 7. The agents’ decisions follow the
timing described in Section each agent 7 first chooses a corruption budget B? and then allocates
this budget sequentially and adaptively over time. Agent ¢ seeks to maximize his cumulative reward
net of manipulation costs, i.e., 7_, Ri(¢*,0,(i)) — cB'. Given a strategy profile IT, agent 7’s (ex-ante)
expected utility is therefore
T
Vi, II7") :=En [Z Rt(qi,at(i))] —cB'. (3)
t=1
Similarly, for any period ¢ > 1 and history h,_q := {hj_, }ien), let TI(he_y) := {IT°(R}_) }iepn
denote the continuation strategy profile induced by Il after history h;_;. Agent i’s continuation
value from period ¢ onward is then Ep, ) {Zszt Ro(q*,00(1)) | ht,l} . This formulation allows us to
apply standard dynamic equilibrium concepts, such as subgame-perfect equilibrium, to the agents’

manipulation behavior.

A static reduction. Although the ranking manipulation game is dynamic, ETC induces a simple
structure in agents’ budget-spending decisions. Conditional on a chosen budget, an agent weakly
benefits from moving any future inflation expenditure earlier in time. That renders the dynamic game
essentially static. Formally, for agent i with remaining budget B® — 2: bi after history hi_,, define
the lump-sum inflation (LST) rule by bi = B* — Y.~ bi. That is, after every history, LSI spends the
entire remaining budget in the current period. We denote this rule by IIi g, (h¢_,). The proposition
below shows that LSI is a (weakly) dominant budget-spending rule for every agent, regardless of the

realized history and opponents’ continuation strategies.

ProPOSITION 4. (LSI as a dominant budget-spending rule) Fiz any period t € [T, his-
tory h;_1, continuation strategy profile IL(h;_1), and budget profile {B'}. Then the LSI rule weakly

dominates any alternative continuation budget-spending rule. That is, for every agent i € [N],

2 Enn,_y) lz Re(qivae(i)) | htl] .

{=t

T
EH{SI(}Liﬂ)vH*i(htjl) LX: Rf(q17 Uf(i)) | h,_,
=t

Under ETC, the experimentation rankings are fixed ex ante, while the commitment ranking
depends only on the cumulative observed signals collected during experimentation. Thus, moving any
inflation expenditure earlier can only weakly increase its effect on the committed ranking. Proposi-
tion 4] should be interpreted in this weak-dominance sense. LSI is defined over the full horizon: after
any history, including histories after experimentation, it prescribes spending the remaining budget
immediately. After experimentation, however, inflation no longer affects the committed ranking, so
the agent is indifferent among all remaining spending rules. LSI is therefore one representative weakly

dominant continuation rule.
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Moreover, the proposition does not require all inflation to occur in the first period. Under ETC,
only the total inflation accumulated during experimentation matters for the committed ranking.
Hence, any rule that exhausts the chosen budget by the end of experimentation is payoff-equivalent
and leads to the same static budget-competition game. The reduction therefore does not rely on a
first-period spike: discarding the first-period data would merely induce agents to shift inflation to
the remaining experimentation periods.

Given the preceding characterization, we can reduce the dynamic ranking manipulation game to a
static game, denoted by T'y 7, that focuses only on agents’ budget choices. Every Nash equilibrium
of this static game induces a dominant-strategy subgame-perfect equilibrium of the original dynamic
game; see also [Feng et al.| (2020). We refer to [y 1 as the budget competition game.

In this game with N players, each agent 7’s action is to choose a total corruption budget B?. For
simplicity, we normalize the budget and represent it by agent i € [N]’s inflation intensity b' := B'/T.
Given an inflation-intensity profile b= (b*,... bY), we use Il to denote the LSI strategy profile
induced by the total budgets T'b. Agent ¢’s normalized utility is thus

ipi peiy _ L —i 1 ¢ e i
vi(b, b7 = TV (Wi, Ty —i) = T]EHTb [ZF(Q 7Ut(l))1 —cb'. (4)
t=1

The normalization by T" places both actions and payoffs on a per-period scale, which makes it easier

to compare across horizons.

Remaining challenges. Although the dynamic-to-static reduction substantially simplifies the anal-
ysis, the resulting static game still presents two challenges. The first is analytical and computational:
the utility function v* is difficult to evaluate because it depends on the joint distribution of {D!},
whose dimension grows with N and T

The second challenge is structural: the utility functions may be highly irregular, displaying strong
non-concavity and multiple local optima. To put it into perspective, consider a sequence of markets
with the same primitives (e.g., reward function F' and inflation cost ¢), except for market size N and
horizon T'. Figure |3| plots the utility of an agent with fixed quality as N and T vary. As can be seen,
the utilities can be highly irregular in small markets (e.g., N =5). In Section we show that this
irregularity can make Nash equilibria fragile, especially when the horizon is long, signal variance is

small, and inflation costs are low.

4. Asymptotic Game Analysis To address these challenges, we now study the budget com-
petition game in an asymptotic regime where both the number of agents N and the time horizon T°
are large. To build intuition, note that Figure [3]illustrates the two forces associated with N and T'. A
large T makes agents’ utilities highly sensitive to accumulated signals, which creates nonconcavities

and payoff irregularities in the finite-agent game. These irregularities tend to make pure-strategy
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Ficure 3. Utility functions for different values of N and 7. The figure plots the utility of an agent with fixed
quality ¢ = 0.5 as a function of his inflation intensity. We set F(q,z) = (¢+ 1)(z + 1), c=1, 7 = |logT|, and assume that

the shocks {€i} are standard normal. The utility is v*(-,b~%), where the inflation intensities of all other agents are given by

_ a®+2q

(q) = 455

equilibria fragile. By contrast, a large N smooths individual ranking externalities, suggesting that a
continuum model may provide a tractable approximation to the original finite market.

To cleanly separate these forces and derive the limiting game, we develop the convergence theory in
two steps. First, fixing N and letting T'— oo yields an interim long-run game Ty ., in which utilities
admit closed-form, though discontinuous, expressions. Second, we let N — oo and show that me
converges to a continuum limiting game, denoted by ', . We then analyze this continuum game
by finding an equilibrium in the limit. Table [2|in the appendix provides a summary of the games and

a roadmap of the results.

4.1. The Long-Run Interim Limit (T'y ). We now fix N and let T'— oc. In the limit, the
model reduces to an N-player normal-form game. Agent i’s action is denoted by b, which represents
his long-run average inflation per period. We define an inflation-intensity based ranking among the

N agents. For any profile b € RY, define agent ’s ranking position by
HYO b =55 Y. ¥ <b'}. (5)
Je[NI\{i}
Thus, HY (b' | b~*) is the fraction of opponents whose inflation intensities are below 4. In particular,
if b has no ties (i.e., b' #b for all i # j), then HY (b' |b~") > HY (¥ | b~9) whenever b' > b. | Given
% The current formulation assigns tied agents the less favorable rank among the tied positions. In general, the induced

ranking may depend on the tie-breaking rule. Appendix [C.2] shows that our results are robust to a broad class of
tie-breaking rules.
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b, agent 4’s long-run utility is
v b) =F (¢, HN(b"| b)) — b’ (6)

Having defined the game, we now build intuition for why it is a plausible formulation through a
back-of-the-envelope argument. Consider an agent who chooses a positive inflation intensity b > 0 in
the interim game Iy o,. The corresponding total corruption budget in the finite game is of order Q(T).
Under LSI, this budget is allocated to the experimentation phase, whose length satisfies 7 = o(T).
Hence Q(T) > o(T), and cumulative inflation dominates true reward during experimentation. The
learner’s ranking is therefore asymptotically determined by the agents’ inflation intensities.

Theorem [1| below formalizes the convergence from the finite game Ty 7 to the interim limit game

fN,Oo as the horizon T' grows.

THEOREM 1. (Convergence from I'yr to I'yo) Fiz N >2 and consider ETC with experi-
mentation length 7= o0(/T). Let b€ RY be any inflation-intensity profile with no ties.
(i) Suppose that in the game Un ., all agents use LSI with total budgets Th. Then, as T — oo,

P@EGE)AHYD |67)) =0 and o' (b, b7") =2 (b,b7"), Vie[N].

In other words, the committed ranking converges to the inflation-intensity based ranking, and
the finite-game utilities converge to the long-run utilities at point b.

(ii) Suppose b is an &'-equilibrium of Ty for some &' > 0. That is, for every agent i € [N], and
b>0, v (b1, b7%) >0 (b,b~") —&'. Then for every ¢ >0, b is an (¢ + &')-equilibrium of Ty 1 for
all sufficiently large T. That is, for every agent i € [N], and b >0,

V(b b7 > vi(b,bY) — (e ).

Theorem |[1| establishes two complementary results. Part formalizes the intuition that the
learner’s committed ranking is asymptotically determined by agents’ inflation intensities; conse-
quently, the pre-limit utility v* converges pointwise to its long-run counterpart ¥° at every tie-free
profile. Part lifts this pointwise convergence to an equilibrium statement: any &’-equilibrium of
fN}OO remains an (& 4 ¢’)-equilibrium of TN,T for all sufficiently large T, with the additional & van-
ishing as T'— co. The formulation covers both exact Nash equilibria (¢’ =0) and approximate ones,
which serves as a bridge between fN,OO and the nonatomic market foo’oo that we will develop later.

A main effect of the long-run limit is that the role of stochastic fluctuations vanishes asymptotically.
As a result, the utility functions admit simple closed-form expressions. At the same time, this leads to
an important observation: as 1" increases, the finite-game utility converges to a jagged, step-like limit,

with each jump corresponding to the agent overtaking one more opponent in inflation intensity; this
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phenomenon reflects an intrinsic difficulty when N < T', and is illustrated in Figure[d As established
in Section [6.1] this ill-behaved feature eventually leads to fragility of Nash equilibria. That motivates
the second step of our asymptotic analysis, where we let N — oo and study the resulting continuum

limit.

bi b b
000 025 050 075 100 125 150 175 200 000 025 050 075 100 125 150 175 200 000 025 050 075 100 125 150 175 200
(a) T=50 (b) T'=200 (¢) T=0c0

Fi1GURE 4. Utility functions for N =5 and various 7. Under the same setting as in Figure we focus on the
agent with quality 0.5 and illustrate how this agent’s utility function changes as T' grows. In panels (a) and (b), we

plot the utility function v*(-,7"). In panel (c), we plot the limiting function ' (-, 7).

4.2. The Continuum Limit and the Nonatomic Model (T ) We now introduce the
nonatomic market model, where a continuum of agents with total mass one play the manipulation
game in the long run. Later, we show that this is the limit of the finite game 'y as both N and T
grow large.

We now define each element of this nonatomic market. Recall that in the finite model, agents’
qualities and ranking positions lie on the uniform mesh ©y. In the nonatomic model, they are
described by continuous variables g, z € [0, 1]. Both variables have a quantile interpretation: an agent
of quality ¢ has higher quality than a mass ¢ of agents, and an agent placed at position z is ranked
above a mass z of agents. Thus, larger values of ¢ and z correspond to higher quality and better
ranking positions, respectively. Agents’ qualities are uniformly distributed on [0,1]. The learner’s
reward from assigning quality ¢ to position z is described by a function F : [0,1]*> — [0,00). For

tractability, we impose the following assumption.

ASSUMPTION 2. The expected reward function F(q,z) is continuously differentiable and super-
modular on [0,1]2. Moreover, Fi(q,z) := a%F(q,z) >0 and Fy(q,2) == ZF(q,2) >0 for all (q,2) €

[0,1]2, so that F is strictly increasing in both arguments.

We now formulate the nonatomic game, denoted by T's . As in the finite game Ty 1, we specify
the agents’ action space, payoff functions, and equilibrium concept. An action profile in the nonatomic
game is a measurable function 7 : [0,1] — R,. For an agent with quality ¢, the action m(q) represents

his long-run inflation intensity. Following the interim long-run game, we define the nonatomic payoff
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through the ranking induced by agents’ inflation intensities. We call this ordering the inflation-

intensity based ranking. Given an inflation profile 7, let

Hb|7) = [ Hrlo) <bhdo )

The function H(-|7) is the distribution function of inflation intensities in the nonatomic market.
In particular, H(b|x) is the mass of agents whose inflation intensity is no greater than b, and hence
gives the position quantile associated with inflation intensity b. Thus, higher inflation corresponds to
a weakly higher ranking position. Holding the population profile 7 fixed, an agent of quality ¢ who

chooses inflation intensity b obtains long-run utility

The first term is the reward associated with the inflation-induced position quantile H (b | 7), while the
second term is the per-period inflation cost. As is standard in nonatomic games, an individual agent
is infinitesimal and therefore takes the aggregate distribution H(-|m) as given when choosing his
own inflation intensity. We use the following equilibrium concept, in the spirit of |[Schmeidler| (1973)),

Mas-Colell (1984)).

DEFINITION 1. An action profile 7 is a nonatomic equilibrium (NAE) if, for every ¢ € [0,1],
7(q) € argmax U, (q,b).
>0
In an NAE, almost every agent chooses an inflation intensity that maximizes his long-run utility given
the aggregate inflation profile. Thus, an NAE is the continuum-agent analogue of Nash equilibrium,
with the distinction that each individual agent has zero mass and hence does not affect the aggregate
ranking distribution.

The next result connects the nonatomic equilibrium to the finite-agent interim game. It has two
parts. First, for any continuous and strictly increasing inflation profile, the discrete inflation-intensity
based rankings and interim utilities in Ty, uniformly approximate their nonatomic counterparts,
as illustrated in Figure [5] Second, if the limiting profile is an NAE, then its discretization forms an
approximate equilibrium of the large finite-agent interim game. Therefore, the nonatomic market is

not only a tractable limiting model, but also an equilibrium approximation to 'y ., when N is large.

THEOREM 2. (Convergence from Ty . to T'o o) Let 7:[0,1] — [0,00) be any continuous
and strictly increasing function. For each N > 2, define the induced inflation-intensity profile wy :=
{m(q"):i € [N]}. The following statements hold.

(i) There exists a constant Ly >0, depending only on the reward function F, such that
1

—i —i —i i L
>0, i€[N] b>0,i€[N]
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(i) If w is an NAE, then for every e >0, wy is an e-equilibrium of Ty o for all sufficiently large
N.

Intuitively, T'y o is a discretized version of T'y, . In the long-run game, agents lie on the finite grid
Oy, while in the nonatomic game, they form a continuum on [0,1]. As N grows, the grid becomes
denser, and the empirical distribution of inflation intensities converges to its continuum counterpart.
Part formalizes this idea by showing that the finite-agent inflation-intensity based ranking H™
uniformly approximates H, and that the corresponding long-run utilities uniformly approximate U,.
Figure [f] illustrates this convergence. As N increases, the jagged utility curves become smoother
because the payoff gain from overtaking a single adjacent opponent becomes smaller in a larger

population.

000 025 050 075 100 125 150 175 200 b 000 025 050 075 100 125 150 175 200 v 000 025 050 075 100 125 150 175 200 v 000 025 050 075 100 125 150 175 200 b
(a) N=5 (b) N=10 (¢) N=20 (d) N=100(oc0)

Ficurk 5. Utility functions for 7= o and various N. Under the same setting as in Figure we focus on the
agent with quality 0.5 and illustrate how this agent’s limiting utility function changes as N grows. Specifically, in
panels (a) through (d), we plot the limiting utility function v'(-, ") in the blue curve. In panel (d), we also plot the

nonatomic utility function Uz(0.5,-) as the orange curve.

Part then translates this payoff convergence into an equilibrium statement. If no infinitesimal
agent can profitably deviate in the nonatomic market, then, for sufficiently large N, no finite agent
can gain more than € by deviating in the interim game. In this sense, an NAE provides an approximate
equilibrium characterization of large finite-agent long-run markets. Combined later with the finite-
to-interim convergence result, this approximation will allow us to return to the original finite-(NV,7")

game and derive finite-market performance guarantees.

4.3. Solving the Nonatomic Equilibrium Thus far, we have introduced a parsimonious
nonatomic market as a limiting object and shown that its equilibria are relevant in finite markets.
It remains to be seen whether a strictly increasing and continuous NAE does exist. The following

result provides a positive answer in a simple closed form.
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THEOREM 3. (Closed-form nonatomic equilibrium) Define

W(Q):—/O BOD gy yep,

C

where Fy(q,2) =0F(q,2)/0z. Then T is a nonatomic equilibrium.

Theorem [3] gives a simple solution to the nonatomic game, in contrast to the complexity of the
finite game Ty 7. The equilibrium also carries significant insight into agents’ responses to ETC. First,
although a higher inflation cost ¢ reduces manipulation incentives, the equilibrium inflation intensity
satisfies 7(¢) > 0 for all ¢ > 0. Thus, except for the lowest type, agents choose positive inflation
in equilibrium. The reason is that the nonatomic game bases the commitment ranking on relative
observed signals. Consequently, each agent has an incentive to raise his signal in order to secure a
favorable relative position.

