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Abstract. Service system performance depends on how participants respond to design choices, but modeling these responses is
hard due to the complexity of human behavior. We introduce an LLM-powered multi-agent simulation (LLM-MAS) framework
for optimizing service operations. We cast the problem as stochastic optimization with decision-dependent uncertainty: design
choices are embedded in prompts and shape the distribution of outcomes from interacting LLM-powered agents. By embedding key
numerical information in prompts and extracting it from LLM-generated text, we model this uncertainty as a controlled Markov chain.
We develop an on-trajectory learning algorithm that, on a single simulation run, simultaneously constructs zeroth-order gradient
estimates and updates design parameters to optimize steady-state performance. We also incorporate variance reduction techniques. In
a sustainable supply chain application, our method outperforms several benchmarks, including black-box optimization and using
LLMs as numerical solvers or as role-playing system designers. A case study on optimal contest design with real behavioral data
shows that LLM-MAS is both a cost-effective evaluator of known designs and an exploratory tool that can uncover viable designs

overlooked by traditional approaches.
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1. Introduction

Service systems are driven by decisions and interactions of people. Examples include multi-echelon supply
chains (Cohen et al. 2016), innovation contests (Chen et al. 2020), and digital marketplaces (Bandi et al.
2024). A central task in these settings is to design policies, incentives, and operational levers that deliver
strong performance. These design parameters, including sustainability rules, prize structures, and platform
interfaces, shape how individuals decide and communicate. Individual choices, such as adopting a regulation,
entering a contest, or selecting a product, then aggregate into outcomes such as cost effectiveness, efficiency,
and externalities. Yet human behavior often deviates from analytical and empirical predictions, because
decisions reflect how people form beliefs, assess risks, and make trade-offs in contexts that are hard to
observe. Effective designs should therefore account for behavioral factors to capture how people respond to
design choices, as these responses ultimately determine system performance (Huang et al. 2013).

Despite broad recognition of their importance in operations management (OM), human decision processes
remain hard to model (Donohue et al. 2020). Analytical models, such as utility-based formulations, use
simplified assumptions and a small set of parameters to maintain tractability. This helps abstraction but often
misses key features of behavior. Calibrating these models for practical use also requires data that are costly to

collect in OM settings, whether through lab studies or field experiments. A further challenge is that behavior
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is not fully rational. Decisions are shaped by cognitive limits and by time and attention constraints during
the decision process (Donohue et al. 2018). These factors reduce the accuracy of traditional modeling and
analysis approaches and limit their usefulness for system design in practice.

We take a different approach. Instead of building analytical models and calibrating them with costly data,
we use large language models (LLMs) to simulate human decisions. Pretrained on extensive human-generated
text, LLMs capture statistical patterns in how people reason, communicate, and make decisions. Recent
studies report human-like behavior from LLMs across economics (Chen et al. 2023), marketing (Goli and
Singh 2024), and political science (Argyle et al. 2023). Most relevant to our paper, Chen et al. (2025) show
that GPT models largely reproduce the decision biases as documented by Davis (2018) in canonical OM
settings (e.g., inventory management, sourcing, forecasting, and queueing).

Beyond generating human-like behavior (the response), LLMs can read unstructured, narrative-rich
information that traditional numerical simulators struggle to handle (the comprehension). Many operational
outcomes hinge on descriptive or strategic text such as advertisements, customer reviews, recommender
explanations, and chatbot replies. As native text processors, LLMs can both analyze and generate language
that responds to nuances in phrasing, sentiment, and dialogue context. This opens new possibilities for
experimentation on system designs in digital operations such as review-informed pricing, customer-service
automation, and Al-mediated marketplaces.

We treat LLMs as agents within a service system and let them interact under the given system design.
Their interactions generate system-level outcomes, which determine the design’s performance. We refer to
this approach as LLM-powered multi-agent simulation (LLM-MAS). It follows the agent-based modeling
paradigm, where micro-level behaviors aggregate into macro-level dynamics, making it well-suited for
systems with complex interdependencies (Axtell and Farmer 2025).!

We illustrate the LLM-MAS approach to system design with the following example. As Al reshapes
supply chain management (Cohen and Dai 2026), a policymaker seeks to develop sustainable policies that
balance economic viability, environmental impact, and overall supply chain well-being (Krass et al. 2013,
Cohen et al. 2016). This is our running example. We also present in Section 7 a case study on the optimal
design of innovation contests, drawing on real behavioral data.

EXAMPLE 1 (SUSTAINABLE SUPPLY CHAIN MANAGEMENT). Consider a three-echelon supply chain
with manufacturer (M), retailer (R), and consumer (C); see Figure 1. The policymaker designs sustainable
policies with two parameters: a carbon tax on the manufacturer (6;) and a consumer subsidy (#,). For
any given policy 6 = (6, 05), we simulate the decisions of all three players using LLM-MAS rather than
! Traditional agent-based models rely on handcrafted rules or simple functions to represent behavior and interaction. These rule-based
approaches often oversimplify decision-making and generalize poorly across contexts. Recent advances apply reinforcement learning
(RL) to train agents that learn more complex decision rules. However, RL assumes reward maximization, conflicting with the

evidence that people are not perfect optimizers (Allon et al. 2023). Moreover, defining reward functions that faithfully capture human
decision processes remains challenging. These limitations motivate the use of LLMs as more expressive agent models.
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Figure 1 LLM-MAS for Sustainable Supply Chain Management
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specifying their behavior analytically. The manufacturer chooses a wholesale price (WS) and an investment
level in low-carbon technology (TECH); the latter determines the system’s carbon emissions (EMS). The
manufacturer also discloses the carbon footprint (FP) to the retailer, which is defined as the percentage
reduction in carbon emissions relative to a baseline. The retailer sets the retail price (RT) and the marketing
budget (MKT), then combines the price with the carbon footprint to create an advertisement (AD) funded by
the budget. After viewing the ad, the consumer chooses purchase quantities (QUT) and reveals willingness to
pay (WTP). The ad narratives are generated by an auxiliary LLM, and the consumer interprets the ad and acts,
highlighting the strength of LLM-MAS at processing unstructured information end to end. The system state
(&) includes all agents’ decisions (i.e., TECH,WS,MKT,RT,QUT,WTP) and the resulting outcome (i.e., EMS).
The policymaker evaluates each policy using F/(6;£) = —( SCWF(6;€) — FISC(6;&) — ENV(E)), which
balances supply chain welfare (SCWF'), fiscal costs (FISC), and environmental externalities (ENV). The
goal is to choose policy parameters that optimize long-run system performance over multiple rounds of
interactions among the three agents.
Inspired by this example, we pose the following question:
“How can LLM-MAS be integrated into system design optimization?”

To address this question, we propose a principled framework (Figure 2). A system designer seeks to
optimize design choices using the dynamics generated via LLM-MAS, where LLM-powered agents serve
as silicon proxies. This framework casts the problem as stochastic optimization with uncertainty driven by
LLM-generated responses, facilitates the development of optimization algorithms, and accommodates any
off-the-shelf LLM. We use these models as is, assuming that LLMs can accurately simulate human behavior
in the application of interest, so we do not fine-tune or post-train models within LLM-MAS. (Calibrating
models to improve behavioral fidelity is outside the scope of this paper.) This assumption is supported by
our case study on optimal contest design, where the LLM-MAS, implemented with an open-source model,

effectively reproduces the lab experiments of Huang et al. (2026) involving hundreds of human participants.
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Figure 2 LLM MAS for System Design Optimization
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Note. (i) Wy is the one-round simulation of system state £. (ii) pg is the stationary distribution for a given design 6.

This framework serves as a digital twin that links theory to practice and complements existing approaches
to system design optimization along two dimensions. (i) Evaluation (bridging theory and reality). It narrows
the gap between elegant theoretical models and complex real systems. By testing theoretical solutions
in LLM-MAS, it relaxes idealized assumptions and checks robustness under realistic conditions. This is
particularly valuable in domains where human behavior shapes outcomes, clean models fall short, and
behavioral data are costly to collect. (ii) Exploration (providing a silicon sandbox). It enables structured
exploration of alternative designs in a controlled, synthetic environment. The testbed helps find designs
that perform well when human behavior plays a crucial role, which is often analytically intractable, while

reducing the time and resources needed for lab experiments.

1.1. Main Contributions

1.1.1. Modeling. We formulate system design via LLM-MAS as a stochastic optimization problem
with decision-dependent uncertainty, represented as a controlled Markov chain. Design parameters enter as
prompt variables for each LLM-powered agent, which shift the distribution of token outputs. This token-level
randomness yields text responses that encode each agent’s behavior, and over multiple rounds of interactions,
these behaviors aggregate to determine system performance. We construct a system-level Markovian state by
identifying compact, meaningful variables from sequences of LLM prompts and responses that constitute the
agents’ observations, communications, and actions. This representation clarifies how design choices drive
the evolution of uncertainty in LLM-MAS and provides a foundation for efficient learning algorithms for

system design optimization.

1.1.2. Algorithms. We develop a new algorithm to address two challenges from the resulting stochastic
optimization problem. The first is gradient computation. With decision-dependent uncertainty, the gradient
depends on the conditional distribution of the system state given the design. In LLM-MAS, this distribution
is intractable. The uncertainty varies with design parameters in complex ways and arises from numerous
sources. We use a zeroth-order method that constructs gradient estimates from function evaluations, which

removes the need to explicitly model the conditional distribution.
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The second challenge concerns steady-state evaluation. A direct approach requires many trajectories of
the controlled Markov chain, each with many rounds of agents’ interaction, to approximate the steady-state
distribution. This is computationally prohibitive considering LLM inference latency. We propose an on-
trajectory learning algorithm which, within a single simulation run, simultaneously estimates gradients and
updates design parameters, but on two timescales for convergence. It learns from the full sample path, instead
of just the terminal state as in conventional multi-trajectory methods, thereby reducing LLM queries.

On the theory side, we establish the convergence of our proposed algorithm through the lens of stochastic
approximation (SA) with adaptive Markovian data. This setting arises because the transition distribution is
not fixed but depends on the current iterate, which itself is updated based on the data collected thus far. We
adopt a Poisson equation approach to address the temporal dependence present in the data. By leveraging the
smoothness of its solution, we bound the gap between the zeroth-order estimator and stochastic gradient
under the transition distribution while controlling the deviation from the steady state.

Furthermore, we incorporate two variance reduction techniques to enhance the algorithm’s efficiency:
one exploits the known structure of the performance function (guided perturbation), while the other utilizes

information from the algorithm’s iterates when such structure is unavailable (residual feedback).

1.1.3. Empirics. We demonstrate the practical value of the LLM-MAS framework through two appli-
cations: sustainable supply chain management and innovation contest design. In the supply chain setting, our
methods are benchmarked against Bayesian optimization, LLM-as-a-Solver, and LLM-as-a-Designer. Across
all benchmarks, our algorithm and its variance-reduction variant achieve superior performance. The results
offer two key insights. First, modeling uncertainty as a controlled Markov chain exploits the probabilistic
structure of LLM-MAS for greater computational efficiency. Second, relying on LLMs alone is insufficient
for system design; effective solutions require rigorous stochastic formulations and problem-specific, numeri-
cal optimization algorithms. These findings align with the growing view in supply chain management that
disruptive GenAl tools are complements, not substitutes, for traditional OM methods (Cohen and Dai 2026).

In the contest design setting, we use behavioral data from a recent lab experiment (Huang et al. 2026) to
show how LLM-MAS can both evaluate existing designs and search for improved ones. This is especially
important when human behavior matters. LLM-MAS closely replicates laboratory heterogeneity in entry
and effort decisions across designs with varying entry fees, reserves, and shared prizes. Therefore, it serves
as a cost- and time-efficient alternative to conducting new lab experiments for design evaluation. Notably,
both lab and LLM-MAS results deviate from game-theoretic predictions assuming fully rational, risk-neutral
agents, further suggesting the importance of incorporating behavioral realism into system design.

A key by-product of LLM-MAS is the rich reasoning-process data that reveal the agents’ decision logic,
which offers a level of interpretability rarely attainable with other Al tools such as RL or with lab/field

experiments lacking post-hoc interviews. For instance, reasoning traces from our contest-design case study
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can help designers assess whether a design continues to elicit effort as the liability cap scales. This, in turn,
supports more reliable evaluation of incentive mechanisms.

Furthermore, we optimize contest design. The LLM-MAS solution differs markedly from the game-
theoretic recommendation, which ties the reserve and shared prize to the entry fee and favors higher entry
fees. In contrast, our solution decouples the three design parameters, recommends a moderate entry fee, and
sets both the reserve and shared prize well below the game-theoretic counterparts. It yields a much higher
total effort (the objective) than the theoretical optimum. These results indicate that LLM-MAS is capable of

identifying viable designs overlooked by analytical models and of informing future empirical studies.

1.2. Related Works

1.2.1. LLM-MAS. Our work connects to a fast-growing literature that uses LLMs to simulate and
study human behavior in business, economics, and social sciences (Gao et al. 2024). The appeal is clear:
LLMs can lower the cost of collecting behavioral data by orders of magnitude and enable experiments
where human studies are otherwise infeasible or ethically constrained. While not perfectly replicating human
behavior, LLM-generated data still help test new ideas. A key thread in this literature builds high-fidelity
simulation environments to answer what-if questions, and thereby support counterfactual analysis, hypothesis
testing, and theory prototyping (Park et al. 2022). For instance, Allouah et al. (2025) build an LLM-powered
e-commerce sandbox to examine how operational levers and product attributes influence buyers’ actions,
providing implications for both platform operators and sellers. Our contribution advances this line of research
from design evaluation to design optimization: we use LLM-MAS across design choices not only to assess

outcomes but also to optimize performance.

1.2.2. Intersection of LLMs and OR. This research aligns with recent efforts at the intersection of
LLMs and operations (Dai and Swaminathan 2026). Prior work broadly follows two directions: LL.Ms for
operations research (OR) and OR for LL.Ms. Most studies in the first direction use LLMs for mathematical
modeling by translating natural-language problem statements into mathematical formulations, with appli-
cations to deterministic optimization (Huang et al. 2025), robust optimization (Bertsimas and Margaritis
2024), and dynamic programming (Zhou et al. 2025). Our study belongs to this stream but differs in purpose.
Instead of using LLLMs to convert text into stochastic programs for generic numerical solvers, we formulate
the mathematical model ourselves, use LLMs to simulate uncertain dynamics, and solve the problem with a
tailored algorithm that reflects LLM-specific features.

The second direction, OR for LLMs, applies OR methods to improve LLM performance, treating LLMs
as an application domain instead of as tools for OR. This line of research primarily addresses inference-time
efficiency, typically through scheduling and batching to manage the dual queues of token prefill and decoding
(Jaillet et al. 2025, Li et al. 2025); see also Mitzenmacher and Shahout (2025) for a recent survey. Our
framework also accounts for the distinctive characteristics of LLMs, but the goal is to deploy them for

simulation-based optimization rather than to enhance their internal capabilities.
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1.2.3. Zeroth-Order Optimization and SA. The proposed algorithm falls under zeroth-order meth-
ods for stochastic optimization when gradients are unavailable or costly to compute. These methods update
solutions much like gradient-based approaches but estimate gradients using function evaluations; see LA and
Bhatnagar (2025) for an introduction. Most prior studies focus on settings where the distribution of the ran-
dom variable does not depend on the decision. In contrast, our optimization problem has decision-dependent
uncertainty (Drusvyatskiy and Xiao 2023), captured by the stationary distribution of a controlled Markov
chain, which introduces complex intertemporal dependencies into the algorithm.

Analyses of zeroth-order methods typically draw on SA (Kushner and Yin 2003). We follow this practice,
but our on-trajectory learning algorithm gives rise to SA with adaptive Markovian data. This type of SA has
gained much attention due to its application to RL algorithms with policy improvement (Konda and Tsitsiklis
2003, Che et al. 2026, Li et al. 2026). However, these studies usually assume access to first-order information,

in contrast to our setting where gradients are intractable and must be estimated using zeroth-order methods.

The remainder of this paper is organized as follows. Section 2 formulates system design via LLM-MAS
as a stochastic optimization problem with decision-dependent uncertainty driven by a controlled Markov
chain. Section 3 explains how to extract the Markov chain’s state variables from text exchanges between
LLM-powered agents. Section 4 presents the on-trajectory learning algorithm to address challenges specific
to LLM-MAS and establishes its asymptotic convergence. Section 5 incorporates two variance reduction
techniques to enhance efficiency. Section 6 presents numerical experiments in a supply chain setting to
compare algorithm performance. Section 7 provides a case study on optimal contest design using real human

behavioral data. Section 8 concludes, and all technical proofs are deferred to the e-companion.

2. Problem Formulation
Consider a service system with design parameter vector § € © C R¢. We evaluate its performance through
LLM-MAS. Let £ € = be the random variable that captures the uncertainty in the system. The system
performance is measured by a cost function F'(0;&). Our goal is to find an optimal design that minimizes the
expected cost with respect to the distribution of &.

In the supply chain example (Example 1), the design 6 consists of a carbon tax on the manufacturer and
a consumer subsidy. The uncertainty £ faced by the system designer includes agent behavior and system
outcomes: the manufacturer’s wholesale price and investment in low-carbon technology, the retailer’s retail
price and marketing budget, the consumer’s purchase quantities and willingness to pay, and the system’s
carbon emissions. The cost function F' reflects supply chain welfare, fiscal spending, and environmental
externalities.

What sets this problem apart from most stochastic programs is how the distribution of ¢ is generated and

how it depends on 6. In LLM-MAS, ¢ is embedded in the prompts, shapes token probabilities, affects agent
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actions, and alters system outcomes. As a result, the distribution of & varies with 6. We therefore formulate
the system design problem as stochastic optimization with decision-dependent uncertainty:

in { £6) = e, [F:0)] . 1)

0co

where 119 denotes the distribution of £ for a given design 0. Here, the term “decision” refers to the system
designer’s choice 0, rather than the agents’ actions simulated by LLMs. In what follows, we detail the

mechanism underlying the uncertainty within LLM-MAS.

2.1. Token-Level Uncertainty

LLMs produce random outputs because they are autoregressive probabilistic models. At inference time,
the model predicts a probability distribution over the next token given the preceding context. It does so by
computing logits over its vocabulary (i.e., the fixed set of output tokens, typically subword units), applying a
softmax transformation to derive probabilities, and selecting the token according to a decoding rule.

In practice, decoding is rarely deterministic. Modern LLMs such as GPT, LLaMA, and DeepSeek decode
tokens probabilistically, with sampling parameters like temperature controlling randomness in the next-token
generation process (Raschka 2024). For example, higher temperatures flatten softmax distribution, leading
to greater variability in generated tokens. Even when two runs of simulation are initialized with the same
prompt, small sampling differences in early tokens can alter subsequent context and propagate through later
token distributions. As a result, the two runs gradually drift apart as the token sequence unfolds.

REMARK 1. Even when the temperature is nominally set to zero, identical LLM inferences are not
guaranteed due to several non-deterministic factors. (i) When LLMs are quantized to low-precision for
efficient deployment, the coarser representation increases the number of near-ties, causing tie-breaking to
occur more frequently (Yuan et al. 2025). Such tie-breaks may vary between runs, with token flips sometimes
cascading into entirely different completions. (ii) Loading a sharded LLM across GPUs can expose the
non-associativity of floating-point arithmetic. Operations such as summation may execute in different orders,
introducing rounding discrepancies that can, in turn, flip the argmax when logits are nearly equal (Dao et al.
2022). (iii) Third-party LLM services providing access to proprietary models such as GPT and Claude often
batch prompts to boost throughput. Over time, small variations in batch composition can nudge the model

toward noticeably different outputs (Rajbhandari et al. 2022).

2.2. Decision Dependence

In LLM-MAS, each agent’s behavior is simulated by prompting an LLLM with the information that a human
participant in an equivalent setting would have. The prompt specifies the current system design 6, the agent’s
persona, relevant behavior of other agents, and any private context. The LLM then processes this prompt and
generates tokens that describe the agent’s behavior. Agents subsequently interact following the sequence

defined by the simulation environment, which determines the event order and the information flow. Finally,
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Figure 3  How 0 Affects &: Hierarchical Propagation from Tokens to Agents to System
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following “I am willing to purchase ...” from lower- (e.g., “fewer”, “some”) to higher-intensity ones (e.g., “many”, “lots”).

the simulated behaviors are aggregated into a system-level outcome &, which contains the quantities used in
the performance function F'.

Because 6 is embedded in each prompt, changing 6 alters the token probabilities. These alterations, in turn,
change the distribution of agent actions extracted from the LLM outputs. Through agent interactions, these
changes further accumulate into the system state £. This hierarchical propagation explains how incorporating
0 in prompts induces a system-level distribution pg over &.

To illustrate, consider the supply chain setting in Example 1. Consumer subsidy (), one of the design
parameters, is included in the prompt provided to the consumer agent: “You receive a subsidy
of SUBSIDY dollars for each unit of product you purchase.” Here, SUBSIDY is
replaced with the actual value of 6, when prompting an LLM to generate the consumer’s purchasing behavior.
A larger 0, makes the agent more likely to produce tokens that reflect higher purchase volume, which

consequently changes the distribution of the system-level outcome &. See Figure 3 for details.

2.3. Steady-State Performance
When using LLM-MAS to simulate and optimize service systems, the system state & typically evolves over
multiple rounds of interactions among agents, and should be treated as a stochastic process, taking the value
€@ in round t. This dynamic mirrors reality: human participants need time to interpret new rules, observe
others’ responses, and adjust their own strategies. Only after a period of adaptation do collective behaviors
converge to stable patterns, at which point the effects of a system design reveal its long-term performance.
Accordingly, we focus on steady-state performance in this paper. A long-run perspective captures the
adaptation dynamics and delineates the distribution of outcomes after the system has equilibrated. Moreover,

once a service design is finalized, subsequent modifications are difficult to implement without disrupting
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ongoing operations. Optimizing steady-state behavior ex ante can reduce the risk of costly reconfigurations
and mitigate operational instability. In the next section, we show that, by appropriately extracting information
from LLM outputs that encode agents’ behavior, () can be modeled as a controlled Markov chain. Consistent
with this focus, g in (1) represents the stationary distribution of the chain for a given 6. (The methodology
developed in this paper also applies to finite-time performance, including problems with fixed operational

horizons or round-based settings such as contests and auctions.)