Second and more interestingly, the inflation intensity 7(q) is strictly increasing in the agent’s
quality ¢g. This means that, at equilibrium, ETC can induce the agents’ manipulation actions to
“reinforce” their quality-based ranking. Intuitively, the validity of the NAE is closely related to the

supermodularity condition of F'. As a consequence, the high-quality agents have “more to lose.”

5. Performance Guarantees in the Pre-limit Having characterized a nonatomic equilibrium
7, we now show how it approximates the original finite-(N,T") budget-competition game. Fix N
and T. If each finite-market agent follows the nonatomic prescription, the induced action profile is
7 :={7(¢") : i € [N]}. We use it as a description of agents’ strategic response to the learner’s ETC

policy in the finite game.

5.1. Equilibrium Guarantees The next theorem establishes two facts. First, when all other
agents follow 7r, each agent’s finite-game payoff converges uniformly to his nonatomic payoff. The

budget competition game converges to the nonatomic market model with a convergence rate of

logT
T

@) N,T( 1°§T + %) Second, this convergence implies that 7 is an ON,T<

+ ﬁ)—equilibrium of
the finite budget-competition gamem

THEOREM 4. (Approximate equilibrium guarantee) The action profile Ty satisfies the fol-

lowing approximation guarantee under ETC:

sup |v'(b,7y) — U=(¢",b)| <

b>0,i€[N]

l\?\ﬁ)

where

5_51T+5210gT+53eXp( 2 = T)+54N 1

7 T

10 Theoremallows arbitrary N, T, and 7, including cases in which 7 is not a multiple of N (e.g., 7 < N). Accordingly,
in this section we use the natural extension of ETC that rotates rankings until period 7 and then commits. The
rounding error is negligible in large markets, as shown in the proof.
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and 01,09,03,04 are positive constants independent of N and T, and specified in the proof. Conse-
quently, Ty is an e-equilibrium of the finite budget-competition game Tx . That is,
sup  {v'(b,7wN) —v' (7(¢), 7))} <e.
b>0,i€[N]

As a result, under the choice of T=0Onr(1), Tn forms an OMT(% + %) -equilibrium.

Theorem [4] provides a non-asymptotic and uniform link between the finite game and the nonatomic
game. The first part shows that, when all other agents follow the nonatomic prescription, agent i’s
finite-game utility v'(b,7ry’) is uniformly close to the limiting utility Uxz(q’,b) over all agents and
deviations b. Thus, it implies that the budget competition game converges to the nonatomic market
model with a rate of (’)N,T(% + %) The second part translates this payoff convergence into an
equilibrium approximation. Since 7 is optimal in the nonatomic game, the finite profile 7y leaves each
agent with at most a utility gain of € from unilateral deviation. Hence, agents’ incentives to deviate
from 7y vanish as N and T become large. In this sense, 7y provides a justified approximation to
equilibrium behavior in the finite game I'y 7. Numerically, even a moderate N already provides a

high-quality approximation; see Table

Proof sketch and key intuition. We briefly explain why the finite budget-competition game con-
verges to the nonatomic market game. The convergence is driven by three forces. The first two forces
are reflected in the previous convergence theory: as T grows, cumulative inflation becomes increas-
ingly influential relative to reward, whereas as N grows, each ranking position becomes infinitesimal,
which creates a smoothing effect.

These two forces may interact in a nontrivial way when agents’ inflation intensities are close: a
small difference in inflation can determine the ordering, while finite-sample noise may still perturb the
realized ranking. The third force addresses this issue. The equilibrium 7 characterized in Theorem [3]
separates agents’ inflation intensities in a sufficiently regular way. This separation ensures that, in
the joint limit as N and T grow, the realized ranking remains inflation-intensity based with high
probability, which yields the convergence result.

REMARK 2. Theorems [I] and [2] provide a two-step convergence methodology from the finite game
Ty 7 to the nonatomic market T, . The first step (Theorem , T — oo at fixed N) shows almost-
everywhere pointwise utility convergence from 'y 1 to the interim game T'y o, and lifts any &’-equilibrium
of TN,OO into an (& +¢’)-equilibrium of TN,T under the stated conditions, with € vanishing as T'— oo. The
second step (Theorem , N — 00) shows uniform utility convergence from 'y o, to ' o, and lifts any
continuous and strictly increasing NAE into an approximate equilibrium of T'y ., for sufficiently large N.
Composing the two steps, any continuous and strictly increasing NAE of T, ., prescribes an approximate

equilibrium of the original finite game T+ when both N and T are large.
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N Time Horizon T N Time Horizon T
20 50 100 500 1000 20 50 100 500 1000
20 1.84% 2.32% 2.41% 2.27% 2.23% 100 0.11% 0.35% 0.44% 0.45% 0.46%
50 0.46% 0.70% 0.83% 0.88% 0.91% 500 0.02% 0.05% 0.06% 0.08% 0.09%

Table 1. Relative sub-optimality gap (%) for the mid-quality agent (¢ = 0.5) under NAE. We consider
the specification F(q,z) = (¢ + 1)(z + 1) and ¢ = 1, and assume that the noise terms {e} are i.i.d. and normally
distributed with mean zero and standard deviation 0.5. Smaller values correspond to weaker incentives to deviate.

In comparison, Theorem [4] sharpens this qualitative convergence into a non-asymptotic guarantee. By
exploiting the closed-form NAE profile 7, it directly compares fN,T with fm,w and vyields an explicit
uniform error bound of Oy r(logT/T + 1/N), without requiring a specific order of the limits in N and
T. In short, the two-step results lead to the nonatomic formulation, whereas Theorem |4 delivers the
quantitative pre-limit guarantee used in the equilibrium and regret analysis. The same methodology is

applied again in Section [6.2] to the cascade reward model.

5.2. Regret Guarantees. The nonatomic equilibrium analysis provides a tractable character-
ization of agents’ limiting behavior. We now translate this characterization into a non-asymptotic

regret guarantee for ETC in the original finite system.

THEOREM 5. (Regret of ETC under strategic response) Consider ETC with a fized exper-

imentation length 7. Its regret satisfies
R <min{¢, N + ¢2cN log T, p3N?}

under agents’ LSI strategy response with total budgets T, where the constants ¢, ¢o, and ¢z are
independent of N and T and given in closed form in the proof. As a result, under the choice of

T=0nr7(1), the regret of ETC grows on the order of Oy r(NlogT).

Theorem 5| characterizes the regret performance of ETC in the finite ranking manipulation game
when agents follow the equilibrium inflation profile induced by the nonatomic analysis. For fixed N,
the regret is bounded in T’ that is, Ry = O(1). This dependence on T is order-optimal. Interestingly,
the equilibrium inflation generated by ETC can make the commitment ranking more sharply aligned
with quality than in the manipulation-free setting, where ETC incurs regret of order O(logT).

The theorem also gives a joint bound in N and T, i.e., it achieves Ry < ¢1 N + ¢ocNlogT =
Onr1(NlogT). This matches the lower bound Qu+(N) up to a logarithmic factor. Thus, ETC
learns the optimal ranking effectively using only aggregate observed signals, despite being agnostic
to the reward model and requiring no additional algorithmic sophistication (such as the “debiasing”
algorithms in |Golrezaei et al.|2023)), or operational /informational levers (such as fraud or anomaly
detection). Section shows that the same ETC policy continues to perform well when rewards are

generated through a cascade structure.
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REMARK 3. The regret bound also clarifies the role of the inflation cost c. One might expect learning
to become more difficult as ¢ decreases, since lower costs make manipulation more attractive. In contrast,
our analysis shows that sufficiently low inflation costs can improve the performance of ETC. In particular,
if c=0On(1/logT), then the regret bound improves to Oy 1(N), which is jointly order-optimal in N
and T'. Thus, ETC can learn the optimal ranking not only when inflation is tightly controlled, but also in

the opposite regime where manipulation-blocking measures are ineffective.

6. Further Analysis and Extensions This section complements the main results from two
perspectives. Section[6.1]studies equilibria in finite-player games and shows that ezact Nash equilibria
can be fragile, thereby motivating the use of approximate equilibria. Section [6.2] extends the analysis

to a cascade reward model and establishes analogues of the main results.

6.1. Nash Equilibria with Finite Agents The preceding analysis shows that the NAE
induces an oy r(1)-approximate Nash equilibrium in the finite game. A natural question is whether
one can strengthen this conclusion to exact Nash equilibrium. In this section, we show that pure-
strategy equilibria may fail to exist in the hard regimes of the model. Thus, approximate equilibrium
is not merely an analytical convenience. It is the relevant finite-game benchmark for describing

behavior in regimes where exact pure-strategy equilibria are fragile or nonexistent.

Equilibrium in Ty 7. We begin with the two-agent finite-horizon game. The next proposition char-

acterizes when pure-strategy Nash equilibria exist and when they fail to exist.

PROPOSITION 5. Let T be an even integer. Suppose the noise terms {e.} are i.i.d. normal with
variance n?, and the reward function F is strictly increasing and strictly supermodular.
(i) No pure-strategy Nash equilibrium (b',b%) exists with b' > 0. Consequently, any pure-strategy

equilibrium, if it exists, must take the form (0,b?).

F(1,1)(T—7)
nw2r

(iii) No pure-strategy Nash equilibrium ezists if any of the following conditions holds: (1) T s

sufficiently large; (2) c is sufficiently small; or (3) (T — ) 46 1)+£E(1)’t1)§:§§87(1)§—F(0 5y > cT, and

(ii) The manipulation-free action profile (b*,b*) = (0,0) is a Nash equilibrium if ¢ >

1s sufficiently small.

Proposition [5| offers three insights. First, Part implies that, in any pure-strategy equilibrium,
the lower-quality agent chooses zero inflation. Thus, whenever a pure-strategy equilibrium exists, the
higher-quality agent inflates weakly more than the lower-quality agent. This is consistent with the
monotone inflation pattern identified in the nonatomic analysis. Second, Part gives a sufficient
condition under which the manipulation-free action profile is an equilibrium. Hence, the no- or low-

manipulation regime studied in Section [3.4] can arise endogenously under appropriate parameter
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values. This equilibrium is also socially efficient: the learner identifies the optimal ranking without
any agent incurring manipulation costs. The result formalizes the intuitive “easier” case in which
sufficiently high manipulation costs deter agents from distorting observed signals.

Third, Part shows that pure-strategy equilibria can fail to exist in “harder” regimes, including
long horizons, low-noise environments, and low-cost manipulation. In these regimes, small changes
in inflation can decisively affect the committed ranking, which destabilizes pure-strategy equilib-
rium behavior. These theoretical findings are consistent with our numerical experiments, which are
reported in Figure [6]
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FIGURE 6. Best Response Plots for I'> 7. We pick F(1,1) =6, F(1,0) =3, F(0,1) =4, F(0,0) = 2, and assume that
{ei} follow the normal distribution with mean zero and variance n?. The x-axis (resp. y-axis) represents the inflation
intensity of the low-quality (resp. high-quality) agent. The blue (resp. green) curve represents the best response of the
low-quality (resp. high-quality) agent. The intersection of the best response curves represents a pure-strategy Nash

equilibrium (red star).

Equilibrium in Ty . We next consider the case with more than two agents. Although the finite
game is generally difficult to analyze directly, the interim long-run game Ty o, introduced in Sec-
tion . has closed-form utilities and therefore provides a tractable way to study equilibrium structure.

The next result shows that pure-strategy equilibria fail to exist in this limit.

PROPOSITION 6. No pure-strategy Nash equilibrium exists in Ty .
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The intuition is as follows. As T"— oo, stochastic fluctuations in the accumulated signals van-
ish, and rankings become determined by inflation intensities. This creates discontinuous incentives
around ranking position changes. If an agent is ranked above another by a positive margin, he can
reduce his inflation slightly and save cost without changing his rank. Conversely, an agent just below
another may profitably increase inflation slightly to overtake that agent. When agents tie, the out-
come depends on the tie-breaking rule, and any agent disadvantaged by the rule has an incentive
to increase inflation marginally. These local incentives prevent any pure action profile from being
stable. The same logic is not specific to ETC; it also arises more broadly in ranking-based learning
environments when noise and manipulation costs are sufficiently small.

This nonexistence result is consistent with our earlier findings. In the two-agent finite game, the
existence of pure-strategy equilibria depends on the horizon, signal variance, and manipulation cost.
In the long-run limit, where rankings are deterministic and ranking position changes occur discontin-
uously, pure-strategy equilibria disappear altogether. This reinforces our choice of solution concept:
in hard regimes such as when T is large relative to IV, relaxed notions such as e-equilibria may be

inevitable.

6.2. The Cascade Reward Model A simplifying feature of the main model is that an agent’s
reward depends only on his own quality and position. In this subsection, we extend the analysis to a
cascade reward model, in which an agent’s reward may also depend on the qualities of agents ranked
above him.

Consider a learner with N agents over a horizon of T periods. In each period, user arrivals follow a
Poisson process with mean AN, where A represents the average arrival rate per agent. Each arriving
user examines agents sequentially from the top-ranked position to the bottom-ranked one. Upon
examining agent ¢, the user generates a reward with probability r(g*), where ¢' is agent i’s quality
and 7 :[0,1] — [0, 1] is increasing. If no reward is generated, the user either proceeds to the next
position with probability 1 — ¢ or exits with probability ¢, where ¢ € (0,1) captures limited attention
or patience. If the user reaches the end of the ranking without generating a reward, the user exits.

Under this cascade model, the probability that a given user generates a reward for agent ¢ under
ranking o : [N] — Oy is

Pi(o)=r(d) J[ [A-r@)a-0)]
jio()> o)

Thus, with a slight abuse of notation, the expected reward of agent ¢ at time ¢ can be written as

E[Ri] = F(q',0¢), where

F(¢',0):=ANr(¢) [[ [A-r(@)1-0)] 9)

jio()>o(i)
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Here, F is a reward function under cascade reward formation. Unlike in the main model, the
expected reward of agent ¢ depends not only on his own quality and position, but also on the
qualities of all agents ranked above the agent. Accordingly, the reward function is written as F(q¢*, o),
depending on the full ranking o, rather than only on the position o(7).

Except for the reward model, we keep all other settings and notation as in the base setting. In
particular, we consider the same ETC policy in Algorithm [I} Our goal is to replicate the analytical
framework and main results of the base model, and show that this “naive” design, which is agnostic

to the cascade model structure, still achieves good performance.

LSI responses. We first extend Proposition [4] to the cascade reward model. The same dominant-
strategy logic applies: conditional on a chosen budget, LSI is weakly dominant for every agent,

regardless of the realized history and opponents’ continuation strategies.

ProposITION 7. (LSI as a dominant strategy under cascade rewards) Fiz any period

t € [T], history hy_1, and continuation strategy profile I1(h;_,). For every agent i € [N],

h] |

Proposition [7] implies that the dynamic ranking manipulation game again reduces to a static

hi

T
> En(ht—l) [Z Rf(qia Uﬁ)

l=t

T
By o pmin) [Z R(q',00)
l=t

budget-competition game, as in Section [3.5] In this static game, agent ¢ chooses an inflation intensity

b*, and his normalized utility is v*(b',b~*) = £ Ep,, [Zthl F(q', at)} — cb'.

The nonatomic market under cascade rewards. We next formulate the nonatomic version of
the cascade game and relate it to the finite-NV game. To ensure a nontrivial scaling regime, we take
the reward-generation probability as r(¢") = ¢'/N and the exit probability as ( =1/N. This scaling
factor of 1/N yields a nondegenerate large-market limit: as N grows, the aggregate arrival volume
scales with market size on the order of ©(NV), and each individual agent with a fixed quality quantile
receives an effective reward on the order of ©(1), which is the same as the base model.

We now derive the limiting utility function and characterize the corresponding nonatomic equi-
librium. The main technical challenge is that, under cascade rewards, an agent’s payoff depends not
only on his own position but also on the entire ranking o, through the agents ranked above him.
Nevertheless, the cascade structure leads to a well-defined limiting payoff. Specifically, fix a strictly
increasing inflation profile 7 and consider an agent with quality ¢ € (0,1). If the agent unilaterally
deviates to inflation intensity b, his long-run utility is

H2(b| )

Ux(q,b) = Agexp ( 5

+H(b|7r)—3>—cb, (10)

where H (b | m) denotes the inflation-intensity based ranking position defined in . Theorem [7| below

formally justifies this limiting utility representation.
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Given the limiting utility in , the notion of nonatomic equilibrium is defined analogously to

Definition [I} The next result provides a closed-form equilibrium for the cascade reward model.

THEOREM 6. (INAE under cascade rewards) Define 7:[0,1] — R, by

- A4 t? 3
7(q) .—E/O t(t+1)exp (2+t—2> dt.