3. LLM-MAS as Controlled Markov Chain
We begin with a general formulation of LLM-MAS and specify key elements from the agents to define the

system state £(¥): agents’ observations of the environment, inter-agent messages, and agents’ actions. We
then revisit the supply chain example to show how to identify these elements in practice. Next, we detail how
to prompt LLMs, with particular emphasis on incorporating numerical quantities in the inputs and specifying
the required outputs. This setup allows the system state to be extracted from textual LL.M outputs round by

round, completing the update from £ to £(+1),

3.1. System State
An LLM-MAS system is represented by the tuple (G, Uy, T'): a directed graph G, a one-round simulation
operator Wy, and a time horizon T'. The graph G is defined by an index set A/ of agents and a matrix M that
encodes directed interaction links, typically representing information, product, or cash flows.
Each agent i € NV has five modules: profile, perception, communication, LLM, and memory. In each
simulation round t =1, ...,T, these modules operate as follows and the order of events is shown in Figure 4.
(1) Profile. Defines the agent’s functional role R; and, optionally, heterogeneous attributes y; that capture
individual characteristics (e.g., risk aversion) and social preferences (e.g., propensity to collaborate).
(ii) Perception. Specifies the agent’s observation Olm. It reflects interactions with the environment, not
with other agents. The observation may include individual information (available only to the agent)
and/or shared information (available to all agents). In the supply chain example, the manufacturer’s
carbon emissions are part of the shared observation. In an auction, a bidder’s valuation of the item
being offered is part of the individual observation.
(iii) Communication. Captures the agent’s interactions with others. Let M = | J Ml (Mi(i)j, Mi(i)j)
denote the collection of information extracted from the exchanges over its links, including outbound

(sent to 7) and inbound messages M, )

messages MY i

1—7]

(received from j) for j € M[i], the set of
agents with which agent ¢ communicates. Each message may contain numerical or textual content.

(iv) LLM. Serves as the agent’s behavior generator, producing the action Agt) based on the system design
f and the contextual information. In each round, the agent may obtain new information from the
environment and other agents, both before and after acting. Only information available before the

action is provided to the LLLM as context for reasoning. This context also includes information from the
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Figure 4  Order of Events
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Note. Contextual information is the inputs, beyond the system design 0, that are provided to the LLM to simulate the agent’s action.

previous round. Information that arrives after the action is recorded and carried to the next round via the

tPreA) and a post-

memory module. Accordingly, we split the observation Ogt) into a pre-action part Og
action part O\"**™_We apply the same practice for communications: M = (M PN Pty

(v) Memory. Stores this round’s new information Hi(t) = (OE”, Mi(t), Al(-t)), including the agent’s observa-
tion, communication, and action.

The system state at the end of round ¢ is the collection of new information from all agents: £ = J, v H i(t).
We emphasize that components of Ol(t), M i(t), and Agt) are typically numerical, possibly containing textual
content. They should be properly embedded within the LLM prompts and subsequently extracted from the
LLM outputs (see Section 3.3). The state transition to the next round is governed by the one-round simulation
operator Wy, which maps £® to £“+1) under the system design 6.

Iterating ¥, over the horizon 7T yields the trajectory {£® : ¢ =0,1,...,T}, where each state depends
only on its immediate predecessor. Thus, the LLM-MAS dynamics are Markovian. With 6 fixed along the

trajectory, the system state forms a controlled Markov chain, since the distribution of agents’ behavior

simulated by LLMs is affected by 6 (see Section 2.2).

3.2. lllustration with the Supply Chain Example

In Example 1, the system has three agents with different roles: manufacturer (M), retailer (R), and consumer
(C). Consider the retailer. In each round ¢, its action Ag ) consists of a retail price RT® and a marketing
budget MKT®). These are chosen using the previous round’s memory H, F(f_l) and the pre-action message
from the manufacturer M, ,gtj’;j‘“. After acting, the retailer calls a tool (simulated by an auxiliary LLM) that
uses RT® and the footprint FP(®) to generate the ad narratives AD® under the budget MKT®. It then sends
(RT®, AD®) to the consumer. After the consumer acts, the retailer receives the purchase quantity QUT®).

(t,preA)

The retailer has no pre-action observation, so Og = . Its pre-action communication is the message

from the manufacturer )/, é?_p,(jA) = (Ws®,Fp®). Its post-action communications include the message sent
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Table 1 Components of System State in Example 1

,preA ,postA
R O(t,preA) M(t preA) A(t) O(t,postA) M(t postA)
sending receiving sending receiving
M %) %) %] WS, TECH EMS WS,FP (to R) QUT (from R)
R 1) %) WS,FP (from M)  MKT,RT %) AD,RT (to C); QUT (to M)  QUT (from C)
C %) @ AD,RT (from R) WTP,QUT %) QUT (to R) @

Note. WS: wholesale price; TECH: level of investment in low-carbon technology; MKT: marketing budget; RT: retail price; WTP: willingness to pay;
QUT: purchase quantities; EMS: carbon emissions; FP: carbon footprint; AD: advertisement narratives. See Example 1 and Figure 1 for details.

(t,postA)

to the consumer M{P&™ — (RT®) AD(!)) and the message received in return M PS™ = ouT® after the

consumer acts. There is no post-action observation. Thus, at the end of this round, its memory module stores

,postA
MF(:—?C )
—
HY = (ws®, pp®, MKT® RT® AD® QUT®).
——
M AP M{PEN

The other two agents’ observations, communications, and actions are defined similarly, with details

provided in Section EC.1 of the e-companion. Table 1 summarizes these results.

3.3. Prompting LLM-Powered Agents: From Numbers to Text and Back
The system design optimization in (1) is numerical, with the design parameters ¢ and the system state &
represented numerically.? In contrast, LLMs are text-native. They process inputs and produce outputs as
sequences of tokens. A distinctive feature of LLM-MAS, compared to traditional simulation, is its semantic
interface. This interface connects numerical data to text-based LLLM queries through carefully constructed
prompts, which facilitate embedding numbers into text and extracting them back out.
The data flow for simulating an LLM-powered agent’s action is
4

~—

contextual information prompting action

( 0 7Hi(t—1),Oz(t,preA)7Mi(t,preA) ) emﬂng Xi(t) S LLM —s yi(t) extra—cﬁ>0n A(t) ‘

design

Here, the design and contextual information are embedded into the prompt Xi(t). Querying the LLM with
this prompt produces the textual output yf”, from which the agent’s numerical action Agt) is extracted.
Both the embedding® and extraction steps make use of a prompt template (Figure 5). The left panel presents
a generic template for prompting an LLM. It serves as a reference and can be adapted if alternative wording
proves more effective in eliciting human-like behavior for a particular application. The right panel provides a
concrete instance of the consumer agent from the supply chain example. The template has five primitive
blocks, shown in different colors: agent’s role (yellow), its attributes (green), system design (red), contextual
information (gray), and output requirements (blue). Once defined for a specific agent, with the role R; (e.g.,
“consumer”) and attributes y; (e.g., “eco-aware”), the template remains fixed throughout LLM-MAS.

2We focus on problem instances where only the numerical components of £ are involved in F.

3 Here, “embedding” refers to populating prompt templates by replacing semantic variables (e.g., SUBS IDY) with specific numerical
values (e.g., 1). This differs from “token embeddings”, the high-dimensional representations of tokens in the latent space learned by
LLMs during pre-training.



Authors’ names not included for peer review
Article submitted to Management Science 13

Figure 5 Prompt Template

Configure agent’s
[SRUtBiEES ] heterogeneous attributes} Your attitude toward sustainability is eco-aware.

Provide background information.

You receive a subsidy of SUBSIDY dollars for each
# System Design

Explain and purposes.

unit of product you purchase.

# Interaction Protocols

Explai . - In the current round:
xplain action processes and communication
. L * Product price is IRTE
among agents (provide hints if necessary).
+ Product ad is [N8).
# Contextual Information In the last round:
« Provide pre-action and + Product price was [(§1.
in the current round. + Product ad was [
+ Provide [[3110%] from the last round. * Your willingness to pay was IWTP}
* You purchased [0]8§ units.
# Tasks
Request LY easoning]

Respond in format ““json {"WTP”: Al, "QUT”: A2,

# Answer Format
A JSON-like object includes exclusively required “Reason”: RJ™.
fresponse fieldsh Replace A1, A2 and R with your chosen values.

Note. Left: General structure, highlighting the key information to be embedded. Right: Concrete instance for the consumer agent in

Example 1. Ellipses represent additional details that help the agent interpret the highlighted content.

At run time, only the content inserted in the designated placeholders (black) varies. The content includes
the design 6 (e.g., SUBSIDY) and contextual information (™", O%P*» N“P™) relevant to the agent’s

tpreA) — g5), the pre-action commu-

action. For the consumer agent, no pre-action observation is available (OE
nication includes the retail price and the ad narratives communicated from the retailer (Mi(t’prEA) = (RT,AD)).
The carried-over information from the previous round H, i(tfl) includes RT, AD, willingness to pay (WTP),
and purchase quantity (QUT). See Table 1.

To simulate an agent’s behavior, we prompt the LLM to generate specific actions and prescribe the output
format in the prompt. A common choice is a structured JSON (e.g., ~~~json {"WTP": Al, "QUT":
A2, "Reason": R} 7). The desired output includes the action fields Agt) (e.g., "WTP" and "QUT")

and an auxiliary field (e.g., "Reason") as a lightweight chain-of-thought reasoning for the chosen actions.

We then parse the output string y}” to extract A1 and A2 and convert them back to numbers.

4. Algorithm
A standard approach for solving the stochastic optimization problem (1) is to use first-order methods. For

example, we can iteratively update the estimate of the optimal solution through

Orr1 =o (0 — 0V f(0k)), (2)

where 6, is the iterate at step k, 1, > 0 is the stepsize, and IIg denotes the Euclidean projection onto the
feasible set ©. However, applying this method in the setting of LLM-MAS poses distinctive challenges. In
the following, we first describe these challenges, then develop an algorithm to address them, and finally

discuss variance reduction techniques to enhance the algorithm’s efficiency.
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4.1. Technical Challenges

The first challenge is gradient computation. Because the uncertainty is decision-dependent, we cannot
calculate the gradient of f(0) = E,.,,[F'(0;£)] by differentiating F'(0; &) alone. This issue is commonly
resolved using a change of measure. Consider a probability distribution x on © that is independent of ¢ and
dominates iy (i.€., L is absolutely continuous with respect to «). Under regularity conditions that permit

interchanging differentiation and expectation, one can show that

VF(6) = Ecen | VaF (6:€) L(8: ) + F(6:§) Vo L(6:6) |, 3)
=h(0;€)

where L(0;€) = (dpe/dr)(€) is the likelihood ratio (i.e., the Radon—Nikodym derivative) of p, with respect
to ; see L’Ecuyer (1990). When (3) holds, h(0; &) is an unbiased estimator of V f(6). Plugging it into (2)
yields the stochastic gradient descent algorithm.

In LLM-MAS, however, h(0;¢) is intractable. Even though we may choose any #-independent distribution
K, the likelihood ratio L(6;¢) is generally not computable because 114 is highly complex. Given 6, the
generation of £ is autoregressive, multi-agent, and multi-round: each token depends on the full prior context,
and messages pass among agents over successive rounds, so small early random changes can cascade into
large downstream shifts, creating deep dependencies. As noted in Remark 1, additional randomness arising
from LLM quantization, floating-point arithmetic, and batching of concurrent requests further increases
the complexity of p, rendering L(6;¢) practically intractable to evaluate. We address this challenge with a
zeroth-order approach that estimates V f (f) from noisy function evaluations of f(6) (with a controlled bias),
avoiding the need to know or learn pig.

The second challenge concerns steady-state performance. We cannot directly draw independent samples
from p, the stationary distribution of the Markov chain. Instead, we can generate a long trajectory and use
the terminal state (™) to approximate j1y when T is large enough. LLM queries are costly because inference
time scales with the number of tokens processed: the model first encodes the input tokens (prefill stage), then
generates the output tokens one at a time (decode stage), conditioning on all previously seen tokens due to its
autoregressive nature, and each token goes through the deep transformer layers. Consequently, long prompts
and responses incur proportionally high computational costs. In the multi-round, multi-agent simulation,
each round may need several queries per agent to generate actions and exchange messages, so token usage
scales with both the time horizon and agent count. Therefore, simulating a sufficiently long trajectory is
token-intensive and suffers from high latency. In the supply chain example, a 100-round simulation takes
roughly half an hour on a local server with a small model (e.g., LLaMA3.1-8B).

The high cost of generating a long trajectory makes it prohibitive to use independent samples of £(7) for
each iterate ,, in the recursion (2). Instead of simulating many trajectories, we propose an algorithm that

uses one single trajectory across optimization iterations to achieve substantial savings in LLM query cost.
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4.2. Zeroth-Order Approach

For simplicity, assume for now that, given 6, we can sample £ from the stationary distribution pg (we relax
this later). We estimate V f () by evaluating F'(6; &) at small perturbations of 6, with each £ generated from
the corresponding perturbed py. Many zeroth-order methods follow this framework; see LA and Bhatnagar
(2025). We adopt a gradient estimator based on randomized, simultaneous perturbations (Nesterov and
Spokoiny 2017), which is known for its ease of use and sample efficiency in multi-dimensional settings.

Consider a smoothed counterpart of the objective function f(6):

f5(0) = Eunl f(0 + 6u)], @

where 6 > 0 is the smoothing parameter (i.e., perturbation radius) and u € R? is a zero-mean random
direction drawn from a d-dimensional distribution A. When 0 is small, f5(#) and its gradient V f5(6) closely
approximate f(60) and V f(0), respectively. We take A = N (0,d~'1,), the standard multivariate Gaussian

distribution normalized by the dimension d, which ensures E,, . [||u||?] = 1. By Stein’s identity,

d

Vis(0)= gEu~A[f(9+5U)U], (5)

which leads to the unbiased estimator of V f5(4):

G(0;€5,u,0) = 2% (F(0+46u;&") —F(0 —o0w;€7))u, u~N(0,d"1), (6)

where £* = (£+,£7), drawn from the perturbed distributions jig. s, and jig_s,,, respectively.

This estimator uses two samples of £ associated with a pair of symmetric, random perturbations of ¢, which
is query-efficient for LLM-MAS. In contrast, the classic central finite-difference estimator applies coordinate-
wise perturbations and needs two evaluations per dimension, resulting in a total of O(d) samples. This is often
prohibitively costly in LLM-MAS when 6 is multi-dimensional. Moreover, deterministic, coordinate-wise
perturbations tend to under-explore the parameter space compared with randomized perturbations, potentially

causing stagnation when optimizing nonconvex objectives (Chin 1997).

4.3. On-Trajectory Learning

To use the zeroth-order estimator (6) in the recursion (2), we face one main difficulty: we cannot sample
directly from 1. For any given 6, the stationary distribution of the Markov chain ¥, can only be approximated
through sufficiently long simulations of £®).

A straightforward implementation then proceeds as follows. At each iterate 6}, we simulate two trajectories,
corresponding to the perturbations 8y, + d,u;, and 8, — d,us, where §;, is the smoothing parameter and wu;,
is the random perturbation direction. The terminal state of each trajectory approximates a sample from the
corresponding perturbed stationary distribution. We refer to this approach as the multi-trajectory learning

(MTL) algorithm (Figure 6, right), because it requires many trajectories throughout the optimization.
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Figure 6  On-Trajectory vs. Multi-Trajectory Learning

Algorithm 1 On-Trajectory Learning Algorithm 2 Multi-Trajectory Learning
Input: 4o, 70, v, 5, €0, bo Input: &y, 70, a, 3, T, £, 0,
Output: Last iterate 6, Output: Last iterate 0,
1: for k=0,1,...do >LLM-MAS |. for k=0.1,... do
2 Setdp=0do/(1+k)* e =mno/(1+k)° 2 Setdy=d0/(1+k)* me=m0/(1+k)°
3 Draw u, ~ N(0,d7"1y) 3 Draw uy, ~ N(0,d"'I,)
4: fort=0,...,7—1do > LLM-MAS
4 Generate & = W(&[0) + uy) 5: Generate & = W (g0, + Suy)
5 Generate &, = V(&0 — du) 6: Generate &™) = w(¢, |0, — Spup)
7: end for
6: Compute G, = G(04; (&, )k, Or) 8: Compute G, = G(6;; ( ;’(T), 5,:’(T)), Ug, O
7. Set Oy =e (0 —mGy) 9 Set b1 =o(0r —n:Gy)

8: Generate &1 = V(& |0)

9: end for 10: end for

Note. (i) For on-trajectory learning, the round index ¢ used in LLM-MAS is dropped because it coincides with the algorithm iterate

index k. (ii) For multi-trajectory learning, the trajectory in the inner loop over ¢ is initialized as 5;"@ = fkf‘m) = 5(()0) for all k.

However, generating long trajectories between successive iterations is costly in LLM-MAS. A single
round of simulation can take tens of seconds or even minutes, and the runtime grows with the number of
agents and communication links. Waiting for LLM-MAS to finish a long trajectory before updating design
parameters is therefore excessively expensive. In addition, only the terminal state () contributes to gradient

T=1) are discarded even though they potentially contain

estimation, while intermediate states £, ..., £(
valuable information. This practice wastes LLM queries because each state transition consumes tokens,
leading to high token utilization and long runtimes while providing limited information gain per query.

To address the sample inefficiency of MTL, which stems from decoupling parameter updates from gradient
estimation, we propose an on-trajectory learning (OTL) algorithm (Figure 6, left). OTL operates on one
single trajectory, along which it updates the design parameters and concurrently forms the zeroth-order

gradient estimate using a pair of one-round simulations initialized from the same current state but executed

under two perturbed designs. Specifically, at each iteration k,

up ~ N(0,d7 1),

(Random Perturbation) & = U(&|0k + druy), W
&, = W(&10k — drus),

(Gradient Estimation) G =G0 &5 u, 61), (®)
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(Parameter Update) Orr1 = o (0 —niGr), )

(State Update) Errr = W (E&|Ok), (10)

where we write Wy(&) as WU(£|0) for notational convenience.

The OTL trajectory does not come from the Markov chain ¥, with a fixed ; instead, each state is
generated from the previous one under an adaptively changing 6 in (10). The samples £ = (&, &) from
random perturbations in (7) are generated under the transition distribution of the Markov chain with the
perturbed design parameter, rather than under the corresponding stationary distributions assumed by the
zeroth-order estimator (6). This mismatch introduces bias in estimating V f5, (0), the smoothed counterpart
of the gradient V f(6y).

To prevent the bias from hindering convergence of the iterates 6, we adopt a two-timescale scheme. The
gradient estimate GG, evolves on the fast timescale, allowing it to track the targets induced by the current
design parameter. The parameter estimate 6, evolves on the slow timescale, updating only after the gradient
estimate has effectively attained a nearly stationary consistent with 6. This two-timescale scheme is realized
by choosing the perturbation radius ¢;, for gradient estimation and the stepsize 7, for parameter updates such
that both decay with iterates k, while satisfying n;, /3, — 0 as k — co. A typical choice is §; = o /(1 + k)*
and n, =10/ (1 + k)?, where &y,m0 > 0 and o < 3; see Assumption 8 for details.

4.4. Asymptotic Convergence
As the objective function f(#) in (1) is generally nonconvex, we establish convergence to a stationary point

under the following assumptions, which are standard in the SA literature.
ASSUMPTION 1 (Feasible Set). © is a compact and convex subset of RY.

ASSUMPTION 2 (Objective Function). f(0) is continuously differentiable, and there exists a constant
Ly > 0such that ||V f(0) =V f(0")]| < L¢||0 — ¢'|| for all 6,6 € ©.

ASSUMPTION 3 (Random Function). There exist constants Ly > 0 and Cr > 0 such that |F(0;&) —
F(0';8)| < Lp||0 —0'|| forall 0,0 € © and all § € =, and |F(6;£)| < Cr forall § € © and all § € =.

ASSUMPTION 4 (Transition Kernel). For each 6 € O, let Py denote the Markov chain’s transition
kernel. There exists a constant Lp > 0 such that Wy (Py(&,-),Pa/(€,-)) < Lp||0 — &'|| for all 6,6’ € © and
all € € E, where Wy (v,V') = infror ) B¢ ¢t [||C — ('||1] is 1-Wasserstein distance with T (v,v") denoting

the set of all couplings of probability measures v and V',

ASSUMPTION 5 (Geometric Mixing). For each 6 € ©, Py admits a unique stationary distribution jig.
Moreover, there exist constants Cy > 0 and v € (0,1) such that ||P§)k)(£, ) = pe()|lov < Cu* for all
k>0andall £ € =, where Pék) (€,)) =P(W € .|£O) = ¢:0) is the k-step transition distribution from the
initial state &, and ||v — V' ||rv =1/2 [ |v(¢) — v/ (¢)| d( is the total variation distance between probability

measures v and V'.
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ASSUMPTION 6 (Transient Gradient). For each 0 € © and all { € Z, there exists a function H(0;§)
such that Vo [_ F(0;€')Po(&,de") = [ H(0;€')Py(&,dE’).

Under Assumption 6, we have V f(6) = E¢.,,[H (6;£)] by the invariance of jiy. For any given 6, this

yields the Poisson equation:

H(8:€)— V£(8) = v (€) - / Uo(€)Po(€, dE"). (11)

Assumption 5 ensures the existence of a solution v, (&); see Meyn and Tweedie (2012, Chapter 17).

ASSUMPTION 7 (Poisson’s Equation). There exist constants L, > 0 and Cy > 0 such that
(i) supgeo [[vo(8) —vo (&) < Lo[|€ = &[] forall §,§ € E;

(ii) supyee [[vo(§)]l < Ly (1 +[|€]]) for all € € E;

(iii) ||ve(&) —ver(&)|| < L,||0 — &' ||(1 + ||£]|) for all 6,0" € © and all £ € Z; and

(iv) Egropy e[| H(O;E)|?] < Cu forall § € © and all § € =.

ASSUMPTION 8 (Stepsizes). 7, — 0 and 6, — 0 as k — 00; Y, (M = 00, _pe o MOk < 00, and
> o i/ 0f < oo

THEOREM 1. Under Assumptions 1-8, the OTL iterates {0}, : k > 0} converge almost surely to the set of
stationary points Oy ={0€©:0€ Vf(0) + No(0)}, where No(0) .= {z e R : (z,9 — 0) <0,V € O}

denotes the normal cone of © at 0.

We analyze the OTL algorithm using the ordinary differential equation (ODE) approach for SA (Kushner
and Yin 2003). We treat the recursions in (7)—(10) as a discretization of the limiting ODE and show that the
iterates asymptotically track it, which yields convergence to a stationary point of problem (1).