Then 7 is an NAFE of the nonatomic cascade game.

Theorem [0]is the cascade analogue of Theorem 3] Although the equilibrium profile takes a different
functional form because rewards are generated through a cascade structure, it preserves the same
qualitative property as in the base model: 7 is smooth and strictly increasing. Thus, equilibrium
inflation remains aligned with quality. The same logic also yields the cascade analogue of Theorem [
In particular, the finite cascade game converges to the nonatomic cascade game as N and T grow,
and the NAE induces an approximate equilibrium in the finite game. Formally, for each fixed N, let
7y :={7(q") : i € [N]} denote the finite-agent profile obtained by applying the nonatomic equilibrium
prescription to each agent. The next result shows that 7ty provides a high-quality approximation to

equilibrium behavior in the finite cascade game when N and T are large.

THEOREM 7. (Connection to the finite cascade game) Fiz T € N, and N > 3, and set
7 =3log(N?T)/\. Then

i (1, =i i €
sup (b 75) ~ U (' )| < &
b>0,i€[N]
where
log(N?T) 1 log(N2T) 1 log(NT) 1
52(51 T +52N5/4T9/8+63 T +64N:ON7T T"‘N .

and 01, 02,03,04 are positive constants specified in the proof. Consequently, 7x is an e-equilibrium of

the finite cascade game:

sup {Ui (b,’}vl';;i) —' (%(qi)’ %Ni)} <e.
b>0,i€[N]

Theorem [7]is the cascade analogue of Theorem [d] It shows that, when the experimentation length
is chosen appropriately, the finite-game utility v*(-, 7 5') converges uniformly to the nonatomic utility
U=(¢',-), with an explicit non-asymptotic error bound. Up to logarithmic factors, the convergence rate
is On.7(1/V/T+1/N). As a consequence, the profile 7y forms an Oy 1(1/v/T 4+ 1/N)-equilibrium of
the finite cascade game.

We are now ready to analyze the performance of ETC in the finite cascade system. The equilibrium
characterization above mirrors a key insight from the main model: higher-quality agents choose higher
inflation intensities in equilibrium. This monotonicity aligns the inflation-induced ranking with the

quality-based ranking and leads to the following regret guarantee.
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THEOREM 8. (Regret of ETC under cascade rewards) Let the experimentation length be
7 =3log(N*T)/\. Under the learner’s ETC policy and the agents’ LSI strategies with total budgets

T7y, the learner’s regret satisfies
Rr < 1 N1og(N?T) + ¢y = On (N log(NT)),
where the constants ¢1 and ¢o are given in closed form in the proof.

Analogous to Theorem [5] Theorem [§] provides a non-asymptotic regret guarantee for ETC under
cascade rewards. The regret is of order Oy (N log(NT')). Although this bound differs slightly from
the base case due to the additional dependence structure induced by the cascade model, it matches
the global lower bound Q7 (V) up to logarithmic factors. Thus, the performance guarantee for ETC
extends beyond the base reward model to environments in which rewards are generated through a
cascade structure. This is notable because ETC does not use knowledge of either the reward function

or the cascade structure; it relies only on aggregated observed signals.

7. Concluding Remarks This paper studies a learning and ranking problem under strategic
data manipulation by multiple agents. We show that learning need not take the form of an arms
race between the learner and the agents through detection and evasion. Instead, the learner can
sometimes leverage agents’ strategic incentives, allowing a simple policy to perform well. We establish
this point in a sequential learning model with heterogeneous agents and a general reward structure. In
particular, we analyze ETC, a simple Experiment-Then-Commit policy, and show that under agents’
strategic responses, inflation need not prevent the learner from identifying the correct ranking. The
key step is the characterization of a nonatomic market that emerges when the number of agents and
the time horizon are large. We further provide convergence results that connect this limiting market
to the original finite system and yield non-asymptotic performance guarantees.

Several directions remain for future work. First, this paper focuses on the inflationary side of
manipulation, where agents increase their own observed signals. A natural extension is to study
negative manipulation, where agents may instead harm competitors’ observed signals, for example
through negative reviews or other forms of sabotage. Second, our results show that the learner
can recover the correct ranking under manipulation with limited algorithmic sophistication and few
operational levers. It would be useful to understand the additional value of richer informational or
operational tools, such as fraud detection, signal filtering, or personalized ranking, especially in more
complex environments. Third, our convergence theory currently focuses on strictly increasing NAEs;
the existence of non-monotone NAEs, as well as their connection to the pre-limit game, is left for

future research.
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Appendix

TABLE 2. Summary of the game formulations.
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Online Appendix

A. Further Analysis of the Reward Model (Assumption (1)

A.1. Relationship with Supermodularity Here, we will explore the connection between
supermodularity and optimality of the quality-based ranking more deeply. We say that the reward
function F'is diagonally supermodular on © y x O y if supermodularity only needs to hold on diagonal
entries. That is, F((¢*,2%) — F(q',27) > F(¢’,2") — F(¢’, 27). The result below is a strengthened version
of Proposition [2|

ProrosiTiON EC.1. If F(q,z2) is supermodular on Oy X Oy, then the quality-based ranking e
is optimal. Conversely, if e is optimal, then F(q,z) is diagonally supermodular on Oy X Oy. When
N =2, all three properties are equivalent.