Applying this classic approach to our setting raises technical complications due to intertemporal dependen-
cies from adaptive Markovian data. Existing work on SA with such data typically assumes access to gradients,
which distinguishes our setting. For example, Che et al. (2026) give a finite-time analysis of stochastic
gradient descent based on Lyapunov functions and characterize conditions under which the convergence rate
approaches that of the independent-noise case for objectives with structural properties such as convexity. Li
et al. (2026) further refine the rate using the Poisson equation approach. L’Ecuyer and Glynn (1994) is most
closely related to ours, which applies zeroth-order gradient estimation to steady-state stochastic optimization,
but their analysis is limited to single-server queues and relies on the queueing structure.

We also follow the Poisson equation approach. The key in our proof is to control the bias that the zeroth-
order gradient estimator (6) accumulates along the trajectory. First, we address the nonstationary bias from
the coupling of parameter updates and gradient estimates in steps (8)—(10) using the two-timescale scheme
in Assumption 8. This ensures that the transient gradient H (6;¢) (see Assumption 6) consistently aligns
with the target V f(6). Second, we control the bias resulting from the zeroth-order approach in step (7) by
exploiting the smoothness of the transition kernel under Assumption 4. This yields a bound on the gap

between the gradient estimator (6) and H (6;&). See Section EC.3 of the e-companion for details.
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5. Efficiency Enhancement: Variance Reduction

Gradient estimation in Markov chains becomes increasingly challenging as the trajectory length grows
because the variance of such estimators often rises sharply with time horizon (Asmussen and Glynn 2007,
Chapter VII). In LLM-MAS, this difficulty is further amplified by multi-agent interactions within each
simulation round. As agents adapt to one another, small local changes can spread through the system and
lead to pronounced variability, making variance reduction crucial for efficient use of LLM queries.

In the following, we introduce two variance reduction techniques from the zeroth-order optimization
literature and demonstrate how to incorporate them in LLM-MAS. They are complementary. The first applies
when F’ depends on 6 explicitly (i.e., Vo F'(6;&) # 0); it leverages the explicit coupling between the design
parameters and system performance. The second has broader scope and covers cases where F' depends on
6 only through £ (i.e., Vo F(6;&) = 0); it instead uses the information accumulated during optimization to

handle settings where the coupling between 6 and F' is implicit.

5.1. Guided Perturbation
In the gradient estimator (6), the perturbation vector « is drawn from an isotropic Gaussian, which explores
all directions equally, whereas ideally one would follow the direction of the unknown gradient V f(6). The
guided perturbation (GP) method (Maheswaranathan et al. 2019), initially developed for cases where no
noise or only independent noise is present, addresses this by using a surrogate gradient ¢ to direct the
perturbations toward more promising regions.

Specifically, the GP method samples u from a non-isotropic Gaussian N (0, Y), where the covariance

matrix X is a weighted combination of an isotropic component and a gradient-aligned component:

L o67
Yi=w— 1— .
wg T OgE

It stretches the spherical Gaussian into an ellipsoid elongated along the surrogate gradient direction. This

structure features a distinct eigenvalue w/d + (1 — w) in the direction of ¢, and d — 1 identical eigenvalues
w/d along the directions orthogonal to it. The weight w € [0, 1] controls the trade-off between exploration
and exploitation: a larger value promotes isotropic exploration, while a smaller value steers perturbations
toward the surrogate gradient. When w = 1, the perturbation distribution reduces to N(0,d"'I;) as in
the basic gradient estimator (6). As w decreases, the perturbations become increasingly aligned with ¢,
concentrating the search along that direction while reducing the variability in orthogonal directions.

The key to applying this method is the choice of ¢: it is problem-specific and should align closely with
V f(0). In our setting, when 6 enters I explicitly, Vo F'(6;£) in (3) is nonzero. Although V,F(6;&) is not
an unbiased estimator of V f(6) due to the decision-dependent uncertainty, it remains correlated with the
true gradient and is therefore informative. We set ¢ = Vo F'(0; &) to exploit this information in LLM-MAS.
Formally, let the GP gradient estimator be denoted by

GO (0:6,6%,u,0) = o (F(0+u6%) = FO —0us€ ), un NODE), (1)
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where we write >(£) to highlight its dependence on ¢ through the surrogate gradient ¢.
We incorporate GP into OTL as follows. At each iteration k, we modify the first two steps (7) and (8) to

w ~ N (0,5(&k)),

(Random Perturbation) &8 =W (&0, + Srun), (13)
& = V(&klOk — drus),
(Gradient Estimation) Gr = G (01: &, &5 un, Ok, (14)

while the remaining steps follow those in (9) and (10).

Because X is positive definite, the expected value of this gradient estimator points in a valid direction.
However, with non-isotropic perturbations drawn from A = N (0, ), G¢F(6;£,£%,u, §) is no longer unbi-
ased with respect to the gradient of the smoothed objective f5(6) =E,a[f(0+ ou)] in (4); see Lemma EC.1
in Section EC.3.1 of the e-companion. To avoid this bias, arising from the dependence of ¥(&) on ¢, that
could harm the convergence of the OTL algorithm, we vary the weight w across iterations so that the
GP gradient estimator asymptotically approaches the basic gradient estimator (6). Specifically, we set
w41 =1 — p(1 —wy) for some p € (0,1), then 1 — w;, decays geometrically with contraction factor 1 — p,
implying that w;, — 1. This scheduling enables guided exploration in early iterations while preserving the

overall convergence, particularly when the smoothing parameter decays polynomially as 0, = do/(k + 1)*.

5.2. Residual Feedback

When VyF(0; &) = 0, the system performance depends on 6 only through the distribution of £, so the GP
method does not apply. We instead use the residual feedback (RF) method (Zhang et al. 2022), originally
proposed for deterministic or stochastic settings with independent noise, and extend it to our setting where
the distribution of &, changes adaptively with the iterate 6.

Unlike the basic gradient estimator (6) and GP gradient estimator (12), both of which use only samples in
the current iteration, the RF method additionally uses samples from the previous iteration. If the noise were
independent, denoted by &, to distinguish it from £, we would estimate V f(6},) using one sample from
iteration k and another from iteration k — 1, via d6;, ' (F(0;, + Spup;er) — F(Ox_1 + Or_1Up_1;€5-1) ) s
where uy, and uy,_; are drawn from N (0, d~'1,;) as in (6). The difference between the two function evaluations
represents the residual, as it carries information from the most recent evaluation and thus gives the method its
name. It is conceptually related to the control variate method, which leverages correlations between the target
quantity and suitably chosen auxiliary variables to reduce variance (Asmussen and Glynn 2007, Chapter V).

However, in our setting the “noise” &, is Markovian, with the transition distribution changing adaptively
with the iterate 6,.. Because 6, itself is perturbed, it is necessary to specify the parameter value that governs
the transition generating each sample; that is, the random variables are to replace £, and €;_,. We therefore

define the RF gradient estimator as follows:

GRF(Hk; Uk, 51@751—;,91@—17%—17516—1,51?_1)
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d
‘:5; (F Ok + 0kun; &) — F(Or—1 + Oprwi—13&5_1) ) e, wp, up—1 ~ N (0,d7'1y), (15)

where & and & | are drawn from the perturbed distributions associated with parameters 6 +
Orur and 0,1 + 6,_1up_1, respectively. Note that the second term in (15) has mean zero; that is,
E[F(0y_1 + 0r_1ur_1;& | )ux] = 0 by the independence and zero mean of uy. Therefore, d6 ' F (0,1 +
Sp_1ur_1; &5 | )uy serves as a control variate that pairs with the first term dd—' F(6}, 4 d,uy; & )uy,, which
is an unbiased estimator of V f;, (0x) by (5), to reduce its variance.

The RF gradient estimator mirrors the structure of the basic gradient estimator G (6; £+, u, §) yet requires
only one new function evaluation per iteration, reducing the computational cost (LLM queries) by half. Rather
than explicitly performing the second function evaluation as in (6), this estimator implicitly reconstructs
it using past data. For further comparison, consider a variant G(6; &%, u,8) == d6~'F (6 + du; £+ )u that
incurs the same computational cost as the RF gradient estimator and is also unbiased for V f5(6) when
u~ N(0,d'1;). However, this estimator has substantially higher variance because it lacks a control variate.

To incorporate RF into OTL, we modify the first two steps (7) and (8) of each iteration & to

) u, ~ N(0,d"'1,),
(Random Perturbation) N (16)
E = W (&k|Ok + Orun),
(Gradient Estimation) G =G (O3 up, 01y & Oy g1, 01, &), (17)

while the remaining steps follow those in (9) and (10).

When F varies smoothly as the design parameters move from 6 _1 + 5, _1u_1 to 0y + dxuy, the evaluations
become correlated. This correlation allows the second term in (15) to act as a control variate, effectively
offsetting part of the Monte Carlo noise in the gradient estimator. As a result, the RF method retrieves the

information over the course of the algorithm’s learning process, thereby achieving variance reduction.

6. Numerical Experiments: Efficiency Comparison

We evaluate our algorithm on the supply chain example. The policymaker chooses a carbon tax 6; and
a consumer subsidy 6, to minimize the objective F'(6;¢) that balances supply chain welfare, fiscal costs,
and environmental externalities. We also incorporate agent-specific attributes to reflect their preferences
regarding sustainability initiatives. Additional details are provided in Section EC.1 of the e-companion.

We implement the OTL algorithm and enhance it with the GP method (OTL-GP) since V,F(0;¢&) is

nonzero in this example. We also consider the following benchmarks.

(i) Bayesian optimization (BO): A global optimization method that treats the objective f(6) as a black-
box and builds a surrogate (typically a Gaussian process) to guide the search for optimal solutions
without gradient information (Frazier 2018). Because BO requires independent samples of £ from the
steady-state distribution /14, each iteration in our implementation uses the terminal state £(*) of a long

trajectory (I' = 100) to approximate iy, as in the MTL algorithm.
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Figure 7  Algorithm Performance
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Note. (i) LLaMA3.1-8B is the backbone for all agents. (ii) Each one-round simulation operator W requires three LLM queries. The

additional query for mimicking the retailer agent’s tool-call (for ad-narrative generation) is not included in the count.

(il) LLM-as-a-Solver: An LLM is prompted to perform numerical optimization without domain context.
Solutions and their objective values from previous iterations are provided in each subsequent prompt to
request new candidates. In this way, the LLM refines its search over iterations, analogous to conventional
numerical optimization methods, and, like BO, explores multiple trajectories.

(iii) LLM-as-a-Solver (CoT): Similar to the above, but applies the chain-of-thought prompting technique
(Wei et al. 2022) to strengthen reasoning and help the LLLM refine later solutions.

(iv) LLM-as-a-Designer: An LLM acts as the system designer and proposes solutions using its internal
logic, without being given the stochastic optimization formulation in (1). The prompt includes the
actions of all agents simulated via LLM-MAS and the corresponding system performance from each
round. This information guides the LLM to propose improved designs over successive iterations, using
a single trajectory as in the OTL algorithm.

When comparing these algorithms, we track how the objective changes with the number of LLM queries, not
the number of iterations, because some use one trajectory per iteration while others use a single trajectory

across all iterations. The results are shown in Figure 7.

OTL reduces the objective quickly within the first 500 LLM queries. It then rebounds, declines again, and
stabilizes around 2000 queries. This pattern indicates high sensitivity to noise in LLM-MAS, even though
OTL eventually converges. In contrast, OTL-GP benefits from the variance reduction technique and shows a
steady decrease without significant oscillations. Its learning curve also drops early, though more slowly than
OTL, and it improves the solution consistently over time.