Proof of Proposition First, suppose F(q, z) is supermodular on O x O . Pick an arbitrary
ranking o # e, and agents 4, j such that ¢ > j while o(i) < o(j). We can construct a new ranking o’
by exchanging the positions of agents ¢ and j while keeping all other agents’ positions the same as
in 0. That is, 0/(1) = 0(j), 0'(j) = o(i) and o’(m) = o (m) for all m #1, . It holds that

~~~~~

..... (¢",0(5)) + F(¢’,0(3))

L F )
> Yot g F(@,0(s) + F(q,0(i) + F(¢, (7))
=YL Flg®,0(s)).

Therefore, the total expected reward is increased. In the derivations above, part (a) is by the con-
struction of ¢’. Part (b) is by the supermodularity of F(g,z) after taking m = o(j) and n = (i),
which implies that F(q¢*,0(j)) + F(¢’,0(i)) > F(q¢",0(i)) + F(¢’,0(j)). This “swapping” argument
can be used repeatedly until o = e. In other words, e € argmax, Y ., F(¢*,0(s)).

We next prove that optimality of e implies diagonal supermodularity. Let an arbitrary ,j € [IV]
be such that ¢ > j. Let o be a ranking that swaps the positions of agent i and j, i.e., o(i) = 27,
o(j) = 2" and o(s) = 2° for all 5 # i, j. Optimality of e implies that S~ | F(¢*,2%) > 2N | F(¢*,0(s)).
Cancel out terms on both sides that correspond to s ¢ {i,;j}, and we have F(¢,2") + F(¢’,27) >
F(¢?,2")+ F(q',27). That is precisely what we need for diagonal supermodularity.

Finally, it suffices to check that when N = 2, all three conditions are equivalent to F'(1,1)+ F(0,0) >
F(1,0)+ F(0,1). ®

A.2. Universal Regret Bounds Proof of Proposition Notice that a universal upper
bound of the regret, regardless of the learner’s policy and the agents’ strategy profile, is given by

N N

Ry = E[Z (ZF(qi,zi) - ZF(qi,at(i)))} < ApTN,

t=1 =1 i=1

which is linear in N. Conversely, note that the learner needs to pick the initial ranking oy prior to

seeing any data in the first period. Without loss, let it be oy = (1, %, --+,0) based on a relabeling

argument. That is, agent 1 is ranked at the top, agent 2 is ranked at the second, and so on. However,
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suppose it happens that the ground truth quality-based ranking is e = (0, ﬁ, ..., 1). That is, agent
1 has the lowest quality, agent 2 has the second lowest, and so on. Then
N .
Rr =E[> (Y F(d2) =D Fld',0u(i))]
t=1 =1 1=1
N ' N
> ZF(qzazl) _ZF(Q 701(Z>)
=1 i=1
N N
=) Pl ovs) = 2Pl — %)
=1 =1
1Y 1Y
_ i1 -1 i—1 i—1
- N[NZF(NA’ No1) T NZF(NAJ N N71)}7
=1 =1

where terms (x) and (%) converge to fol F(z,z)dxr and fol F(z,1 — x)dx, respectively, as N grows.
At the same time, note that

/Ol[F(:c,x) — F(z,1—x)]dx

1/2
:/o [F(z,z)— F(x,1—2)]de+ | [F(z,2)—F(z,1—2)]dx

1/2

1/2 1/2
2 [P - Fed o) det [ (PO -2 -2) - PO - 0.0))da

— 01/2{F(m,x)+F(1—x,1—z)—F(m,l—x)—F(l—x,x)}dx

(b)
>0,

where part (a) is from substituting x by 1 — x in the second integral, and part (b) is because the
integrand is strictly positive for all z € [0, %] due to the strict supermodularity of F'. As a result, it is
straightforward to verify that Ry =Qn7(N). R

B. Preliminary Analysis of ETC

B.1. Performance of ETC in the Low-Manipulation Regime (Proposition Pre-
liminaries At the end of the experimentation phase under the learner’s ETC policy, every agent
appears in every position for 7y periods. Therefore, for every i € [N], the total observed signal for
agent ¢ during the experimentation phase can be represented by:

N T T
D'=7) F(q"#)+>_(bi+e) =Nrop' +> (0, + ). (EC.1)
j=1 t=1

t=1

Here we have used the shorthand notation p' = %ZQ;F (¢, 2%) to represent agent i’s average
expected reward per period after one “cycle” of ranking rotation.

We also introduce a few constants to facilitate our analysis. Recall that Ap = F(1,1) — F(0,0) is
a strictly positive constant that only depends on the problem input F. Further, let dp := min {i #
G F(dh 25 — Sl F(d, z)|} be a positive separation parameter independent of T'. Finally,
recall that n? is the variance proxy for the random shocks {€;}.

Intuitively, during the experimentation phase, if inflation is “light,” then the reward will “over-
whelm” inflation. As a result, the total observed signal {D*} can still be indicative regarding the
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agents’ intrinsic qualities. The following auxiliary result formalizes this intuition by quantifying the
concentration properties of {D'} after carefully accounting for the inflation amounts and random
shocks.

LemMmA EC.1. (experimentation phase of ETC) There exists a constant M >0 such that
under the learner’s ETC and agents’ strateqy profile IL € IIM | the ranking in the commitment phase
T satisfies

2

F
32772NT0)'

Proof of Lemma Pick M := Z—]f[. To prove the claim, we divide the proof into the following
steps.

Step 1. Show that P(z=e) > PH% — Nyt

P(Eze)Zl—QNeXp(—

<% Vie [N]} Recall that the ranking in the com-

mitment phase 7 is obtained by simply sorting {51} Consider the event {‘%l — Nyt

< vie [N]}.
Under this event, for every ¢ > j,
bbb
bop_[2

To To To

)Y . ,
Ny — —|>—=bp+ [Nu' — Np] >0.

+ [Np' — Np?] +
To

Therefore, @ = e, the identity ranking. In other words, the event {’% — Nyt
the event {7 =e}.

< %7 Vi e [N]} implies

Step 2. Control P{|§—: — Nui| > %F} for every fixed i € [N]. We apply the generalized Hoeffding’s
inequality to finish this step. More specifically, for every i € [N],

D' g1 a g1
e e >0+ )| 2 0
T ) 1 T )
<P[|>d| = 30rm0 - 4]
t=1 t=1
(%) IP’{ Zei > %(SFTO —MT}
t=1
© N ] < L 1
= IP’[ Zei > 551«*70— 151770}
t=1
:P{ ZE; 21(5}?7’0}
t=1
(d) 1 6472
< 2€Xp ( - 2N7—0772 II6O )
52
= 2exp ( — 327771;]\[7'0) (EC.2)

In (a), we invoke the definition of D’ in and then multiply both sides of the inequality by
70; (b) follows from the fact that b < M for all ¢ € [T] and i € [N]; (c¢) is because M =5 /(4N) and
T =1oNN; in (d), the inequality follows directly from the generalized Hoeffding’s inequality for the
i.i.d sub-Gaussian noise €.

Step 3. Conclude the claim through the union bound. From the observation in (EC.2)), we can con-
clude that

<57F, ViE[N]} = 1—}P’[ s Z%, for someie[N]}

P(c=e) ZPH?: — Ny
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OF 02
——N } > 1—2Nex (—7F7’>.
H 21 = P\ 522N ™
That finishes the proof. |

Proof of Proposition 3] Recall that the learner’s ETC policy has two phases: the experimentation
phase of the first 7 periods and the commitment phase of the last T"— 7 periods. Hence, in the
experimentation phase, we have

(1) :=r Y Flq,#)~E [Zj_l > Rt(qi,ot(i))]
=57 S P2 - F@o(i)] < AprN = ApmgN

In the commitment phase, the ranking is fixed to be & for the last T'— 7 periods. Therefore,

RED) =T =) X0 Fla' =) - [T T Rl nli)]
<T-DY P -E[Y S R | a=e] P@=e)

-0 F¢,#)-E _Zf L3 R zi)} PE=e)
@(T—T)ZjilF(qi,zi)—E ZtTT+1 " Fq 2+ e | P(c=e)
= (T F(¢,7) ~Bla=e)T ) Zji F(¢,7)

(v)
< 2ApN?*(T —7) exp(—

2

327721\770)’

O 2
32772]\77—0) < 2ArN Texp(—

where (a) is because R;(¢%, z%) = F(q',2") + €., and (b) is due to Lemma Combining both pieces,
it holds that

52
_RE c 2 2 _ F
Rr=R*(T)+R"(T) < AproN* +2ApN Texp( 32n2NT°)'

Now, one can pick 79 = CylogT as long as Cy > ‘3277 N, say, Cp = 6g—;’gN. In that case,
F

Ry =RP(T)+RE(T) <

64" NlogT N? +2ApN? TeXp(—QlogT)

:%g#]\ﬂ logT +2ApN*T "
F

It is thus clear that Ry = O(logT). [

REMARK EC.1. We can make the choice of 7, agnostic of the problem inputs, such as the separation
parameter 0p. To achieve this, pick an arbitrary coercive function f(z): (0,4+00) — (1,400) so that
f(x) 100 as x T 0o, where the divergence rate can be arbitrarily slow. It is straightforward to verify that
as long as one picks 7o = f(T")log T, the same proof applies and we have R+ = O(f(T)logT).

REMARK EC.2. One could also characterize the order of the regret Rr jointly in N and T.
In fact, suppose the reward function F' is smooth and Fy(q,z) = aF( ,z) is strictly positive. Then
0f = minefo,1) Fy(t,t) is a strictly posmve constant independent of both N and 7. In addition, 6 >

SN k- > 67> 0. Hence Ry < 64;7*)A2FN3logT+2AFN2T L= Oy r(N?logT).




Author: Learning to Rank under Strategic Corruption
Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS ech

B.2. LSI as Dominant Strategy for Budget Spending (Proposition [4) Proof
of Proposition Fix an arbitrary agent ¢ € [N], time period ¢ € [T], history h; ; =
{B,01,D1,by,...,00,_1,D;_1,b, 1}, and agents’ continuation strategy profiles II(h, ;). Agent i’s
continuation value can be written as

T
M(he_y) [ZRZ q',00(1)) | b 1] =Enn, 1) lZF q' ou(i) + € [ hiy
=t
T .
= Ennm, 1) [Z F(q',00(7)) | htl}
=t

_ 2= F (¢ 00@) + (T = T)Bnn, ) [F(¢" (D) [ Rea]  ifE <7
(T —t+1)F(q',7(3)) ift>r+1

In the derivations above, we have used the form of { R;} and the definition of the ETC policy; see ()
and Algorithm [T} In partlcular ift>7+1, the observed signals during the experimentation phase,
{D }, purely depend on the history h;_q; see . Therefore, the ranking during the commitment
phase, 7, is deterministic given h;_;. That makes agent i’s continuation value independent of TI*(h!_ ).
Therefore, agent 7 is indifferent between any strategy and the proposition is trivially true.

Next, we will assume that ¢ < 7. Note that Y°,_, F'(¢*,0,(7)) is also independent of IT*(hi_,) since
the rankings {o; :t =1,...,7} are determined through a fixed schedule. Therefore, it suffices to
investigate Emn, ;) [F(q U( )) | hi—1]. At the same time, notice that

= Y I{D'> D7}

J#i
N T
1Z]I{TOZF q, 2" Z(b’%—e@ >7'OZF ¢, z) Z(b§+e§)}
VE) =1 k=1 =1
t—1 ) ) ) ) T ‘ ) T ) )
=52 I TOZ F(¢ M+ b+ e —bp—ep) +>_(bp+e) > (b +¢)
e (=1 =t =t
A B

In the expression above, Term A is deterministic conditional on h;_;, and Term B is independent
of agent ’s continuation strategy IT°(hi_,). Therefore, conditional on h;_;, (i) increases in y_,_, b}
in the stochastic dominance sense. The latter quantity, which represents the total inflation amount
up to period 7, attains its maximum as long as Y;_, b = B* — S_4_1 b, i.e., the budget is used up
during the experimentation phase. That is particularly the case under LSI. Since F'(q, z) is strictly
increasing in z (see Assumption ,

Enn,y [F(6-50) [Pt | By i meignrt,) [F(@70) [ i .

That finishes the proof. |

C. The General Convergence Theory (Analysis of 'y ..)

C.1. Further Details of Game Terminology For completeness and ease of reference, let us
follow the standard convention and formally define the pure- and mixed-strategy Nash equilibrium
for the game I'y .
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DEFINITION EC.1. (Nash equilibrium for Ty ) An action profile b, = {b.} is a (pure-
strategy) Nash equilibrium of T'y o if b! € argmax,>, v(b,b; ") for every i € [N].

With a slight abuse of notation, for any mixed strategy profile G = {G'} and agent i’s strategy
G', we may write agent i’s expected utility as

TG, G ) = /R /R  T(ey) dG (y) dC (2). (EC.3)

DEeFINITION EC.2. (mixed strategy equilibrium for T'noo) A mixed strategy profile G, =
{G} is a (mixed strategy) Nash equilibrium of T'y ., if v/(G%, G%) > v'(b', G;?) for all i € [N] and
b >0.

We also find the following characterization of mixed strategy NE helpful. For any i € [N], we denote
by S(G") C R, the support of a mixed strategy G* such that Pg(b* € S(G")) = 1. The equivalent
conditions for mixed strategy NE are stated below.

FacTt 1. (Proposition 8.D.1 in Mas-Colell et al.|1995) A strategy profile {G'} Y, is a mixed
strategy equilibrium of T'y o, if and only if for any i € [N],

1. (Global optimality) v*(b%, G=%) >0 (b*, G™*) for all b% € S(G?) and b’ & S(G?);

2. (Indifference) v (bi, G~%) =v'(bi,, G™%) for all b, b¢, € S(G?).

C.2. On Robustness for Tie-breaking Rule Strictly speaking, there can be some ambiguity
regarding the tie-breaking rule in defining the utility functions for the game T'y .. In this subsection,
we provide a separate treatment of this ambiguity and show that under a large class of tie-breaking
rules, all these game variants are actually equivalent in terms of the equilibrium outcomes.

Let us introduce a set of matrices M = {M € [0,1]V*N | M;; =0,0 < M;; + M;; <1, fori,j €
[N], i # j}. Here, every matrix M € M represents a potentially different tie-breaking rule. Specif-
ically, given the action profile b, the “inflation-intensity based” position of agent i € [N] under the
tie-breaking rule M is defined as

HYW b)) = S (10 < b} + My x I{B =b'}). (EC.4)
N-17%
One could loosely interpret M;; as the probability of agent i beating agent j if their inflation intensities
are equal. The tie-breaking rule family above can include a wide range of tie-breaking conventions.
Let us list a few special examples below.

 Suppose M =0, the all-zero matrix. Then we recover the original definition of H™(b*|b~%) in
. This is the least preferable tie-breaking rule for all agents simultaneously.

» Suppose M is a constant matrix equal to 1/2 (except for diagonal entries). Then M corresponds
to the uniform random tie-breaking rule, and HZ (b"|b~") is the resulting (expected) ranking
position.

« Suppose M is a permutation matrix, i.e., for some permutation p: [N] — [N], it holds that
M;; =1{p(i) > p(j)}. Then the agents will be ranked based on the lexicographic order of (b, p).
In other words, M refers to the tie-breaking rule according to a pre-fixed order of clearance,
regardless of the agents’ qualities, observed signal, etc.

Every choice of the matrix M results in a slightly different variation of the original game Ty .,
where the difference lies in the ranking position definition and thus utility function. We will refer
to the game governed by tie-breaking M as the M-limiting game. Given a pure-strategy profile b,
agent i’s utility is given by v, (b',b7") := F(q¢*, HY (b'|b™")) — cb’. Given any mixed strategy profile
G=(G,...,GN), agent 4’s utility is given by

@G = [ [ Ty 467 @) a6 @)
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It can be verified that if we take M =0, we recover the original utility defined in @ and .
In the context of the (V,00) game, the only source of randomness is the agents’ mixed strategies.
Therefore, for convenience of notation, we use Pg(+) to represent the probability distribution over b
under the budget strategy profile G. Similarly, we use Pgi(+) to represent the (marginal) probability
distribution over b° under his mixed strategy G'.

Our main results regarding the robustness of the tie-breaking rule in formulating the (N, 00) game
are summarized below.

ProrosiTION EC.2. (Tie-breaking rule) If G is a mized strateqy Nash equilibrium for the
M-limiting game for some M € M. Then the following facts hold.
(1) Pa({b: b' =10V for somei+#j})=0. In other words, ties occur with zero probability in equilib-
TIUM.
(2) G is Nash equilibrium in the M'-limiting game for all M’ € M. In other words, Nash equilibria
are robust to the choice of tie-breaking rules.

Proof of Proposition Pick an arbitrary mixed strategy Nash equilibrium G in the M-
limiting game. For every agent ¢, let E*:= {b:Psi{b} > 0} be the singular set for the agent i, i.e., the
set of positive point measures under the probability distribution G*. Notice that E* could be empty
for some agents. We prove each of the claims below.

Verifying Claim (1). Tt suffices to show that all the singular sets are disjoint, i.e., E*N EJ =) for
every i # j. Suppose towards a contradiction that for some distinct ¢, j € [N], there exists an inflation
intensity b, € E* N E7. Since 0 < M;; + M;; <1, we may suppose that M;; < 1 without loss of
generality. Roughly speaking, it means that agent ¢ does not “perfectly beat” agent j if their inflation
intensities are tied in equilibrium; otherwise, we must have M;; = 0. In that case, we can switch ¢
and j and repeat the argument below.

Since G' is a mixed strategy Nash equilibrium and b’ is supported by G*, b’ must be the best-