BO updates less frequently than OTL and OTL-GP because it relies on an independent long trajectory for
each sample. Within the first 500 LLM queries, it occasionally reaches low objective values, but the learning
curve then fluctuates widely and remains unstable even after 2000 queries, with large values indicative of
continued exploration. This behavior arises mainly because the high query cost of independent samples

limits the number of iterations, which slows the surrogate model in learning the objective function and delays
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exploitation, especially in the presence of heavy noise. Exploration is critical for the convergence of BO to
a globally optimal solution, but in this setting with limited query budget and noisy samples, much of the
benefit is lost, leading to unsatisfactory performance.

When used purely as a numerical solver (LLM-as-a-Solver) without domain context, the LLM performs
poorly, and incorporating CoT reasoning offers only marginal gains. The model acts as a language-based
learner, drawing on previous observations to generate new candidate solutions. Unlike BO, it neither
constructs a surrogate of the objective nor employs an acquisition function to balance exploration and
exploitation. Instead, the LLM relies on heuristics and infers patterns from text without a careful treatment
of uncertainty. Consequently, its ability to systematically explore the solution space is restricted, resulting in
substantial performance degradation.

Assigning the LLM to role-play as a policymaker (LLM-as-a-Designer) and providing sufficient application
background still fails to yield notable gains. The prompt enriches domain understanding but does not endow
the model with a principled search strategy, so it can only explore heuristically. Because the LLM operates
on a single trajectory where the temporal dependence among system states is difficult to untangle, it struggles
to judge whether a change in the solution improves or hurts the performance.

These results underscore the need to frame system design as a numerical optimization problem, rather
than relying on plain-language descriptions of the problem and directly prompting an LLM for decisions.
They also align with Simchi-Levi et al. (2026), who argue that LLMs should complement, not substitute,
mathematically grounded models for optimizing complex stochastic systems. In line with this principle, our
framework is best viewed as a human-in-the-loop approach: a human serves as the system designer, while

LLM-MAS acts as an assistive component within the system.

7. Case Study: Innovation Contest Design

We apply the LLM-MAS framework to optimal contest design. Innovation contests are open calls for
solutions to complex problems. Individuals or teams compete to submit the best ideas, models, or prototypes.
In the digital economy, contests harness global expertise at scale, cut experimentation costs, and speed up
discovery by turning hard tasks into merit-based competitions (Hu and Wang 2021, Nittala and Erat 2026).
Platforms like InnoCentive, TopCoder, and Kaggle, along with landmark competitions such as the Netflix
Prize, show how contests mobilize talent and disseminate advanced methods across industries. For a broader
discussion of innovation platforms; see Chen et al. (2020).

Consider a contest designer seeking a mechanism that incentivizes contestants to exert as much effort
as possible, thereby maximizing the expected total effort. We focus on a specific mechanism: a modified
all-pay auction with an entry fee and a reserve, which has drawn considerable interest in the contest design
literature. Under this mechanism, the designer sets a prize budget V. All contestants independently decide

whether to enter the contest by paying an entry fee £ and, conditional on entry, how much effort to exert. If
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Figure 8  Optimal Contest Design (Analytical Model)
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Note. Following Huang et al. (2026), we set N =3, V' = 120 and ¢, = 0, with ¢; drawn from Unif[1, 2] for all 7. The limiting value

of R™ is bV = 240, extracting all surplus except that of the highest-ability contestant, which occurs with probability zero.

the highest effort exceeds a threshold (i.e., the reserve é), the top performer receives the prize V' and all entry
fees, whereas the others receive nothing. Otherwise, if all participants’ efforts fall below the reserve, each
receives the same amount of a shared prize S that equals the entry fee plus a portion of V.

A salient feature of this mechanism is that the shared prize creates a chance of positive payoffs, which
encourages low-ability contestants, who incur higher costs for any given effort level, to participate. At the
same time, their entry fees are effectively transferred to the winner, raising the top performer’s payoft beyond

the base prize budget and thereby strengthening high-ability contestants’ incentives to exert effort.

7.1. Analytical Model
This mechanism is characterized by a three-element tuple of design parameters (£, é,.S). Under stan-
dard assumptions—including full rationality, risk neutrality, and independently and identically distributed
abilities—as well as a common, publicly known liability K that caps each contestant’s entry fee, Liu et al.
(2018) use a game-theoretic analysis to derive in closed form the design parameters that maximize the
expected total effort.* The optimal parameter values are expressed as functions of K. Specifically,
(E*,e",8%) = (K t(K)[(V+NEK)FN ' (¢t*(K)) - K], FN_lK) , (18)
(t(K))
where N is the number of contestants, F' is the cumulative distribution function of a contestant’s ability on a
finite support [a, b], and ¢*(K) is the cutoff separating low- and high-ability contestants. See Figure 8 for how
the optimal design parameters and the maximum total effort R* vary with K. The closed-form expressions
of t*(K) and R* are given in Section EC.2 of the e-companion.

Optimal Prize Allocation. 1f no contestant’s effort exceeds é*, each receives the shared prize S*. Other-
wise, the contestant exerting the highest effort receives V' + N K, which is the base prize plus the total entry
fees, while all others receive 0. Since each participant pays the entry fee £* = K, his net payoff becomes
— K (a “negative prize”) whenever the highest effort exceeds é* but he does not win.

4 Huang et al. (2026) further show that the same contest structure also maximizes the expected winner’s effort (when K is sufficiently

large), though the optimal parameter values may differ from those that maximize the expected total effort. We focus on the total-effort
objective; the analysis for the winner-effort objective proceeds in a similar manner.
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Individual Behavior. Under this optimal design, all contestants choose to enter irrespective of their ability,
but their efforts differ by ability. Low-ability contestants (those with ¢; < t*(K)) exert zero effort, whereas
those with ¢; > ¢*(K') exerts positive effort that increases with ability. See Section EC.2 of the e-companion

for the closed-form expression of effort and Figure 9 for an illustration.

7.2. Behavioral Data from Lab Experiments

Huang et al. (2026) conducted lab experiments to evaluate the game-theoretic optimal designs described in
Section 7.1. Six contest designs varying in the liability K and design objective were tested; see Table EC.1
in Section EC.2 of the e-companion. The experiments took place in March 2022 and April 2024 with 432
subjects recruited from a university, who were randomly assigned across six designs (72 per design). Under
each design, 72 subjects were grouped into 24 contests, with N = 3 contestants per contest.

Before each contest, participants were informed of the design and their privately known ability, which was
drawn from the interval [1, 2] uniformly at random. They then decided simultaneously whether to enter. A
contestant who chose not to enter made no further decisions. Otherwise, he paid the entry fee and chose an
effort level. Because entry decisions were simultaneous, contestants did not know how many others would
enter, so they did not know the exact prize amount until the session ended.

Across all designs, contestants’ behavior differed markedly from game-theoretic predictions; see Figure 9.
The theory predicts that (i) all contestants should enter regardless of ability, and (ii) low-ability contestants
should exert zero effort, with a discontinuity in effort at the ability cutoff ¢*( /). In contrast, entry rates in
the lab were well below 100%, rising gradually from nearly zero for low-ability contestants to nearly 100%
for high-ability contestants. Moreover, low-ability contestants exerted positive effort, and effort increases
smoothly with ability, showing no visible discontinuity.

After the experiments, a survey was administered to collect personal information from each participant,
including demographics, risk attitudes, personality traits, and cognitive reflection test (CRT) score. The CRT
score serves as a proxy for impulsive versus reflective decision-making and is widely used in experimental
economics to study strategic behavior (Frederick 2005). Huang et al. (2026) used this information to explain
the discrepancies between observed behavior and theoretical predictions. For example, while the theory
assumes full rationality and risk neutrality, participants were generally risk-averse and exhibited loss aversion,

which is a common form of bounded rationality.

7.3. LLM-MAS as a Design Evaluator

We replicate the configurations of Huang et al. (2026) to perform LLM-MAS, with each LLM-powered
agent simulating a contestant. The agents are powered by gpt-o0ss-20B, an open-source LLM from OpenAl.
The LLM prompts are adapted from the instructions given to lab participants, and each agent generates two
actions: whether to enter and how much effort to exert. To reflect individual heterogeneity, each agent is

endowed with a persona (i.e., attributes ;) randomly drawn from the pool of collected personal information.
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Figure 9  Contestant Behavior Under Different Designs
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It is four-dimensional: gender, risk tolerance (1 = “not risk-taking at all” to 7 = “extremely risk-taking”),
competitiveness (1 = “not competitive at all” to 7 = “extremely competitive”), and CRT score (0 to 3).

The simulation results are shown in Figure 9. Across the six contest designs, LLM-powered agents’
behavior closely matches that of human participants in the lab. As with humans, their effort increases with the
endowed ability, and entry rates increase from almost zero for low-ability agents to nearly full participation
for high-ability ones. This alignment is remarkable given that we did not fine-tune or post-train the model,
and it was released months before the publication of Huang et al. (2026), so data leakage is not a concern.

Because lab experiments are costly and time-consuming (the studies in Huang et al. (2026) took months,
whereas an equivalent number of experiments can be completed in days with LLM-MAS), these results
highlight the great potential of LLM-MAS as a cost-effective evaluator for system designs.

In addition to its cost efficiency, LLM-MAS offers another advantage: it can capture agents’ “real-time”
reasoning processes, providing valuable insights for performance analysis. In contrast, lab and field studies
rarely observe such data, unless gathered through post-experiment interviews. In those cases, one can only
infer the causes of deviations from theoretical predictions indirectly. The following examples show reasoning
traces help explain why contestants’ entry rate and effort mismatch the theory.

(i) Contrary to the predicted 100% entry rate, an LLM-powered agent (male; ability 1.613;
risk tolerance 2; competitiveness 2; CRT score 3) chose not to enter. His stated reason-
ing “Low risk tolerance leads to a conservative strategy of not entering to
avoid potential loss from competition.” suggests that low risk tolerance drives his con-
servative action. His inclination towards avoiding losses over chasing uncertain gains reflects his
self-reported risk attitude and competitive disposition.

(ii) Contrary to the predicted zero effort from low-ability contestants, another LLM-powered agent (female;

ability 1.287, below the cutoff of 1.802; risk tolerance 3; competitiveness 6; CRT score 2) chose to
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Figure 10  Optimizing Contest Design Parameters
Entry Fee E Reserve é Shared Prize S

T T T

Value

52.5
100

50.0 [4F

L L L L hy L & L L L
0 1000 2000 3000 4000 0 1000 2000 3000 4000 0 1000 2000 3000 4000
LLM Queries LLM Queries LLM Queries

enter and invested 100 points out of her 300-point endowment. She anticipated one other would enter
as well. Her stated reasoning “I am moderately risk—-averse but highly competitive,
so I choose to enter with a modest high investment just above the reserve

2

to maximize potential payoff while keeping cost reasonable.” implies that high
competitiveness counteracts risk aversion and leads to participation with a careful but proactive

investment. This also illustrates a trade-off between risk exposure and potential returns.

7.4. LLM-MAS as a Design Explorer

In the game-theoretic optimal design (18), the parameters are coupled through the liability K: once the
entry fee is fixed, the reserve and shared prize are consequently determined. Using LLM-MAS, we can relax
this coupling and optimize 6 = (F, ¢, .S) as independent parameters over the feasible set © = [0, 300] x
[0,1000] x [0,300]. Consistent with the lab experiments, we set the upper bound of the entry fee to & = 300.