response pure strategy for the agent i. That is, b € argmax,-,v%, (b, G™%). At the same time, we
will show that agent i can be strictly better off by choosing a slightly higher inflation intensity,
thus leading to the contradiction. Recall that Hy (b |b™") = 515 >, ({0 <b'} + M;; x I{b? =b'})
for any b € ]R , where 0 < M;; < 1. Therefore, agent 7’s position increases in his inflation intensity.
Particularly, for every e > 0, H( N +e|b™%) > HN(b:|b~%). Due to the strict monotonicity of F' (see
Assumption |(i)]), it further holds that

Pq (0, + £ [b7) - F(g', HY([b7)) > 0.
Suppose in addition that b= is such that o/ = b%, then
HYN (' +¢|bl, b~y — HN (B |62, b= 09)) > ” >0
In other words, agent ¢’s position is strictly “boosted” no matter how small € is. As a result,

F(g', HY (W +e|b7)) = F(¢, HY (6. |b7) > min _ [F(q',z+ =) — F(q', 2)] = co > 0.

1€[N],z€0N

In other words, agent i’s expected reward is also strictly “boosted.” Therefore, for sufficiently small
e >0,

T (b e, G*i)—@i H,G)
_ / T4 b ) — T (b, b)] dGH (b
Rf 1

= [P @ 02 67) = P60 b)) 4G (b — ez
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In the derivation above, part (a) is due to the nonnegativity of the integrand; part (b) is due to the
lower bound of the integrand when & = b%. We have thus proved Claim (1).

Verifying Claim (2). Pick an arbitrary M’ € M, agent i € [N] and b* > 0. We will verify that

7, (0, G < T (GG,

thus verifying that G is also a Nash equilibrium in the M’-limiting game.
Suppose b* € E~":=U;4;E7. Then with probability one, the inflation intensities of agent i’s oppo-
nents will not tie with b’. Therefore, HY,(b'| G™%) = HY (b'| G™"), and thus

@y
T (0, GT) =T, (0, G7) < T4,(GLGT) € T, (GG,

In the derivations above, (a) is because G is a Nash equilibrium in the M-limiting game; (b) is
because of Claim (1), which implies that the probability of inflation ties is zero.

Suppose b* € E~%. Because of Claim (1), there is a unique agent j whose inflation intensity may
tie with b’ with positive probability, i.e., b* € E?. We further consider two cases. If M;; < M;;
M’ is a less preferable tie-breaking rule than M for agent 7, it holds that

Jo

HY, (6 |G = HY(0 | G™) = 0x e ({0)) + 45 (M, — My ) x Py {b'} 0.
As a result, v, (b',G™) <, (b',G™) <7},(G',G™*) =7},,(G*,G™"). The other case where M/, >
M;; is slightly more involved. We make a chain of derivations below. For every € > 0,

Ulwl(bl G_i)
@ w4, G, G )
= [ P2, G0 4G @) £ By () T (8., G )
+
O L (0, G) A () + By {60, (8,6, G O) + B (B} [0, (6, b, G 60) =, (4,6, G
By \{b')

< [/ o (b, G™0D) dG](l‘)+Pcf{bz}%(bzabsz_(m))}
R\ (b}

+ Py {0} [, (6 + 2,6, G0 ce =0, (6,1, G00)
(i’/ T (2, G9) A6 (@) + Py (b} 7, (0 + 2., G~09) 4 ]
Ry \{b}

(e) o o
< / [0, (6 + 2,2, G0+ ce| d G () + Py {b'} [0, (b + 2,01, G09)) 4 ce|
Ry\{bi}

=0, +6,G7, G ")) +ce
(f) . i (i)
7., (GH G G )+ ce

:vﬁw(G’,G Ytee =0, (G G™") +ce.

Let us explain more details of the derivations above:
Pt. (a). We have adopted a slight abuse of notation by using %,/ (b*, G, G=(%7)) to represent agent
J’s strategy G explicitly.
Pt. (b). We have made two changes. First, we replace M’ with M in the integrand. This is legitimate
because only agent j’s inflation can tie with b* with positive probability. Second, we add and
subtract the same term Pg; {b}v%,(b%,b°, G~ (9).
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Pt. (c). We replaced the term ', (b, b', G~(+7)) with the terms v, (b° +¢,b*, G=(7)) + ce. We know
that the former is smaller since by increasing the inflation from the tied level (i.e., b%) to a
winning level (i.e., b" + ), agent ¢’s position will always be weakly better regardless of the
transition of tie-breaking rule.

Pt. (d). We have canceled out the term Pg; {b} v}, (0%, 6%, G~7)).
Pt. (e). We use the fact that 7', (b%, b, G=0)) < @M(bl +¢,b', G~ + ce, which is similar to part
(c) above.
Pt. (f). We use the fact that v, (b' +¢,G7, G=9)) <7 (G, G7,G~9)) since G is a Nash equilib-
rium.
The proof is finished because %, (b', G=%) < v%,(G',G™%) + ce for all € > 0, which means that
vl (0, G™) <7, (G GTY). [ ]

For ease of future reference, let us also state a corollary here.

CorOLLARY EC.1. IfG=(G',...,GN) is an e-equilibrium for M-limiting game for some M €
M and Pe{t? =b'} =0 for any i,j € [N] with i # j. Then, G is an e-equilibrium in M -limiting game
for all M € M.

Proof of Corollary The proof can be repeated verbatim as the proof of part (2) of Proposition
EC.2 [ |

C.3. Convergence Results (Theorems (1| and We split the proof of Theorem [l into two
parts. We will start from the first statement.

Proof of Part of Theorem (1 For the learner’s ETC policy, we set 7= 0(\/T ). In this proof,
to highlight the dependence of v on the time horizon T in the budget competition game Ty 1, we
will denote v as vk with a slight abuse of notation.

Step 1: Analyze (i) for every agent ¢ € [N]. Fix an arbitrary inflation intensity profile b through-
out the step. Consider the pre-limit game I’ ~,r and suppose that all agents employ LSI with budgets
Tb. For every two agents 7,5 € [N] such that b* > o7, let {D? > D'} be the event that the learner
observes more observed signal for agent j than agent ¢ during the experimentation phase. It holds
that if 7(p' — /) +T(" —b7) >0,

P(DI > DY) @ P{rp + X7 e + T > i+ STy 6+ Th |

— P76 =€) > r(ui = 1) + T — 1))

(b) i g i pd
< exp ( — [t )ere —bﬂ)]Q)

(EC.5)

1

= exp ( (= )+ (B — bﬂ')TP).

In the derlvatlons above, part (a) uses the following fact: for every [ € [N], (i) D' =7u' +>°7_, (bl +€!)
from , and (ii) LSI is the dominant strategy by Proposition [ ' which further implies that
Yo by = Tbl In part (b), the inequality follows from the generalized Hoeffding’s inequality for
sub- Gau551an noise {€:}.

We now fix any i € [N] for the remaining proofs. Motivated by the analysis above, given the agent
number N and the inflation profile b, let us introduce (the minimum) 7T';(b) < +oco so that as long
as T > T;(b), the concentration inequalities above are applicable for all j € {j: b > b'}; that is,

(1 —p )+ TV —b") >0 forall j€{j:V >b'}. (EC.6)
Such T;(b) exists because 7 = o(v/T). Recall that 7(i) = N1 2 ieINI\(i) I{DJ < D'} is agent i’s
ranking position based on {D*}. We will compare it with the following two quantities:

HYW b ) =55 > Ky <b} and HyOb )=+ Y, LY/ <b'}.

N-1 1
Je[N\{i} Je[N\{i}
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Those are both agent 4’s ranking position based on {b'} but with different tie-breaking rules. The
former is based on and his least preferred tie-breaking rule. The latter is based on (EC.4]) where
M is a tie-breaking matrix where M} =1 for all m € [N]. Thus, the latter is agent i’s most favorable
tie-breaking rule.

We next show that o(¢) < HY, (b|b~*) with high probability. In fact, it holds that

HY,(K'|b™)) <a7(i) = [{j:¥ <b'} <|{j: D’ < D'}|
= {j: D) <D}Z{j:b <}
= there exists j such that D’ < D' and b > b'.

Therefore, for all T > T;(b), due to the union bound,

P{HN.(B(b~) <5()} < .0 P(D? < DY)
= s D (= g | (0 — )7+ (¥ = B)T?)
< (b > b} exp (= gk ming g (0 — i)+ (6 = b))
< Nexp (= g min sy |(uf = )7+ (0 = 09)TJ2)

(EC.7)

Similarly, given N, we introduce (the minimum) T;(b) < +0co so that as long as T > T;(b), the
concentration inequality (EC.5) is applicable for all j € {j: & > b'}. That is, 7(p — p*) + T —b*) >
0 for all j € {j: b’ <b'}. We will show that (i) > HY (b'|b~") with high probability. We observe that

HY Wb~ >a(i) = [{j: ¥ <b'}| > |{j: D’ < D'}| = there exists j such that D’ > D' and b’ < b'.
As a result, for all T > T;(b),

P{HY (|6~ > ()}
< {530 <t} exp (— g min (6" =)+ (4~ 0)TF) (EC.8)

< Nexp(—ﬁ minv|(,ui—uj)7+(bi—bj)T|2).

j:bI <bi

In addition, when b has no ties, it holds that H™(b'|b~") = HY,(b'|b~"). We can therefore invoke

M*

([EC.7) and (EC.8) and conclude that when T > max{T;(b), T;(b)},

PLEN (b~ £5(0) |} = P{HN [b) > (i) } + P{HY ([b~) <o (i)}
= P{EN (W [b-7) >7(0) } + P{HY.(0'|b~) <)} (EC.9)
< Nexp ( - ﬁ minjevp gy [(0° — )7+ (0° — bj)TP)'

Step 2: Bound v (b',b7") for every b. Fix any b € RY for this step. Recall from () that
v'(b',b7") = F(q¢", HN (b'|b™")) — cb'. Similarly, 7', (b',b") = F(¢*, HY,(b'|b™")) — cb'. These are agent

M
1’s utilities based on agent ¢’s least preferred and most preferred tie-breaking rules, respectively.
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We are going to provide bounds of v4(b,b7*) in terms of v'(b*,b™") and v’ (b',b™") separately. For
T >T;(b),

op(b',b7) = T (6, 677)

{ S BIR(,0.(0))]) - TF(q, HNz(bllb 0}

{ S EIF(g',00(0))) = TF(q', HY.(b']67) |

S (Plah o) = 7R (g, HY.(6'(b7))) + (T = 7) (E[F (', 7)) — F(q', HY.(5[b7))) }
(t+ (T —7)P{7(i) > HNZ. (b6} .

[T+ (T =N exp (= g mingan (0 = )7+ (6 = )T .

IANE

e
S 20

—~
INe

(EC.10)
In the derivations above, (a) follows from the definition of ETC in Algorithm |1} (b) holds because
|F(q",z)— F(q",2")| < Ap = F(1,1) — F(0,0) for every ranking positions z,z’ € [0,1]; (c) follows from
[EC). o
Suppose further that b has no ties. Then (EC.9)) implies that for 7> max{T;(b), T;(b)},

’U%«(bi, bil) - ﬁi(bi7 bil)’

< H{ S0 |P(a0u@) = TP (g, HY (6 [679)| + (T = 7)[E[F(¢",5(0))] - F(q', HY (b']b~)) }

®) _ .

< B2 (r+ (T = 1)PE() £ HY (B [b7)}).

(c) . . . .

< S[r+ (T —7)Nexp (= g mingepn o (0 = )7+ (0 = )T ) |.

(EC.11)

Note that (EC.9) and (EC.11|) correspond to Part |(i)| of the theorem. We derive the one-sided bound
(EC.10)) for ease of future reference in later steps of this proof. |

Next, we will prove a strengthened version of Theorem s Part by generalizing it to mixed
strategies. Formally speaking, for each agent ¢ € [N], let G denote the cumulative distribution
function of his (possibly mixed) strategy. Our convergence results apply to a broad class of mixed
strategies satisfying the following regularity condition.

DEFINITION EC.3. A mixed-strategy profile G = {G"} is regular if, for each ¢ € [N], G* can be
decomposed into a continuous component with bounded density and a finite set of atoms. That is,
there exists a finite set £* C R, and a bounded density function g* such that

Gl‘(x)z/mgi(b)dm S Pe(b =b).

b<z, beE?

Note that this regularity condition is mﬂdE In particular, pure strategies (point masses), finite
mixtures of point masses, and mixed strategies with smooth densities are all included. With this in
mind, we will prove the following result, which generalizes Part |(ii) m )| of Theorem 1] I

PrOPOSITION EC.3.  Suppose that G = (G")X., is an & -equilibrium in the game Ty o such that
g’ >0 and Pe{l/ =b'} =0 for every i # j. In other words, the probability that any two agents have
the same inflation intensity is 0. Then, for any € > 0, there exists large Ty > 0 such that G is an
(¢' + &)-equilibrium in the game Ty for all T > Ty.

1 By the Lebesgue-Radon-Nikodym theorem, any probability measure p on R can be decomposed as = g(z) dz +
Zzozl PrOa;, + Hse; see [Folland||1999, Thm. 3.8. The three components are: (i) an absolutely continuous part with
density g, (ii) a countable atomic part, and (iii) a singular-continuous part (e.g., the Cantor distribution). Our
regularity condition imposes only mild restrictions on this decomposition: it requires g to be bounded, the atomic
component to be finite, and rules out the singular-continuous part. The latter is mainly a technical exclusion, as such
distributions are highly irregular and rarely arise in economic models.
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We will start with the following lemma.

Lemma EC.2.  If G is a regular Nash equilibrium, possibly in mized strategies, 0f T oo, then for
every e >0, G is an e-equilibrium of T'n 7 for all sufficiently large T'. That is, for every agent i € [N],

V(GG >0 (b, G — ¢, Vb > 0.

Proof of Lemma We break the proof into two main steps.

Step 1: When G is a regular NE, quantify the proximity between vi.(-,G~%) and v'(-, G~*). More
precisely, let G be a regular mixed strategy Nash Equilibrium. Invoking Definition [EC.3| we have
that G*(x) = [,., §"(b) db+ <, pepi Pgi(b' =b), where E* = {b|Pg:(b* = b) > 0} is the singular set
that G' has a positive point measure on. Let E™":=J;, £/. On a high level, the difficulty of this
step comes from the deterioration of convergence properties when x becomes closer to the singular set
E~*. In that case, the tie-breaking rule becomes potentially important. To overcome this challenge,
we simultaneously work with two tie-breaking rules: one that agent ¢ most prefers and the other one
that he least prefers. We then develop two one-sided, but uniform bounds for both tie-breaking rules.

We introduce a few constants to be used in this step. First, let [|g]| s = max;en) max,>o §'(x) < +00
be the uniform upper bound of {§'}. Second, Proposition implies that the probability of tied
inflation is zero at equilibrium. Therefore, the sets {E*:i € [N]} are disjoint, i.e., E*N EJ = for
every i # j. Therefore, we may define d:=min{|z —y|:x #y and x,y € U; E/} > 0 as the minimum
distance between any two singular points. Both constants [|g||o and d only depend on the profile G.
We will show that for every e > 0, there exists T; such that when T > T;,

V(0 G = (GG <eg/2  forall b’ €R, (EC.12)
(GG — i (GG <¢g/2 (EC.13)

Verifying (EC.12)). Since 7 = o(v/T), given i € [N], there exists T} < 400, only dependent on the profile
G, agent 7, and problem primitives, such that as long as 7' > T}, it holds that T > max {7 max;{|u" —

iy et =}, %}2 =max {TA,,, 3}2, where we define the constant A, := max;{|p™ — |, |t — pf|}
for shorthand notation.

Fix any b* > 0 for this part. Consider the interval [b?,b' +1/v/T). Since /T > 2/d, we have 1/v/T <
d/2. Therefore, the interval [b%,b 4 1/+/T) contains at most one singular point (i.e., a point in £~7).
In other words, there is at most one agent k # i and a singular inflation intensity b, such that
E* N[0, 0 4+ 1/VT) = {b,}. With those in mind, consider the following events regarding agent i’s
opponents’ (agents j #¢) inflation intensities:

o Eq:={b~": cither b/ < b or ¥ >b'+1/+/T, for all j #i}. This is the “good” event where agent
i’s opponents’ inflation intensities are either (i) strictly less than b%; or (ii) larger than b by at
least a margin of 1/ VT.

o Epi={b"": W € [b’,b' + 1/V/T), for some j #i}\ {b~": b* =0b,}. This is the “bad” event
where some opponents’ inflation intensities lie in the interval [b,b" 4 1/4/T), but no one uses
the singular inflation intensity b,.

e Esi=1{b7": VW €[b',b' + 1/VT), for some j#i} N{b~": b* =b,}. This is a “singular” event
where some opponent’s inflation intensity lies in the interval [b?, b +1/+/T), among whom agent
k uses the singular intensity b,. If [0*,0" + 1/ VT) contains no singular points, this set is empty
and we ignore this event.
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By construction, {€g,Es,Ep} forms a partition of all possibilities about b~¢. Suppose without loss
that the singular point b, € [b,b" +1/v/T) exists It holds that

U’;"(bia G_l) - @i\/ﬂ (Gza G_Z)
(a) . ) ) .
< (b, G) = Tys (b, G7)
< [ b7 =T b AG )

= [ ) =T b GO ¢ [ () (b b G

EqUEg

(b) o ) ) ) oo ) . ) ) )
< ApPgoi(Ep)+ sup [Vt b)) =T (b, b )] + [ [0h(b', b)) =T (b, b )] G (b7,
T e () &

(k%)
(EC.14)

where (a) is because G is a Nash equilibrium; (b) is because vi.(b%, b~%) = v ; (b',b™") < Ap = F(1,1) —
F(0,0). We will separately bound the three terms on the right hand side of the last inequality.
First, note that

(a) ) ) ) o
() = ArPei(€p) < Ap| > Pau(b < ¥ <b+ o) +Pai (B € 0,6+ ) \ {b.))]
JEINI\{i,k}
b1 /VT B
7' (y)dy < 2= Apl|g]-

(EC.15)

In the derivations above, (a) is due to the definition of £z; (b) comes from the fact that G is regular
(see Definition as well as the union bound.

If b=/ € £, we have either b < b’ or b > b + 1/+/T for all j #i. For simplicity of notation, let b

be the completed pure-strategy inflation profile with b* for agent i. For every j € {7 : &’ > b'}, we have

) . ) - (a) ) . () ) ) (c)
T(W —pu')+TH =) > \/T—T|M—M| > VT —rmax {|pN — i|, |p* — p'|} > VT =74, > 0.

In the derivation above, (a) is because b — b > 1/4/T}; (b) holds by the monotonicity of {47}; (c)

holds because T > T;. Therefore, (EC.6) holds. In other words, T'> T;(b") and (EC.9) is applicable
to b'. As a result,

7 j:bi >bi

(+) < v (0, b7) e (6,b7) < BE[r+ (T =) Nexp ( — gz min |(u — )+ (b — ) TP)]
A

Y Y N ]

47n?
(EC.16)
which is a term independent of b~

If b=¢ € &g, there is a unique agent k # i and singular inflation intensity b, € E* such that E* N
[b),b" + 1//T) = {b,}. Therefore, we could write the complete inflation profile as (b?,b,, b= (k).
Similar to the arguments above, we can partition the values of b~*) into two events. Let & :=
{b=GR) : cither b/ < b, or b > b, +1/V/T, for all j € [N]\ {i,k}} be the “good” event and let £ :=

12 Otherwise, [b%,b" +1/+/T) contains no singular points. That case is easier and we will comment on it later.
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{b=GR b € [b,,b, +1/V/T), for some j € [N]\ {i,k}}. With slight abuse of notation, it holds that
for all b= € &g,

vp (b, 677) =Ty (b b7

(a) | |
< UT(b*,b )+ﬁf@3\/ﬂ<b*’b—z)
:UT(b*’b*’b (i)k))_Eéwi(b*vb*abi(i’k))'i-ﬁ
(b)

< ApPgn(Ep)+  sup [v;(b*,b*,b‘(i’k))—Eﬁwi(b*,b*,b‘“’k))]+ﬁ

b-(hegy (EC.17)
(9 :
N-2 ~ A 1 2 c
< 7AFHQII+7F_T+(T—T)NGXP( pr rbgg})*l(u p)T+ (b = V)T )} 7T
< ARG+ S [+ (T =) Nexp (= g min |6 = )7+ (b, = V)TP) | + 5
_ ~ [ 2 c
< %AFHQHJr%_TJr(T*T)NeXp(*ﬁ(\/T*TAH) )} + =

In derivations above, (a) is because b, € [b*,bi 4+ 1/+/T), which implies that vi.(b?, b~%) < vi.(b,,b~") +
c(be — ') < vp(by,b7) + =3 (b) follows from similar steps in (EC.14); (c) follows from similar

steps for (EC.15) and (EC.16)), respectively, plus the fact that the interval [b%,b" 4 1/ VT) contains a
unique singular point; in (d), given that b=*) € £/, we can apply the same arguments in the second

inequality of (EC.16 m ) to obtain the same upper bound.
Combining all the pieces together from (EC.14), (EC.15)), (EC.16)), and (EC.17] m, we conclude that

U (B, G = T (G G < 2D AL g+ 255 |7+ (T = )N exp (= 2 (VT = 74,)°) | + &,

which is a bound independent of b*. Moreover, the upper bound diminishes to zero when 7 = o(ﬁ )
and T grows. That proves . Note that for now, we have assumed that the singular point
b, € [b',0'+1/V/T) exists. (See Footnote) Otherwise, it suffices to replace “b,” with “b*” in
and repeat the same process while ignoring term (  x).

Verifying (EC.13). Note that 7',;(G',G™) and v*(G*, G™*) represent agent ¢’s utilities under his
most preferable and least preferable tie-breaking rules, respectively. Therefore, we can repeat the

same process for (EC.12)) while flipping the direction, thus proving (EC.13)).

Step 2: Establish the e-equilibrium. Let G be a regular Nash Equilibrium. Invoking Proposition
EC.2| G is also an equilibrium in the M*-limiting game. Therefore,

v, (G /R+/E Z/N T (B bT) AGTH(bT) dG (B + Z P ({0 })/+ 7 (b, b7 dGT (b7

bieE—1
/l:?_‘_/E‘ +

—~
Q
=

7L (b, b7 dG T (b ) d G (b)

-1

—~
S
=

[, 706G (b7 a6 ()

N

+

i JoN

© R —i (i i (1 i T —i

9 [ [ TG BT AG )+ 3 Pl [ T 0T dGb)
Ry/B=t JRY bicE—t Ry

=2 (G",G™). (EC.18)

In (a) and (c) of the derivations above, by Proposition we know that Pgi({z}) =0 for every
x € E~%; therefore, the second terms in the LHS of (a) and in the RHS of (c) are both zero. For (b),
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it suffices to notice that v ,(b',b=%) =v"(b*,b~") if b® £ b’ for any j # i, i.e., there is no tie. Now, pick

M

an arbitrary € >0, T' > max{7;}, agent ¢ € [N] and intensity b’ € R, . It holds that
(0, G — V(GG = vh(b G =0 (GG + 0 (GG — vl (G, GTY)
W i (b, G T (GG + T (G, G — i (G, G
(2 ef24+¢e/2=¢,

where (a) follows from (EC.18)); (b) follows from applying (EC.12)) and (EC.13). |
We are now ready to prove Proposition

Proof of Proposition Since ]P’G@j = 5’) =0 for any i # j, the utility of inflation intensity
profile G in all M-limiting games is the same as they only differ in the tie-breaking rule. Since G is
¢’-equilibrium in M-limiting game, by Corollary G is also ¢’-equilibrium in M*-limiting game,
i.e., for any inflation intensity z € Ry, 7' (z,G™") <&’ +70%,(G',G™*) =&’ +v'(G',G™"). Hence, for
any € > 0, there exists Ty such that for all T'> Ty, for any inflation intensity = € R, ,

v (z,GT) =0 (G, GT) <0 (2, G =i (2, G+ +0 (G, G —v' (G, G™') <e+€', (EC.19)

where the two inequalities follow from Proposition and Theorem [I] in turn. Therefore, G is an
(e 4 ¢’)-equilibrium for the game I'y r with T'> Tj,. [ ]

Proof of Theorem Pick any continuous and strictly increasing = and N > 2 as required. We
prove the two claims respectively.

Claim 1: [0'(-,wy") — Ux(¢',-)| is “uniformly small.” Pick any i € [N] and b". Let us start by bound-
ing the gap between the ranking positions. Recall the expressions of HY (b'|b~%) in (5)) and H (b'|r)
in , respectively. Since 7 is continuous and strictly increasing, the inverse mapping 7! exists on
the interval [7(0),7(1)]. Without loss, suppose b € [7(0),(1)]. Therefore,

' 1 ' 1 , (D) ,
HOm) = [ Hr@) b} o= [ Hosa 00 o= [ 1dg=n0).
0 0 0
Similarly, recall that {¢'}; = {Z=%}; form a uniform mesh grid on the uniform interval [0, 1]. Hence,

HYO I m) =5 > Ha@)<bl=xb > He < ')} = 5[V = 1)n o).
JEINN{i} JEINN{i}

As a result,

[EN 0 | wy) = Hb )| = |5 TV = D)n L)) =771 (0)| < 45 (EC.20)

As a consequence,

T ) = Unlg' )| @

(F(qivHN(bi‘ﬂ';fi)) - cbi> B (F(qi,H(bi’ﬂ)) - cbi>
= | F(q', HY (6 y) - F(q", H () O 1y

— N-1°

—~
=

In the derivations above, (a) follows directly from the definition of " in () and U, in (8); in
(b), we use Assumption [2, which states that F'(-) is continuously differentiable in [0,1]* and hence

Lipschitz continuous. Therefore, there exists a constant Lp > 0, depending only on F', so that
i Q| i i i L
[F(q", HY (b'|my")) = Fq', H(V'Im))| < 75
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Claim 2: 7y is an approximate equilibrium in Ty ... Suppose further that {m(q):q € [0,1]} forms
an NAE. It holds that for every i € [N] and b* >0

(@) L ® o Lp @

o . oL
v'(r(q),my') 2 Unld',m(d)) = 2 Un(d' V) = 2 o'(0, my' -

) - N’
where (a) and (c) follow from the observation in Claim 1 of this result; (b) follows from the definition
of NAE. The claim is proved by picking Ny = 100Lp/c. |

D. Analysis of foo’oo and the NAE Proof of Theorem First, notice that with the closed-
form expression 7(q) = [; %dt, it can be verified that 7 is a differentiable and strictly increasing
function because Assumption |2 implies that Fy(¢,¢) > 0 for all ¢ € [0, 1]. Following the same argument
in the proof of Theorem [2} the inverse mapping 7' exists on the interval [7(0),7(1)] = [0,7(1)], and

7 1) ifbel0,7m(1)];

H(blm) = {1 if b>7(1).

Therefore,

_ Fla. 7 0)—cb  if be[0,7(1)];
U=(q,b) = F(q, H(b[T)) — cb— toeld
(4,0) = Flq, H(B[T)) - ¢ {F(q,l) — b if b>7(1).
To verify that {7(q) : ¢ € [0,1]} forms an NAE, we pick an arbitrary ¢ € [0,1] and show that the
function Uz(q,-) increases in the interval [0,7(q)] and decreases in the interval [7(q),+o0). That
implies 7(q) € argmax,-, Uz(q,b) and thus finishes the proof. Since it is straightforward to verify
that Uz(q,b) decreases when b >7(1), let us pick b € [0,7(1)) and make the following observations:

0 0 _ Fy(g, 7 (b)) Fy(q, 7 (b))
_(0.b) = — | F b)) — eb| = ’ —c= ’ —c.
abU”(q’ ) 8b{ (@7 0) C} (7 (D)) ¢ CFQ(ﬁ—l(b),ﬁ—l(b)) ¢
When b = 7(q), we have 7 (b) = ¢, and hence B 0) __ _ F(e9) _ 1 Iy gther words, the

Pyt ()71 (b)) ~ Fa(a,q)
first-order condition holds. To verify the global optimality of the inflation intensity 7(g), note that
-1
when b < 7(q), we have 7 (b) < ¢ and therefore % > 1 because F is supermodular (see
Assumption , which further implies that %U;(q,b) > 0. Similarly, when b > 7(g), it holds that

Next, we prove Theorem |4l Note that it utilizes the analysis of game I'y ., i.e., Theorem
Proof of Theorem [4] We first note that here we no longer require 7 to be a multiple of V. As such,
v* may potentially depend on the initial ranking. However, that is negligible in our analysis. In fact,

let us denote agent i’s expected reward in the experimentation phase as Al :=E [Ztr_l F(¢', O't(i)):| .

We will use the following observation later:
AL —Al < S E[|F(d 0 (i) - (¢ ()] < T[F(L1) = F(0,0)]=7Ap,  (BC:21)
t=1

which is a constant independent of agents ¢, j and the initial ranking.

Now, fix an agent i € [N] and an inflation intensity b > 0. Suppose agent ¢ uses a total corruption
budget of Tb" and the rest of the agents use T7y'. We break the rest of the proof into the following
steps.
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Step 1: Quantify the proximity between (i) and HY (b°|75'). Recall that agent 4 locks in the

position 7 (i) during the commitment phase, which is expressed as 7(i) = w5 Zj CIN\{i }]I{[?A < D'}.
At the same time, recall from ([B) that HN (0| 7y') = 55 ey I{T(¢7) < b’} is the inflation-
intensity based ranking. Let s, := (TAp +1logT')/T for shorthand notation. We observe that

B[Jo(i) — #Y (73]
<E[|(z5 X U <D -5 Y @) <v)]

JEINI\{i} JEINI\{i}
<55 Y E[HD <D} -Ia(g) < b}
JEINI i)

< A > o1+ Y E[D <D} -Ir(g) <b}]

J:|7(qd) —bt | <s7 |7 (qd) — bt | > 57

() (%)

We have thus decomposed the expected discrepancy between & and H”Y into two parts. The first
term (*) corresponds to the agents whose inflation intensities are “close” to b%; the second term
(xx) corresponds to agents whose inflation intensities are “far” from b'. In the derivations below, we
analyze terms (%) and (xx), respectively. Intuitively, term (k) is small because under the equilibrium
inflation intensity function 7(g) = [; %dt in Theorem [3| there is no pathological “clustering” of
the agents’ inflation intensities. Term () is small because when the inflation intensity difference is
large, the learner’s ranking is almost dominated by inflation.

To analyze term (%), recall from Assumption [2 that Fy is positively valued and continuous on
[0,1]2. Therefore, there exists a constant 0} :=min,ep,1) F2(¢,t) > 0. As a result, pick arbitrary ¢,¢’
such that ¢ — ¢ > ¢s,/d%. Then,

/ (0«) !oox * *
7 (d) —7(@)| = |} BeNdt| > | [} %Edt]=Elg —q| = EGE = s, (EC.22)

- *
c6F

In the derivation above, (a) comes from the definition of §%. Invoking (EC.22)), |7(¢?) — b'| < s,
implies that [7~'(b") — ¢/| < £=. Therefore,

o ( ) 2¢s,(N—1) @) 2(N—1)c(tAp+1logT)
_ < . J i CST P
(*) = E : 1< {jilg =7 () <35 }| 5t = Tos )

3l (ad) —bt|<sr

where (a) is because {¢’}; ={(j —1)/(N — 1)}, forms a uniform mesh grid on the unit interval [0, 1];
(b) follows from the fact that s, = (TAp +1logT)/T.
To analyze term (#x), note that for every j such that b* >7(¢’) + s, it holds that

PI{D’ < D'} #1{w(¢’) <b'}]

= P[I{D’ < D'} = 0]

=P[AL+ Y €+ TH <AL+ Y+ Tr(¢)]
) t=1

t=1
r

— P[Y (6 —d) < AL — AL+ T(r() — b

Tt=1
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(%)P{i(e —e) < —logT}
=1
<o (-5

In the derivation above, (a) is because AJ — A? + T(7(¢7) — b)) < AI — AL —Ts, = AI — Al —
TApr —logT < —logT by the construction of s, and ; (b) is due to the Hoeffding’s inequality.
Similarly, if b* <7(¢’) — s, it holds that A — AL + T(7(¢’) —b") > Al — AL+ Ts, = A — Al +
TAfp +logT > logT. Therefore,

{D’ < D'} #I{m(¢’) <b'}]

P
= P[{D’ < D'} =1]
[
2

=P|[A! +Zet+Tbl>A7+Zet+T7r( 2]
t=1
<P zT: —ef >logT}
t=1
log® T
< exp<f ypme )

As a result,
(o)=Y []I{DJ <D} A1{7(¢ <bl}} (N—l)eXp<—%).
37 (a9) =t | > s+

To summarize,

Elo) — B0 |7l < by (gt 4 (V- Do (- 57))

N-1 Té% 41n

c(T O, O 2
- %ﬁgm T exp ( _ %) (EC.23)

4Tn

Step 2: Quantify the proximity between (i) and H(b"|7). Theorem [3|implies that 7(-) is strictly
increasing. Therefore, following the same steps for (EC.20|) in the proof of Theorem [2| it holds that

jHN(bi E H(b%)( < L

With both (EC.23)) and the result above in mind, if agent 7 uses budget Th" and all other agents use
budgets T7 4,
E[[o(i) - HE'[7)]] < EB[lo() - HY (6 |75 + B[ HY (' [75/) — H(b[7)|

2¢(tAp+logT) . log? T 1
< T3, + exp( a2 )+ 3

2¢AFR T 2¢ logT 1 log T 1
3% T+5; -t exp(— gz %) + v

Step 3: Quantify the proximity between the pre-limit utility value v*(b*,7y’) and Ux(q', b?).
Recall from (8) that U.(q,b) = F(q, H(b|m)) — cb for b > 0. Therefore,

T\w'(b,7y) — Ux(q', b")
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_E [ZT_l F(d, at(i))} TV — TF(¢, HY|7)) + TH

E[Y_F(¢',0u(i)) + (T = 1)F (¢, 7)) - TF(d', H(b'|)|

2| (P (i)~ 7F (g H )| + (T~ )|E[Fla' )] - F(g', H(E)|

< 7Ap+(T = 1E[|F(q',5(i) — F(g', HY' 7))
<TAp+ (T = 7)| Bl E[[7 (i) — H(b'[T)]]
(®)

CT C 10; O 2
< TAp+ (T =7)|Balloe (35725 + 2557 + exp(-57) + +5)
(©)

c ) c ) O; 2
< (Ap 4 2=t ) g 2Bl 10g T4 | By exp(= 557 4108 T) + || Fo e 5755

47n?

—

where the inequality in (a) follows from the definition of ETC; in (b), we apply the results in
the previous step; (c) follows from the fact that Z== < 1; the fourth component follows from the
observation that T'— 7 < T = exp(log T"). Notably, the bound above depends only on the problem
primitives such as F, ¢, 7, T and N, but not on the agent ¢ and inflation intensity b. Rearranging
terms, we have

. . 2
v (0, 7) — Us(d,b)| < (Ar +72"“F2“°°AF)%+—2““F2“°°1°g7“+HF2Hooexp( B8 1) || B loo s

o* o 4rn
(EC.24)

We have thus proved the first statement of the theorem by picking §; = 2 (AF + %”F%%), 0y =
F
% 05 = 2|| Fa| oo, and 65 = 2| F | oo
Step 4: Quantify the benefit of deviation. It suffices to check deviations in the form of LSI. Building

on the result in the previous step, we can bound the benefit of deviation from the NAE-implied
intensity 7(q"):

V(6,7 = Us(g',b) + Unla', b) = Uslq', 7(") + Uslg', 7(q")) — v (7 (g"), 7x)
< (v, 7Y~ Usla' b)) + (Usla' 7(a) = vi(7(q), 7)) (EC-25)

g 61%+5210gT—|—53€Xp( 1 log T)+64N 17

where (a) holds because U=(q", bZ) < U=(q",7(q")) under the NAE; in (b), we apply the uniform bound
(EC.24) in the previous step twice for both components. [ |

Proof of Theorem [5| Let the number of agents N, the experimentation length 7, and time horizon
T be given. We first note that

R :E[i(ﬁ:F(qi,zi)—ﬁzF(qi,at(i))) + ZTj (ﬁjF(qi,zi)—ﬁjp(qi,@@)))}

N

<TNAp+ 30 E[3 R )~ Yo F(d (i)

t=7+1 i=1

2

= TNAp+(T = 7) 3 E[F(g', HY (my | 73) = F(d',7(0)).

()
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where recall that H™ (7% |7y') is agent ¢’s inflation-intensity based ranking position under the
inflation profile 7 . Since 7 is strictly increasing in quality, agent ¢ obtains the quality-based position
under this inflation profile, i.e., HY (7 |75') = 2°. At the same time & is the ranking that ETC
commits to in the second phase.

We will next provide two separate upper bounds on the regret based on two different methods of
controlling the term (x), one tighter when N > T', and the other tighter when 7'>> N.
The first upper bound. Recall from in the proof of Theorem [4] we have

E“E(l) o HN(bz |fj_\fl)|} < 2c(TA7%£10gT) + exp ( o IZEiQT),

which is a bound uniform in ¢ € [N]. Therefore, after rearranging the terms, we have
Rr < NAp+(T = 7)N|| B[l E|[56) - HY (0|77

< TNAp+TN| Fyl (M+6Xp( log T))

>
T(SF 4?2

2
= Ap7N + 225l N 4 2Bl cNlog T + || | o TN exp(—"7)

< ApTN + 2207 Blee oy 2082l ¢\ 10g T 4 || Fy|| o exp(17%) N
F F

= {AFT—F | F|o0 exp(Tn®) + %c}]\f—i— %d\/’logT

= ¢ N + ¢pacNlogT,

where ¢1 1= ApT + || Fa|| o exp(T0?) + %c and ¢ := Wgﬁ the last inequality is because the

function f(7') :=TN exp(— 1°g T) attains maximum of exp(7n?)N when logT = 277>

Second upper bound. Recall that Ap = F(1,1) — F(0,0) and 6} = minejo1] F>(¢,t) are strictly pos-