The random quantity £ in the objective function corresponds to the vector of contestants’ efforts, over
which the expected total effort is computed. The contest is single-round, so & does not evolve over time.
We can simulate this quantity in one round rather than running a long Markov chain to approximate the
steady state, as in the supply chain example. We therefore apply the MTL algorithm to optimize 6. Here, the
objective does not depend on ¢ explicitly, but only through the distribution of £. The GP method is thus not
applicable, and we instead use the RF method for variance reduction. See Figure 10 for the iterates of the
MTL-RF algorithm.

The resulting parameters are Fopr = 71.95, éopr = 98.52, and Sppr = 55.68. The main difference from
the game-theoretic design lies in the substantially lower entry fee. According to (18), the designer should set
the entry fee as high as possible to maximize incentives by topping up the prize pool. With K = 300, this
corresponds to an entry fee of 300 and an exceptionally high reserve of 1163.60. The expected total effort is
then 232.94, as given by (EC.2.1) in Section EC.2 of the e-companion.

Under this high-fee, high-reserve design, the analytical model predicts that most contestants would exert
zero effort, while only a few with abilities close to b = 2 (because the cutoff ¢* is nearly 2) exert substantial
effort above the reserve to have a chance of winning. However, LLM-MAS shows that with such high fees

and reserves, even high-ability contestants opt out. They exert zero effort, like the others, to secure a high
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Figure 11 Total Effort Under Contest Design Optimized via LLM-MAS
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under the game-theoretic design (18). (iii) Analytical: from the analytical model (EC.2.1) under the game-theoretic design (18).

chance of receiving the shared prize, which is safer and easier than expending extremely high effort to
compete for the top prize. This, in turn, drives total effort near zero, which is precisely the opposite of what
the designer intended. Notably, setting moderately high entry fees such as £ = 90 or 100 reproduces this
phenomenon via LLM-MAS as well.

In contrast to the near-zero effort observed under high-entry barriers, LLM-MAS estimates that the design
(Eopr, €opr, Sopr) identified by our algorithm yields a total effort of 315.83, which even exceeds the analytical
model’s maximum prediction with unlimited liability (Figure 8). See Figures 11 and 12 for comparisons
across designs in total effort and contestant behavior, respectively.

Furthermore, with the same entry fee Eopr = 71.95, our optimal design features a much lower reserve and
shared prize (éopr = 98.52, Sopr = 55.68) than the game-theoretic design (Eanry = 258.06, Sanry = 111.64).
As shown in Figure 12, this configuration induces higher entry rates across ability levels, because it reduces
downside risk and makes entry appear safer to risk-averse contestants. While the per-entrant effort is
unchanged, the larger pool of entrants raises total effort (315.83 versus 298.88; see Figure 11).

By simulating how people actually behave, this case study reveals the failure of charging entry fees up to
the liability limit and shows that lower reserves and smaller shared prizes can boost participation without
increasing individual effort, which lifts total effort for the designer. This highlights LLM-MAS as a design
explorer: it allows researchers and practitioners to discover and test alternative designs that analytical models

alone would miss.

8. Concluding Remarks

In this paper, we propose a principled framework for applying LLM-MAS to optimize service operations.
Compared with traditional numerical simulation, LLM-MAS can generate and process rich information,
including numeric, textual, and other types of unstructured data. This enables comprehensive representations
of agent heterogeneity, and simulations of boundedly rational responses to system configurations and

interactions with other agents. We model the uncertainty within LLM-MAS as a controlled Markov chain,
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Figure 12  Contestant Behavior Under Contest Design Optimized via LLM-MAS
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from the analytical model under the game-theoretic design (18).

providing a theoretical basis for our OTL algorithm. This algorithm simultaneously updates the zeroth-order
gradient estimates and design parameters on a single simulation trajectory, achieving significant savings in
LLM queries. We further adapt two variance reduction techniques to address the high variability inherent in
the long-horizon, multi-agent simulations.

We demonstrate the practical value of our LLM-MAS framework and algorithm through two applications.
In a supply-chain application, OTL and its variant solve the optimization problem effectively, while the
black-box method and LLMs used as numerical solvers or as role-playing system designers fail to produce
meaningful results. This also suggests that LLMs are a complement, not a substitute, for OR/OM methods. A
contest-design case study with real behavioral data shows that LLM-MAS can serve two roles: a cost-effective
evaluator for testing known designs and an exploratory tool to uncover better designs that traditional methods
may overlook. It thus complements both analytical models and empirical studies via lab or field experiments.

Several directions remain to enhance the practical value of LLM-MAS. For example, scaling LLM-MAS to
large systems with many agents would necessitate tighter control of query costs without compromising fidelity.
Promising approaches include surrogate modeling at both the agent and system levels, streamlined multi-
agent communication, and advanced variance-reduction methods for long horizons and dense interactions. In
addition, new algorithms are needed for high-dimensional design spaces, since zeroth-order methods degrade
as problem dimension grows. Another direction is to extend LLM-MAS with a broader ecosystem of tools
and multimodalities, so that it can simulate more complex human activities and handle images, audio, video,
and graphs beyond text. This would create richer simulation environments and support applications such as

simulating consumer reactions to various advertising creatives in digital platform operations.
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Supplemental Material

EC.1. Details of the Supply Chain Example
EC.1.1. System State

Similar to the retailer (R) discussed in Section 3.2, the elements of system state £(*) relevant to the manufac-
turer (M) and the consumer (C) are detailed as follows.

Manufacturer. The manufacturer’s action A,(Vt]) consists of a wholesale price WS® and an investment
level in low-carbon technology TECH"). These are chosen based only on information from the previous
round, H, ,f,f ~Y). After acting, the manufacturer observes the carbon emissions EMS () and communicates the
wholesale price WS*) and the carbon footprint FP®) (the percentage reduction in emissions relative to a
baseline) to the retailer. Later, after the other two agents have acted, the manufacturer receives the purchasing

quantity QUT®), which is part of the consumer’s action, via the retailer.

The manufacturer has no pre-action observation or pre-action communications; i.e., O,(\,tI PeA) — M ,\(,lt Pred) —
& . Its post-action observation is Ols,t,’Pc’StA) = EMS®. Its post-action communications include the message sent

to the retailer M P%™ = (ws®, Fp(*)) and the message later received from the retailer M>%™ = ouT®.
Thus, at the end of this round, the manufacturer’s memory module stores

(t,postA)
MM~>R

——~
H{P = (TECH®, Wws®, Fp® EMS®, QUT®).
—_——

(t) (t,postA) , (t,postA)
AM OM A4M<—R

Consumer. The consumer’s action Ag ) consists of a purchasing quantity QUT) and the willingness
to pay WTP ). These are chosen using the information from the previous round, H, ((:tfl) and the pre-action
message received from the retailer Mét;p;fA). After acting, the consumer communicates the purchasing
quantity QUT® to the retailer.

t,preA . . . .
{PreA) — & Its pre-action communication is the

The consumer has no pre-action observation; i.e., O
message from the retailer M7 = (RT(), AD®). Its post-action communication is the message sent to
the retailer Mét_’fﬁsm) = QUT®., There is no post-action observation. Thus, at the end of this round, the
consumer’s memory module stores

M(t,postA)

C—R
t
HY = (ap®, RT®, wTp®, QUT®).
MERER A

EC.1.2. Objective Function

Following the notations in Example 1, the policymaker’s objective function is given by

F(0;€) = —(scwr(6;¢) — FISC(6;€) — ENV(E)),
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which captures trade-offs among supply chain welfare (SCWF), fiscal impact (FISC), and environmental

externalities (ENV).

@

(ii)

(iii)

The supply chain welfare is SCWF (6;£) = MPF + RPF +CS. Specifically, the manufacturer’s profit is

MPF = (WS —c™) QUT —0.5¢*" TECH? —f, EMS - QUT,

where ¢4 and "

are the per unit cost of production and low-carbon technology adoption, respectively.
The retailer’s profit is

RPF = (RT —WS) QUT — MKT.

The consumer surplus is

CS = (WTIP —RT +6) QUT.

The fiscal impact is measured via an asymmetric function, given by
FISC(0;€) = ((EXP — ™) ")+ + ((c* —EXP)T)*~.
In particular, the policy expenditure is computed as
EXP = —0, EMS - QUT +6, QUT,

where the first term is the (negative) total emission taxes charged on the manufacturer, and the second
term is the total subsidies granted to the consumer. The parameter ¢**¢ denotes the target spending, and
¢, and c_ are the penalty intensities for overspending (EXP — ¢®)* and underspending (c*¢ — EXP)*,
respectively; usually, ¢, > c_ meaning overspending is penalized more heavily.

The environmental externality is computed as
ENV(E) = ¢$™(EMS - QUT)?

where the parameter ¢§™ represents the monetary cost of emissions, and c¢§™ controls the curvature. The
carbon emissions evolve according to EMS*D) = (EMS) —A EMS®)*, which remains nonnegative.
In particular,

AEMS® =™ (EMSP (14 () — €™°)log(1 + TECHD).

Here, t corresponds to the round index in LLM-MAS. The parameter e represents the minimal
achievable emission level and €™ is the efficiency of emission reduction per unit of technological
effort. The random variable ¢ ~ N (0, 0?) captures exogenous uncertainty in the emission process. The
reduced emissions A EMS® depend on the extent to which the realized emissions exceed e°*¢, which
is scaled by a logarithmic term of technological effort TECH®). This captures diminishing returns to
technology: initial investments yield significant reductions, whereas subsequent investments provide

progressively smaller gains.
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EC.1.3. Agent Attributes

The attributes y; in the agent’s profile module are configured to capture key behavioral characteristics. For
the retailer, we include “willingness to collaborate”, which is equally likely to be high, moderate, or low. This
reflects the retailer’s tendency to work with the manufacturer on promoting technology adoption through
marketing efforts. For the consumer, we include “sustainability awareness”, which is likewise equally likely
to be eco-aware, eco-neutral, or eco-skeptical. This captures the degree to which the consumer is inclined to

purchase sustainable products.

EC.1.4. Experimental Configurations

The parameters in F'(6; &) are specified as follows. The parameters related to SCWE' (6; ) are generated as
P4 =1 + Unif[0, 1] and ¢*" ~ Unif[0.5, 1]; both are sampled once at initialization and then kept fixed
throughout the experiment. The parameters related to FISC(6;&) are set to ¢, = 1.2,¢_ = 0.8, and ¢*¢ = 0.
The emission-related parameters are set to EMS(?) = et = 8, ¢ = (.05, " = 3, and o = 0.5. Finally, the
parameters related to ENV() are set to ¢§™ = 0.05 and ¢§™ = 1.2.

The agents’ action spaces are defined as follows. For the manufacturer, TECH € [2,5] and WS € [6, 8];
for the retailer, MKT € [20, 30] and RT € [12, 15]; and for the consumer, WIP € [15,18] and QUT € [5, 15].
Advertising expenses are categorized into three levels, taking the values of 15, 20, and 25 for low-, medium-,
and high-quality advertisements, respectively.

The hyperparameters of the OTL algorithm are set to « = 0.75, 8 =1, and p = 0.9. BO is implemented
using a Gaussian process with a Matérn kernel (smoothness 2.5, lengthscale 1) as the surrogate model and
expected improvement as the acquisition function. The hyperparameters of LLaMA3.1-8B are configured as

follows: “temperature” is set to 1, “top_p” is set to 0.9, and “max_new_tokens” is capped at 1000.