itive constants that only depend on the reward function F. Let § := i—; and Ty = AF cNT. In the
event of {|>]_, €] <4, Vi€ [N]}, we can verify that for all T > max{Ty, 7} and i > ],

b - b

_Z( ¢ 0u(i) + € = F(¢,00(j)) — €] ) + T7(q") = T7()

= 3 =)+ P ) e )]+ T [ Fale i

t=1
—26—TAF+—FT
= ET — TAF“F FT

2cN
i F _
= 20NY—' TAF

1 47cNA
> 5 T E—7Arp=7Ar >0,
F

where the second-to-last inequality holds because T'> Ty = 4;‘*1” cNT.

Therefore, under ETC (with any initial ranking), and when T > max{Ty, 7},

32n c2N2t

]P’(E;ée)gpﬂieﬂ >4, for some i€ [N]}(% 2Nexp(—%) :2NeXp(_%.T72),
t=1

where part (a) follows from the generalized Hoeffding’s inequality for sub-Gaussian variables. As a
further consequence,

_ — 2 6?2
Rr <TNAp+(T—7)NApP(G#e) < TNAr+2TN*Apexp - )

32n2  ¢2NZ27
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When T < max{Ty, 7}, the regret can be simply bounded by

Ry < max{T,, 7} NAp = maX{M%

5 cN2*1, TNAR}.

Combining two cases, it holds that for all "> 1,

2
AFc]\727', TNAF}

r
")

3212
G2
3292 ¢:2N2

< TNAF+2TN2AF eXp ( 3212 CQQJ;’ZQ ) F

(052
Rr < max {TNAF+2TN Apexp< -CQNQ )
= max {TNAF + 2T N*Apexp
55)?

2 2

=7ArN + 4§;F cTN? + 2T N?*Apexp (— (§2€7)2 . CQT;QT)

(a)

< TAFN—i- FCTN2 8”\2’(‘;501\73

SnAp T 3
< [rap+ (Shr+ S2EL2 )| N
= ¢3N°
. 40T NN - -
where ¢3 1= TAp + (FE7 + —en Je, and part (a) above is because the function 7' —
*\2

2T N?Apexp ( - % . %) attains maximum at Snﬁfgfc]\f?’ when T = 4”06g‘ﬁ. Combining both

upper bounds, we have
Ry <min{¢; N + ¢pocNlog T, ps N*}.
|

CorOLLARY EC.2.  Consider the ETC policy with T = o(logT'). Suppose further that the functz'on
F(q,z) is strictly supermodular. Then for every agent i, Ty is close to his best response to 7wy'. That
18,

sup |bi — 7| =0 as T,N — .

i, bl Gargmaxb>0v'b(b,‘rrN)

Proof of Corollary Suppose towards a contradiction there exists € > 0 and a sequence
{Ny, Ty ir}r such that (i) N, Ty — 0o as k — oo; and (ii) for every k, there exists bNxThik €
argmax,, v’ (b, 7' ) as a best response, but [be-Tki —7(g'*)| > . We show that {p¥sTkir} is a
bounded sequence. In fact, let b:= max g »)efo,1]2 F(q,z)/c, which is finite because F' is continuous

n [0,1]2. For every N,T, i € [N], b' >b and b~" € RY™', agent i’s utility is such that v'(b',b~") =
EHTb [ZtT L F(¢',04(i ))] /T —cb' <max(g.ep,12 F(g, ) — ¢b" < 0, which implies that it is not optimal
for agent i to choose the intensity b° > b. Therefore, {bNr-Tk-i} is bounded in [0,8]. In addition, {g% }
is bounded in the unit interval [0, 1]. Therefore, both {bNe Tk} and {¢'*} have convergent subse-
quences. After proper re-indexing, suppose that bivk’Tk’ik — b and ¢'* — ¢ as k — oo without loss of
generality. That implies that [bYkTkik —7(¢'%)| — |’ — 7T(q')|, and therefore, |V —7(¢')| > e.

At the same time, Theorem [l implies that sup, |v* (b, ff\,;’“) — U=(g",b)| — 0. Moreover, the func-
tion U=(q,b) = F(q, [ &2 (ct L) dt) — ¢b is uniformly continuous due to the smoothness of F; see Assump-
tion [2| Therefore, sup, |U=(q",b) — U=(q',b)| = 0. As a result, sup, [v** (b, 7r7”“) U=(q',b)] = 0. In
other words, the function v (-, f]}i ) uniformly converges to the function Uz(¢',-) as k — co. Along
with the facts that bYw"e% — b and bk " € argmax,, v’ (b, x"*), we conclude that b is also
maximizer of the function Uz(¢/, -). Since F(q, 2) is strictly supermodular, and given that 2 5U=(d',b) =
c%;@?b)) — ¢ from the proof of Theorem it holds that 7(q’) is the unique maximizer of the
function U=(¢', ). Consequently, b' =7(q'), which contradicts the fact that |V —7(¢')| > e. |
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E. Equilibrium Analysis for Finite N (Section Proof of Proposition Fix T and
an even integer 7 as the proposition statement requires. Let w := F'(1,1)+ F(1,0)— F(0,1) — F(0,0) >
0 by the monotonicity of F. When the action profile of the agents is (b',0?), note that the observed
signal in the experimentation stage satisfies D? — D' = T(0* — b') + w7 + >j_, (] — e}) Note in
addition that >";_, (e — ;) follows a zero-mean normal distribution with variance 27n?. Hence we
denote the probability density function for > ,_,(¢2 — ¢;) as ¢ and the corresponding distribution
function as ®. Moreover, for shorthand notation, given ¢ € {1,2}, we let

T

vo(a):= +E[ > F(¢',9(i))| D* ~ D' =]

l=7+1

be agent i’s expected continuation value in the commitment phase (scaled by T') given the observed
signals in the experimentation phase. Under ETC, these continuation values admit the following
closed forms:

1) ifz>0
0) ifz<0.

hF(O O) ifz>0 TiTF(
1 — T ) d ) _ =
v () {TT_TF@» 1) <0 an va(x) T;TF(

As a result, for any b’ >0 with i € {1,2}, the expected utility for agent 7 can be expressed as

L,
L,

(B b = %[F(qi,l)ﬁ—F(qi,O)]—i—/_ o (T =) + Jwr +2)p(a) de - cbf

= %[F(qi,l)—i—F(qi,O)]—l—[ UE(T(52—61)+%wT+x)<p(—x) dx — cb'

= %[F(qiv 1)+ F(q',0)] +[ viC(T(b2 —b') + %wT—x)cp(x) dx — cb
= %{F(qi» 1)+ F(q",0)] +/_ vé(x)ap(T(bz -+ %wr — x) dx — cb’, (EC.26)

where step (a) follows from the fact that ¢(z) = ¢(—z). In Step (b), the second component
holds by the commutativity property of convolution, i.e., [%_ v&(T(b? —b') + twr — 2)p(x)dx =
o ve (@) (T (0> = b') + wr — )de. In addition, with the expressions of vf,, we may further derive
that

vl (b1, 5?)
= Z[F(0,1) + F(0,0)]

0 o0
+ [m =ZF (0, 1)<p(T(b2 —b") + swr — x) dz +/O T;TF(()»O)SO(T(IJQ —b') + Jwr — x) du— cb'

el T

F(0,1) + F(0,0)] + Z=7 F(0,1) (1 —®(T(B* - ) + ;m)) + T F(0,0)0 (T —b) + Lur) — bt

_ T[F(O,1)+F(O,O)¥2+(T7-r)F(O,l) _ %[F(O, 1) — F(O,O)](I)(T(bQ b+ %w7_> bt

Similarly,

V(B2 bY) = T[F(1,1)+F(1,o)]T/2+(T—T)F(1,0) i %[F(L 1) — F(I,O)}CD(T(bQ b+ %un') —cb?,

With both agents’ utility functions in closed form, let us prove all the claims below.

13 We would also like to remind the reader that the superscripts throughout the proof, such as ¢*,b* and D¢ all refer
to the agent index rather than the power function.
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Claim (i). It holds that

WD (T 7)[F(0,1) ~ F(0,0)](T( ~b') + bur) —c:

P = (T =)F(L1) ~ FLOJp(T( ~ 1) + ur) —c

. . ) () av2(b2,bh) 1 72 iy
Since F' is strictly supermodular, we have == < == for all ', € R,. Intuitively, that

means the high-type agent’s marginal benefit of inflation is always strictly larger than that of the
low-type.
This observation rules out two types of Nash equilibrium. First, the first-order condition for any

R . . . . 1 2 . ovl (b1 %) 0?2 .
Nash equilibrium in the interior (i.e., b' >0 and b* > 0) requires that ST =z — =0, which
is impossible. Similarl%/, 1th2e first-order 200211dlition for any pure-strategy Nash equilibrium with ' > 0
and b% = 0 requires W =0 yet % < 0, which is also impossible.
Claim (ii). Fix b* = 0. Pick (T —7)F(1,1)¢(0) = (T — 7)F(1,1) \}? < c. This happens when 7T is
sufficiently small, 7 is sufficiently large, or c is sufficiently large. Then

8”23‘55’0) = (T—T)[F(l,l)—F(l,O)]cp(Tb2+§wT) —¢ < (T—7)F(1,1)¢(0) — ¢ <0.

Thus, the marginal benefit of inflation is negative for any »* > 0, and we can conclude that the
high-quality agent would not inflate when b* = 0. Similarly,

8”13(511’0) = (T_T)[F(Ovl)_F(an)]ﬁp<—Tbl+%w7') —¢ < (T—7)F(1,1)¢(0) — ¢ <0.

Hence the manipulation-free profile is a Nash equilibrium.
Claim (iii). In light of Claim (i), it is left to be seen that there is no pure-strategy Nash equilibrium
(b',0%) where b* =0. Now, fix b' =0. It follows that

PDAED — (7~ )[F(1,1) - F(1,0)]ip (T8 + Jwr) —

is a decreasing function in b%. In addition, %‘ , = (T=7)[F(11)— F(l,O)]gp(%wT) —c. We

prove the first two claims in Case 1 and the last claim in Case 2.
Case 1: ¢ is small or T is large (for fixred n). Fix n and suppose T is sufficiently large or ¢ is

sufficiently small such that (7' —7)[F(1,1) — F(l,O)]np(%wT) > ¢. As a result, the function v?(+,0)
first increases and then decreases. Hence, agent 2’s best response to b' = 0, denoted by b?, satisfies

(T =7)[F(1,1) = P(1,0)]p(T + wr) = c=0.

Recall that ¢ is the pdf for a zero-mean normal distribution with variance 277?% ie., o(r) =
2
; /7]4-171'7 exp(——4fn2>. Solving this equation gives

2,1 _ c 2,1 _ T—n)[FALH-F1,0)]Y) _ T
¢(Tb*+§w7') = TooFaOFa] — Tb*+2w7—2n\ﬁ\/log( Py ) =0O(y/log ).
However, we next show that agent 1’s best response to b2 is not b' = 0. To see why, note that
vl(sa bi) - Ul(oa bi)

= T (F0.1) = FO.01[S(T% + Jur) - (T —€) + jur)| —ce

2

51000~ 0o fon () - () - ) e

cnvVanrT
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where @, is the cdf for standard normal. Now, it can be clearly seen that as T'— oo or ¢ — 0,

D, (\/log((TT)[fﬁ/’??F(l’o)])) — 1 and @, (\/log<(TT)[i§f/’2?F(l’o)]> - 2;{\65) — 0. Hence v'(e,b?) —

v1(0,b?) > 0 for sufficiently large T' or sufficiently small ¢ as long as ¢ is picked to be a small quantity
independent of T, e.g., e = 0.001[F(0,1) — F'(0,0)]/c.

Case 2: m is small (for fized large T or small ¢). First, suppose T and c are properly fixed so
that (T'— 7)[F(0,1) — F'(0,0)] — cwr > 0, and let n be sufficiently small so that (7' — 7)[F(1,1) —

F(1, 0)]@(%11}7) —c¢< 0. As a result, the function v?(-,0) decreases. Hence, agent 2’s best response to

b* =0, denoted by b?, satisfies b> = 0. However, we next show that agent 1’s best response to b2 =0
is not b* = 0. To see why, note that

vl(%Jﬁ) _Ul(ovbz)
= L2 [F(0,1) = F(0,0)][@(Swr) = O( =T+ 4 + Luwr)| — 7
= T (F0,1) = FO,0)][#. (34707 = (= )] - e,

where ®, is the cdf for standard normal. Now, it can be seen that as 7 — 0, v'(%F,0?) —v'(0,b2) —
TZ[F(0,1) — F(0,0)] — ¢% > 0, which is strictly positive based on the initial choice of 7" and c.

T
|

Proof of Proposition [6} To prove the claim, we suppose towards a contradiction that there exists
a pure-strategy Nash equilibrium in Ty o, which we denote by b= (b',...,b"). We separately discuss
two cases.

Case 1: The inflation profile b has ties. Fixing ¢ € [N], an inflation tie means that there exists
j # 1 such that 0* = 0/. Recall from and that the agent i’s utility satisfies v'(b',b~%) =
F(g', HN (b |b77)) —cb’, where HN(0'[b™") = 55 Zpernp iy L{P* < b'}. Note that there is a strictly
positive jump of HY (b*|b~%) at the value of b’. In other words,

: N (i —i\ _ N 1i | p—i 1
lim HY(b'+p| ™) = HV (' [67) > w5 > 0.

This is because agent 7 is “boosted” by one position by out-inflating agent 7 by p given that b* =07.
Therefore, due to Assumption [(i)l we have
pli{(gl+v ' +p,b7") =7 (b",b7") > 0.

Therefore, we can construct a strictly profitable deviation for agent i. There exists a small number
p >0 so that the utility of agent i with action b’ + p satisfies

o' (b +p,b7") > (b)) —cp,

In other words, agent ¢ finds it strictly beneficial to deviate from action b* to b® + p. But that
contradicts the assumption that b is a pure-strategy equilibrium.

Case 2: The inflation profile b does not have ties. Suppose b does not have ties. Let i,j € [N] be
two agents with adjacent ranking positions, i.e. HY(b7|b~7) = HN (b'|b~") + 5. Because of the
monotonicity of HY and the fact that b does not have ties, it holds that b* < b’. Therefore, for
sufficiently small € < (07 — b%)/100, we have HY (b |b=7) = HN (W —e|b™7). In other words, agent j
keeps the ranking position by slightly inflating less. Therefore, the utility of agent j with action b’ —¢
satisfies

T —e b ) =F(q, HY (Y — b)) — c(t) —&) =0 (b, b~7) + ce >0 (b, b77).

In other words, agent j finds it strictly beneficial to deviate from action &’ to &’ — e. However, this
contradicts the assumption that b is a pure-strategy equilibrium. |
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F. Generalization to the Cascade Model (Section [6.2]).

Proof of Proposition Fix an arbitrary agent ¢ € [V], time period ¢ € [T, history h,_; =
{B,01,Dy,by,...,0,_1,D;_1,b, 1}, and continuation strategy profiles II(h,_;) for all agents. The
continuation value of agent i from period ¢ onward is

‘| B {Z;_t F(qi’ge) + (T_ 7_) IEl—l(ht—ﬂ [F(qi,ﬁ) ’ ht—l] if t <,

(T—t+1)F(¢',o) ift>741.
(EC.27)

T
En(hzfl) [Z Rg(qi,o'e) | h;,_,

{=t

For t > 7+ 1, note that the committed ranking & is fully determined by history h.. Hence, agent
1’s continuation value is constant and independent of the continuation inflation policy.

For ¢ < 7, the first term in (EC.27), 37_, F((¢', 0¢), is independent of the agent’s strategy IT'(h;_,),
since the rankings {0, :t=1,...,7} are determined by a fixed schedule. Hence, it suffices to focus on
the second term, Eryn, ;) [F(¢",@) | hy—1]. Under the cascade model, we have:

F(¢',7)=ANr(¢") I [A—=r(@)1-0)],

jio(3)>0 (i)
where (i) is given by
. . , t—1 . T ) , T )
7(i) = 55 > D' > D'} = L S DY b+ Y b > DY,
i ji =1 (=t =1
A B

Following the same reasoning as in the proof of Proposition [4] both components A and B are inde-
pendent of agent ¢’s continuation strategy. Therefore, increasing the continuation inflation amount
>y, bl increases o(i), decreases o(j) for every j # i, and thereby increases F'(q',7). Consequently,
the conditional expectation Ern, ) [F(¢",7) | hy—1] is maximized when the entire remaining budget
is used up during the experimentation phase, which is precisely the behavior under the LSI strategy.
|

Proof of Theorem [6] For notational convenience, let us define the function:

~ 2 3
F(q,z):=Aqexp (22—1—2'— 2) ,

so that the nonatomic utility function under the cascade model, as given in , can be written as

Un(q.b) = F(q, H(b| 7)) — cb.
Intuitively, F(q, z) represents the reward for a type-¢ agent when he attains a ranking position z by
unilaterally adjusting his inflation intensity, while all other agents follow the inflation profile 7. Note
that F'(q, z) depends only on the agent’s own quality ¢ and the resulting position z even though we
are working under the cascade model. That is because when a single agent deviates unilaterally, the
ranking positions of all other agents are determined by the fixed profile 7. This makes the mapping
from the agent’s position to his reward well-defined in the nonatomic game.

This observation allows us to reduce the verification of NAE to establishing three properties: (1)
the equality 7(q) = f; %“) dt; (2) the strict supermodularity and monotonicity of F; and (3) the
strict monotonicity of 7. Once these are established, we can apply the same reasoning as in the proof
of Theorem [ to conclude that 7 constitutes an NAE under the cascade model.
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To verify properties (1) and (2), note that Fy(g,z) = \-exp (é +z— %) >0, Fy(q,2) =Ag(z+1)-
exp (%—i—z— %) >0, and %(q,z) =Az+1)-exp (%—I—z— %) >0 for ¢,z €0, 1].
Given those expressions, the proposed strategy in the theorem statement satisfies 7(q) =
d R K
5% dt. Moreover, note that Fy(q, z) =0 if and or~11y if g=0, and the cross derivative gq;; (q,2)
is strictly positive in [0,1]2. Therefore, the function F'(q,z2) is supermodular and strictly increasing

over [0,1]%. Lastly, to establish item (3), simply observe that 7'(¢) = 2q(¢+ 1) - exp %q; +q— 5) >0

2
for all g € (0,1]. Thus, 7 is strictly increasing and continuously differentiable on (0, 1]. |

Proof of Theorem [7] Let us fix T and N as required in the theorem statement. We also
introduce a few notations specific to the cascade model. First, similar to the base model, we define
the interim long-run limiting utility function under the cascade model:

v'(b,b7") = F(qi,HN(b,bfi)) —cb = M\ H (1=r(¢)) (1— %)) —cb,

N —i N —i
HN (b,6=1)>HN (b,b~1)

where HY (b',b~") is the inflation-intensity based ranking for N agents as defined in . Intuitively,
o' (b, b~") represents agent i’s long-term average utility from inflation intensity b while others play
b~". In the proof, it will be used as a bridge between v' (b, 7ty') and Ux(¢,b"). We also denote by
Cys ~ Poisson(A7N), the total number of customers arriving during the experimentation phase (who
may potentially quit without purchasing).

Now, fix ¢ € [N]. Let {x,}32, be a sequence of i.i.d. Bernoulli random variables with mean r(¢*) =
q'/N, where z, represents the fth customer’s purchase decision who has viewed product i. We also
denote agent i’s total reward during the experimentation phase as R :=Y";_, R.. We derive below
an upper bound on the probability that R’ exceeds 2\7:

P{R'>2)r} < P{R > \r(1+¢")}

CLlS

(%) ]P){ZIE[ > )\T(l-l—qi)}

= o (—%quﬁ/g))

(c)
< exp (—2)#) , (EC.28)

where in step (a), we employ a (path-wise) upper bound of R’ < 35 z,. This is due to the setup of

the cascade model: the number of customers who view product ¢ during the experimentation phase
is at most C\, and conditional on viewing, each of them making independent purchase decisions
represented by {z,}. In step (b), the sum 5% z, is compound Poisson, where the Poisson variable
Cys and the Bernoulli sequence {z,} are independent of each other. Therefore, it follows Poisson dis-
tribution with mean E[C\]-¢*/N =ATN -¢'/N = Ar¢". We then apply the Bernstein-type inequality
for Poisson random variables; see Section 2.2 in|{Boucheron et al.| (2013). Step (c) is because ¢* € [0, 1].

Now, further fix b* > 0. Also pick 7 = 3log(N?T)/\. We break the rest of the proofs into the
following steps.

Step 1: Quantify the proximity between vi(b', y") and T'(b', ty'). As an overview of the idea,
recall that the learner locks in the ranking @ during the commitment phase based all agents’ observed
signals {D;}. At the same time, the inflation-intensity based ranking is given by H™ (b, 7w5'). As in
the base model, the main idea is to bound the discrepancy between @ and HY (b, 7y"), and that of
the resulting reward function value.
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We further divide the proof arguments of this step into substeps, in which Step 1-1 and Step 1-2
provide auxiliary results to support the proof of the claim in Step 1-3.
Step 1-1. We show that the relative order of agents ¢ and j in terms of their inflation intensities

(i.e., bl vs. 7(q?)) is consistent with that in terms of the observed signal (i.e., D' vs. D7) with
high probability, as long as agent j is “far away” from agent i. To be precise, let s, := (2A1)/T for
shorthand notation. Consider any agent j such that |b° — 7 (¢?)| > s,. Suppose b’ — 7 (¢’) > s, it holds
that
P(D? > DY) =P{RI + T#(¢’) > R’ + Tb'}
<P{R'>T(t - 7(¢"))}
@ (EC.29)
<P{R'>2\r}
(b)
<exp(—2A7),

where part (a) uses the definition of s, and part (b) comes from (EC.28). Similarly, if 7(¢7) —b° > s,
using the upper bound in (EC.28) again, it holds that

P(D’ < D) =P{RI + T7(g) < B + T } <P{R' > T(i(¢) — b) } <P{R' > 27} <exp (~IAr).
o (EC.30)
Either way, it can be observed that I{b* > 7(¢?)} = I{ D’ > D7} with high probability. To this end,
let us define the following event

=i:={¥j such that o' —7(¢')| > s, : I{H' >7(¢')} ={D' > D'} }. (EC.31)
Invoking the union bound and the observations in (EC.29)-(EC.30)), it holds that
P(EC) <X a(aiyss, P(DP < D)+ X2 i) pins, P(DF > DI) < Nexp (—2A7). (EC.32)

As a result, this “good” event happens with high probability, too.
Step 1-2. For any ranking o, we define the set of agents ranked above agent ¢ under a ranking o as

Sl = {] #i:0(j)> J(i)}.

Conditional on the event =;, the discrepancy between SL and S

4 ' HN (b1, 7 ")
whose inflation intensities lie in the interval [b' — s, b + s,]. However, the number of such agents can
be controlled. More precisely, since @ (q) = 2q(q + 1) exp(¢*/2 + g — 3/2), for all ¢ € [0,1], we have
7(q) > 2e3/2q. Hence, for any 0 < ¢ < ¢ <1,

can only come from agents

A A
~0 N\ = >7—3/2 /2_2>7—3/2 o 2.
1(q) =7(g) = 5 e () =¢') = 5 e d —a)
Therefore, |7(¢7) — b'| < s, implies that |77(b") — ¢7| </ %sr Since {¢/} ={(j —1)/(N = 1)},
forms a uniform mesh grid on the unit interval [0, 1], the number of agents whose inflation is between

[0 — s,,b" + s,] is upper bounded by 2(N —1)4/ 2“;/2 Sy

As a result, we may control |F(¢',5)—F (¢',H"(b,7y"))|, too. Recall from (9) that with
r(¢") = ¢'/N and ¢ = 1/N, the reward function under the cascade model is given by F(¢',0) =
A Tess [(1 — ) (1 —L)]. The following technical lemma quantifies the sensitivity of F'(q’, ) with
respect to o.

Lemma EC.3. |F(¢",6)— F(q",0)] <\ <2—exp (_3|s;N\sg|> —exp <—35%V\S‘Z’|>> for any two

rankings & and ¢.
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Since [S5\ Syn 5y | and [Syyn, piy \ S5 are both no more than 2(N — 1)/ 2563/2 -, we find that
E“F(qivﬁ) —F (qivHN(biv%I:fi))’ |Ez}

<A (2—exp( NS\ S - 1)|> _eXp( w15 g0 \S§|>) 7 (EC.33)

<2\¢* (1 — exp ( -6 26?\3/2 ST))

Step 1-3. To proceed, the absolute difference between the utility in the pre-limit and the limiting
games can be bounded from above:

by = (0w

F(¢',00)] = F(¢",HY (b, %

—

"

= |E[

~

T2 ~)l

<E[7 tTle(q o) = F(q', HY (0", 75"))]]

<E[Y Fl¢,o) — F(q' BN (b 75) F(q',o0) = Fq', HY (0, 70y")| | 2]
?mmeM—pﬂ+EM§j;me»—N¢HWwﬁwﬂEJ

b , . . e
< A - Nexp (=2A7) + [FA¢' + T E[|F(q', o) — F (¢, HY (b, 7 5")) | 1E:]]

[|EFIP(EY) +Ell 7

t=1

(c) . , ) 2ce3/?
< A\¢'-Nexp (—g)n') + A" +2A¢" (l—exp(—ﬁ Ci ST))

(d) i [4ced/2T
< )\Nexp(—g)\T)+T)\+2)\(1—exp(—6 T )),

where in step (a), we use the inequality in , as well as the universal upper bound of reward
function F(q*,0) < ANq'/N = A\¢" under the cascade model. In step (b), we have once again the
gap in reward function is upper bounded by \¢* for the first 7 periods, and the bound for the last
T — 7 periods follows from the fact that o, =& in the commitment phase. Step (c¢) follows from the

observation in (EC.33). Finally, step (d) uses the definition of s, and the fact that ¢* <1.

Step 2: Quantify the proximity between o' (b°, y") and Uz(q*,b%). Since 7 is continuous and
strictly increasing, its inverse 7~ ' exists on the interval [7(0), 7(1)]. Without loss of generality, suppose
b € [7(0),7(1)]. Then, by the expression for H(b" | 7) in Equation (7)), we have H(b | &) =71 (b").
Recall that the qualities {¢'}Y, = { ]ﬁ,:ll} form a uniform mesh grid over the interval [0,1]. We now

bound the gap between 7' (b', ") and Ux(q*,b?).
7' (0, 7N — Us(a',0')]

A’ H (1 - %) (1—%)—cb' — ()\qi exp (% + H(b'|7) — g) - cbi>

Ji7(g7)>bt

=x'| T (125 — e (TG0 - HEIT) - 3)

j:7(qd)>bt

= \¢' lexp ( Z log (1— NJ;[JQl)) —exp (%—&—H(bl]ﬁ)—%)
VB

j:7 (g9 ) >b



Author: Learning to Rank under Strategic Corruption
Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS ec29

(@)
<\

log (1— X571) — (2 4 [ (v'|7) - §)

® A\t

—~
=

2
J:w(gI)>b?
Z ( i% N—sz 1 ) . <H2(§i‘ﬁ') —I—H(blﬁ') _ %)
i (qd)>bt
(¢)

=1
i3 4
<A (5t 73)
(d)
2. 3,

> () (e 3)

3:7(g7)>b?

> YRy

ji#t(g7)>bt =2

i

() (%)

where step (a) follows from the 1nequahty |exp(x) — eXp(y)| <|z —y| for x,y <0, and noting that
both 37 x4y 10g (1 — %) and 22 (b O L g(b|7) -2 2 are negative. In step (b), we use the Taylor
expansion of the logarithm in the first term. In part (c ), terms (*) and (*x) are handled separately.
Term (%) is a bit more tedious, and we summarize the result using the technical lemma below.

LEmmA EC.4. ‘Ej:ﬁ(qubi (_Nj;]ijl) B <H2(§z'|7~r) + H(bi|7) — %)‘ <x

Term (), which comes from the remainder of the Taylor series, can be bounded using the derivation
below:

Z Z N+]1ﬁ

§:7(g7)>bt £=2

N oo N
ZZ%% SZ (z@z)zﬁ'

j=10=2 =1

Part (d) holds when we assume N > 3. '
Step 3: Quantify the proximity between the pre-limit utility value v*(b*, ®y') and Uz (q",b").

v' (0, 7y = Ux(q',b')
= Ui(bi7%]§i) _Ei(bi7%]§i)

v'(b, 7y = Uz(q', ')

(a) A 4ced/? 14\
<)\Nexp( SAT )+;+2)\(1—exp(—6 « T))—i—

T N
)« osjimsys . olog(N2T) \/12063/210g(N2T) 147
O \N-3/4T 328 ) L on [1—exp| —6 oA
L exp NT Y (EC.34)

© log(N?T) 12ce3/2log(N?T) 14\
SAN AT 3= 2 12
<A +3 T + 12 T + N

i log(N2T log(N2T) 14\
_ AN O/AT/8 3Og(T) | 12v12ees2y | 08VT) | 14X

T N
_ 01 log(N?*T) 0p 1 N 03 |log(N?T) 6,1 ¢
2 T 2 NB/AT9/8 9 T 2N 2

where the inequality in (a) follows from Steps 1 and 2. In step (b), we plug in 7= 3log(N?T)/A. In
step (c), we use 1 —exp(—x) <z for x > 0. Since the choices of i € [N] and b* > 0 are arbitrary, the
first statement of the theorem follows by letting d§, := 6,0 := 2, 3 := 24V 12\ce3/2, 6, := 28 \.
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Step 4: Quantify the benefit of deviation. Building on the result in the previous step, we can bound
the benefit of deviation from the NAE-implied intensity 7(¢*). Given any b* > 0:

vl (b, 7~TN) v (7(q"), 7N o
vl (b, ') — U(q%b)+U(q ') —Usx(q',7(q") + Uz(¢', 7 (") — v (7 ("), 7 x')

(v' (', 75) = U@, 1)) + 0+ (Ux(a', 7(a") — ' (7(a), 75))
2 X

—~
S
Nai?

(EC.35)

IN

INS

’

m\m

where (a) holds because Ux (¢, b") < Ux(q",7(q")) under the NAE; in (b), we apply the uniform bound
(EC.34) twice for both components. B

Proof of Lemma We derive the following chain of inequalities.

| - $)1-4)- T0-$)0-3

jest jeSL
= H(0-8)0-2)| TL0-8)0-2)- T (-%)0-3)
jesinst JESLI\SL jesi\st
S| T (-5)0-4)- T (-%)0-4)
JESE\S JESL\SL
S - T a-9)0-0)l+h- T -9)0-%)
JESL\SE JESI\SL
(2 /\qi( 1—(1- %)msg\sﬁ;l + ‘1 —(1— %)2\Sg\sg| )
< /\qi (2 —(1- %)msg\sg\ —(1- %)msg\sg)

(%) A’ (2 — eXp(—%) _ eXp<_3S%\>53)> .

In the derivations above, part (a) is because the prefactor [];cqing: (1- %) (1 —+) is a product
of numbers strictly between 0 and 1; hence it is at most 1. Part (b) is because of the inequality
|A-=B|=]1-A)—(1-DB)|<|1—-A|+|1— B| for any two numbers A and B. Assigning A =
[Tiesivsi(1— %)( — +) and the analogous expression for B yields the desired bound. Part (c)

is because 0 < ¢/ <1, and hence we have (1 — —) (1-+)=> (1 — +)?. In part (d), note that for
x € (0,1) we have log(1 —z) > —z — STem] 2 7- Substituting z = + gives log(1 — +) > —+ — W =

—v(+gy—) =~ forall N> 2. It follows that (1— %)% :exp(Qk log(1— %)) > exp(—3%).

Proof of Lemma For shorthand notation, let

z:=7""("), and e,:=[(N—1)z|—(N—-1)z,
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so that [(N —1)z] = (N — 1)z +¢,. Here, x denotes the agent’s ranking position, and ¢, captures the
corresponding rounding error. Later, we will use the fact that 0<e, <1,0<z <1, and |, —z| < 1.
Because 7(q¢’) > b" iff ¢/ > 771(b") iff > [(N —1)x] + 1, define

N
Gdisc: Z (_N—;]]é_l> = _ﬁ Z (N_1+])

J:7(g9)>b J=[(N=1)z]+1
2
1 (N-Dates  (N-Dates | (N-Datea) 4
=an T N = - 2N2 =+ 2N2 T2
Also, define
H2(b' | 7) , 3 (77H(bY))? 3 a? 3
Gcon =——7+H(V ﬁ—*:7+ﬁ'_1bz —_—=— 4 r—-=
= (17) -5 =" o) -2 :
Then
o (eo=2) (N-DateatNa CDete,
‘Gdisc_Gcont’:‘ﬁ'i_stx_‘_ © ( N2 : ) - il 21]\)]2+€ S%)
e N- .
since we can bound the gap term by term: |=2=%| < %, ( ’”)(<§N2 Da-+es) < 12]%]1;7 _ %, and
(N=1)zteg N _ 1
v | Sz =y B

Proof of Theorem [8 Step 1. Optimality of quality-based ranking under cascade model. In
this step, we show that the clairvoyant wishes to use the quality-based ranking e to maximize the
total reward, i.e., the analogue of Assumption [(i)| holds under the cascade model. To be more precise,
we show that

Z F(q',6) < Z F(q¢',e), for every ranking 6.
1€[N] 1€[N]

While this property is fairly well known, we verify it for completeness. Without loss of generality,
pick a ranking & # e. Then there exists a pair of agents {m,n} such that m >n but §(m)=4(n) —
ﬁ, meaning that agent m has higher quality than agent n, yet is ranked one position lower in the
ranking 4. It suffices to show that the total expected reward can be improved by swapping the ranking
positions of agents m and n. To that end, define P(i) := (1 - %) (1 —¢) for notational convenience.

We decompose the total reward under & as follows:

Y F(¢6)= >, F(@.6)+N [ PO I +Pr)r(g™)

1€[N] 1€[N]\{n,m} j:6(3)>6(n)
a) i A . n m n n
YOS RN I PG (e + (™) = r(g™) (1= Q)+ P(m)r(q")]
i€[NJ\{n,m} J:6(3)>6(n)
) )
< > F(@e)+AN [ PG +Pm)r(qm),
1€[N\{n,m} 3:6(j)>6(n)

where step (a) uses the identity 7(¢7)P (i) — r(¢")P(7) = [r(¢’) — r(¢*)] (1 — ¢), and step (b) follows
from the fact that ¢ € (0,1), n <m, and the monotonicity of r(-), which implies r(¢") <(¢™). The
proof is thus finished by observing that the right-hand side corresponds to the total expected reward
under a new ranking that is identical to & except that the positions of agents m and n are swapped.

Step 2: Establish the learner’s regret. Suppose that all agents follow the NAE and consider the
action profile 7. Since 7 is strictly increasing, the corresponding inflation-intensity based ranking
satisfies H" (7, 7y") = e, which, as shown in Step 1, maximizes the learner’s total expected reward.
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We refine Step 1-2 in the proof of Theorem [7| by retaining the dependence on the quality ¢'.
Throughout this step, we use b' = 7(¢*) and s, = (2A7) /T Since 7' (¢q) = 2q(q+1) exp(¢®/2+q—3/2),
it follows that 7/(q) > %6_3/2(] for every ¢ € [0,1]. Thus, for any 0 < ¢ < ¢’ <1, we have 7(¢") —7(q) >

3/2 3/2

3:¢ %%((¢')* — ¢*). Consequently, if [7(¢7) — b'| < s, then [(¢/)* — (¢')?| < s, = 25

Therefore, any such ¢ must lie in the interval

[\/((qi)g_ 406;/27)+,\/min{1,(qi)2+ 466;/27}

The number of agents j # i satisfying |7(¢’) — b’| < s, is therefore bounded by

(-1 (\/min {1, . 4ce;/27} B \/<(qi)2 B 4ce;/27)+) |

On the event Z;, the only possible discrepancy between Si and SL N (i oy COmes from these agents.
N

Hence, by Lemma m together with the identity F(¢’,e) = F(q', HY (b',7y")), we obtain

E[F(q',e)—F(q',7) | =]

<2X\¢' (1 —exp (—3(]\2\[_1) (\/min {17 (¢")2 + 466;/27'} _ \/<(q1)2 _ 406;/27')+) )) .

The following elementary lemma will be used to aggregate the preceding bound over i.

Lemma EC.5.  For any A>0 and any q € [0, 1],

g (\/]fmﬂ{lwl2 + A} = /(e - A)+) <V2A.

We now sum over all agents. Using 1 — e™* < z, the preceding display implies that the total
contribution from the events =, is at most

Zez[;v] q <\/mm{ (') + 406;/2T} - \/((qi)2 - 466;/2T)+) .

4\/5(:6

’r . Hence

Applying Lemma [EC.5| with A = @ and ¢ = ¢', each summand is bounded by
the contribution from the event =Z; is bounded by

T — 24v2ee? (N — 1) .

6A(N —1) N 4y/2 ce?/?
T

N T

During the first 7 periods, namely the experimentation phase, the expected loss in reward is at
most ANT. It remains to bound the expected loss in the commitment phase. Using the same event

Z; as in (EC.31)), we decompose
T—1 Z E[F —F(q',7)]

—(T—7) Z [E[F(q )= F(¢',0)|ZCP(EC) + E[F(¢',e) — F(¢',7)| 2] P(Z)]
1€E[N]

2 T

exp<—:)\7) + 242X ce® 2 (N — 1)T .

<(T-71) {)\2
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On the complement event, we use the universal bound F* (¢',e)—F(q",7) < A", together with P(2¢) <
N exp(—3A7/8). Since Y_,cy¢" = N/2, this contribution is at most & exp(—2A7).
Combining the experimentation and commitment phases, and usmg T—-7< T, we obtain

N2T

A
RTS/\NT+ 9

exp (—:/\T> +24v2Ace® 3 (N — 1)

Now choose 7= 3log(N?T)/X. Then ANT=3N log(N?T), and

N2T N2T
A exp(—éx\T) _A exp(—zlog(N2T)> = %(NQT)—l/8 <.

2 2
Moreover,
24V2\ce* (N — 1)1 = 72v/2 ce®?(N — 1) log(N>T) < 72v/2 ce®/ 2N log(N>T).
Thus,
R < (3+72v2¢e%/?) Nlog(N*T) + \.
Equivalently, Ry < ¢1 N log(N?T) + ¢, where ¢1 := 3+ 72v/2ce®? and ¢y := \. [ |

Proof of Lemma If A=0, the claim is immediate. Suppose A > 0. We consider two cases.
First, if ¢* < A, then (¢* — A), =0, and therefore ¢ (\/min{l, P+AY— /(2 — A)+) < g/ + A
Since ¢ < VA and ¢® + A < 2A, the right-hand side is at most vV Av2A4 = /2 A.

Second, suppose ¢* > A. Then (¢> — A),; = ¢*> — A, and replacing \/min{1,¢> + A} by the larger
quantity /¢ + A can only increase the expression. Hence the left-hand side is at most ¢(v/¢> + A —
V@ — A). Rationalizing the difference gives q(v/@?+A — V¢?—A) = ﬁ. Moreover,

V2 + A + /7 — A >+/2¢, because the square of the left-hand side is 2¢> 4+ 2v/¢* — A2 > 2¢>. Thus
er T < < qu =+/2 A. This proves the claim.
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