EC.2. Details of the Case Study
As discussed in Section 7.1, under the analytical model of Liu et al. (2018), the optimal design parameters
admit closed-form expressions, given by (18). A key quantity in this design is the cutoff ¢*( K') that separates

low- and high-ability contestants:

#(K) :maX{J_l(to), Ft <<V]IIJ\(U(>N11> } ;

where J(t) =t —[1 — F(t)]/ f(t) is the virtual ability function that adjusts for information asymmetry result-
ing from the designer’s imperfect knowledge of agent abilities, with f > 0 being the density corresponding
to the cumulative distribution function F' of abilities ¢. Here, J~* and F'~! are the inverse functions of J and
F, respectively, and 1/t is the marginal benefit of effort (money left in the budget) for the contest designer.
For effort provision to be incentive-compatible, 1/, must exceed the minimum marginal cost of exerting

effort 1/b; otherwise, even the most capable contestant would abstain, and no contest should be held.



ecd e-companion to Author: Optimizing Service Operations via LLM-MAS

With the optimal design (18), the maximum expected total effort is

b N
R _/ D (I(t) = to)[(V+ NE)FV7 () — K] f(t;) dt; + V. (EC.2.1)
t*(K) =1

The model predicts that, under the optimal design, contestant ¢ exerts effort e;, depending on his ability ¢;:

0, | t; <t*(K),
ti((V%—NK)FN‘l(ti)—K)—/Z (V+NEK)F¥"'(s)— K)ds, t;>t"(K).

t(K)

€, =

Thus, low-ability contestants exert zero effort, whereas high-ability contestants exert positive effort, which
exceeds the reserve €* and increases with ¢;.

Huang et al. (2026) conducted lab experiments to evaluate six contest designs. These designs vary in the
liability K and in the contest objective (total effort versus winner’s effort), resulting in different entry fees,

reserves, and shared prizes. Table EC.1 summarizes the specifications of these designs.

Table EC.1 Contest Designs in Huang et al. (2026)

Design Liability K Objective Entry Fee E* Reserve é* Shared Prize S*
High TW 40 Both 40 136.5 80
Medium_TW 10.5 Both 10.5 30.5 50.5
Low_W 2 Winner 2 35.5 10
Low.T 2 Total 2 4.5 42
Zero W 0 Winner 0 36.5 0
Zero T 0 Total 0 0 N.A.

Note. High, Medium, Low, and Zero indicate the level of K, and 7" and W indicate whether the optimization objective is total
effort or winner’s effort. Huang et al. (2026) prove that when K is large enough, the optimal designs for the two objectives are
identical, which is case for “High-.TW” and “Medium_TW”. “Zero_T” is equivalent to a standard all-pay auction with no entry fee
and no reserve; its optimal prize allocation is winner-takes-all, and prize sharing never occurs.

EC.3. Omitted Proofs
EC.3.1. Technical Lemmas

LEMMA EC.1. Suppose the positive definite matrix ¥.(§) is given. Under Assumptions 1-2, for all 6 € ©,
E [GGP(97 57 gzl:’ u, 5):| = E(§)Vf57/\(0), u~N= N(O) 2(6))
Proof of Lemma EC.1. By definition, the smoothed gradient can be expanded as follows:

Vfsn(0) Vo f(0+0u)du=E, A[Vf(0+du)

- awe ] oo (Care )

) (27T5)|E(£)\ o <‘2152<19 —0)TE(©) (9 - e>) Vo (9)dv

- e o (g - 0EO 0 -0) 1)

— 00
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\/W/f 19exp< 557 — (- 0)T2(§)1(§_9>) 49

§—(a+2)
\/W/f Xp( 252(19 G)Tz(ﬁ)_l(ﬁ‘@)) E(g)*wfg)dzg

o T -1 1
= (277)d|2(5)|/f(0+5U) exp (—2u (€) u) 2(6) ' (6u) du
10+

_ 9—|—(5
=3(¢) 1Euw\ Y

wudu

i

(6K, Egi 9+5u &) — (9—5u;§_)u'uH

20

~MHO+Su

= 2(5)71 Euon E§+~M8+5u [
,0)]

= 2(6) " E[GT(B:6. 6%, u

where the interchange of integration and differentiation follows from the L-smoothness of f and the
compactness of ©. Here, exp (— 53z (9 — 0)TS(£) 1 (9 — 0)) f(V) ’+Oo = 0 holds because the Gaussian tail
dominates. The last equality is due to the symmetry of Gaussian. The bias of the GP gradient estimator is

thus given by [|E [G"(0;€, %, u,0)] = Vf5.n(0) ] = [(2(§) = L)V fsa(0)]. O

LEMMA EC.2. Under Assumptions 4-7, there exists a constant Lp, > 0 such that
(i) subpee [IPovs(€)]] < Lo (1+ i) for all € € Z; and
(ii) [[Povo(&) — Porve (§) < Lp [0 — 0'[[(1+[[€]]) for all 6,6" € © and all § € E.
Here, we write Py f (§) = [ Py(&,dE") f (&) for any measurable function f.

Proof of Lemma EC.2. Assumption 5 implies that the following drift condition holds: there exists a
Lyapunov function V' : = [1, 400), independent of 6, such that P,V (§) < Cy V(&) 4 C}, for some positive
constants Cy < 1 and Cf, < co. See Meyn and Tweedie (2012, Chapter 16).

For (i), observe that ||Par(€)[| < L,Po(1+[|€]]) < L, (1+Cv ||&|| + C3)) < Lp,(
L, max{Cy,1+ C{ }. The first inequality is due to Assumption 7-(ii), and the second inequality is by the

), where Lp, :=

drift condition.
For (ii), by triangle inequality, ||Pyr4(&) — Porvgr (§)[| < [[Pove(§) — Porve(§) | + [|Porve(§) — Porver (€) |-

For the first part, we have

Pos(€) — Pora(©)]) = H [ 7€) Pav—Poma) (€. )

200 ~ @I\ b e — Liofun. .
< (sup PR =) o, Pote ), Ps(e) = Lin() W (Pole, ), Po€. )

< L,Lell0 0], (EC3.1)
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where the first inequality follows from the Kantorovich-Rubinstein duality, and the second inequality is by

Assumption 4 and Assumption 7-(i). For the second part, we have

1Povs(€) — o (€)= H [ &) -l Pute.ae)
< Por (L0 — 1L+ €1)) < L6 — 0[(1 + Gy lE]l + CY) < Lo 0 — '1(1 + [€]):

where the first inequality is by Assumption 7-(iii) and the second inequality follows from (i). Combining the
two parts completes the proof, where Lp, := L, Lp. [

For the subsequent analysis, we define f(0;¢) = J=F(0;&)Pg(&,d¢’) and Fsa(0;6) = fRd 0+
du; &) N(du). Here, f (6;¢) is the expected value of F'(0;¢') with & following the transition distribution
Po(&,-) given the current state £, and f5.(6;¢) denotes its smoothed counterpart with A = N (0, I,). This
construction parallels f(#) and f5(6) in (1) and (4), except that the expectation is now taken over Py in lieu

of the steady-state distribution .

LEMMA EC.3. Suppose Assumptions 3-7 hold, and let A= N (0, 1,). Then for any £ € Z,

where L P> 0 is some constant.

Euen e ~psgiey (G0 65, 1,0)] = Bermpy e [H(O:€)]|| <0L;(d+3)2/2,

Proof of Lemma EC.3. We first show that H(0;¢) is Lipschitz continuous in # for any given & € E.
Recall the Poisson equation H (6;£) — V f(0) = v9(§) — E¢rwpy e,y [10(£')]. By triangle inequality, we have

1 (0:€) — H(0';€)|| = || (v6 (&) — Eerpy e, [v6(€)]) — (vor () = Eernmy (e e (€1)]) ]

< v (&) = vor (Ol + || Eerpy e, Vo (€)] — Eerapy, e, [vor (€] ] -
::‘(’I) ::?EI)

Bound term (I). It is easy to show that (I) < L, (1 + C¢)||6 — 0’|, where C; = ||£|| by Assumption 7-(iii).
Bound term (II). Observe that

(I1) = ||, [vs] — Ep,, [ver]

< || Ep, [vo — vior]|

=+ HIEPQ9 [1/91] — Epel [V@/] y

=(IIT) =(1V)

where Py and Py are shorthands for &' ~ Py(&,-) and &' ~ Py (&, ), respectively. By Assumption 7-(iii),
we have (III) < L, (1 + C¢)||0 — ¢’||. Applying the Kantorovich-Rubinstein duality, we obtain (IV) <
Lip(ve) - Wi (Po(&,-),Po(§,+)) < L, Lp||0 — 0’| by Assumption 7-(i). Combining the terms (I), (III) and
(IV) gives us ||H(0;&) — H(0";€)|| < Lyl||6 — ¢'||, where Ly =2L, (1 + C¢) + L, Lp. It then follows from

Assumption 6 that

Hvef(g;g)fve,f(gf;g)u = Hve </EF(0;§’)P9(€,d§')> ~ Vo (/_F(e’;f’)ng(ﬁ,dé’)>H
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= ||Eerapye.) [H(0:€)] —Eerp,, e [H(0:€)]|)
< H [e:e) - H@) pac.a0)| + H [Hwee. —Pe')(&df/)H
< LHH9 - Q/H + LHWI (Pé(gv ')7 PG/ (57 ))

<L;|o-¢], (EC.3.2)

where the penultimate inequality follows once again from the Kantorovich-Rubinstein duality, and in the last

inequality we take L; = Ly (1+ Lp). Note that

Eon EE~PYLsue,. )[ (6 fi u,6)]

- [, RO e, e.de ) P (6. ) Mak)
:/ /F (6 +0u;£7) uP(,Hu(g,d&*)/\(du):(lS/Rd F(0 + 6u; )u N (du) (EC3.3)
= f<e+5u;s>va<u>du:1 5 [0+ 5 )mu) du

;/Rd(éld)TVQf(HJréu &) pa(u) du =V, </ J(0+5u; A (d“)> = Vofin(6:5).

where the third line follows from the definition of f (0;¢), and the fourth line is by Stein’s identity with

Gaussian tail. Hence,

Bt wppssuie (G005 E5,10.0)] — By [H(8: )| = |V fon(856) - V(656)|

_ (%1)/ / (f(9+5u;r;;)—f(9;§) i, £>,u>> .
= (27T)1d/25 (64 6u;€) — f(6:€) <Vf(9;§),5u>’ ufle™ 21417 do
1 = Llul|? 5L
(27r)d/25/ 6w (|ulle™ 2117 du = -7 E[|ul?]
5 (d+3)3/2

where the second line uses (EC.3.3), E,a[u] = 0 and E, a[uuT] = I,;. The second inequality follows

directly from the L ;-smoothness of f (0;€) by (EC.3.2). The last inequality follows from an extension of

Wendel’s inequality to all s > 1, namely F(F’”(+)9) < (x+ s)* for all > 0. For integer s = n, this is immediate

since (””(Jr)")—x(x—l—l) (x+n—1)<(x+n)" For general s =n+r withn=|s| and 0 <r <1,

F(F“”(;f;) = F(F”f(jj::; ) gfg)’” <(z+n)"(z+n)" < (x+ ) by the log-convexity of Gamma function. Applying

this inequality yields E[||u||?] = 21’/2% < 2v/2 (d+P)p/ <(d+p)*?forallp>3. O

EC.3.2. Proof of Asymptotic Convergence

Proof of Theorem 1  The proof builds upon Theorem 5.3.1 of Kushner and Clark (1978). Define the
natural filtration associated with the OTL algorithm by Fj, = 0(0,,£,: 0 < s < k;u,,£5:0<s<k—1) for
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k> 1 with Fy = 0(6y,&). The sequence {Fj }>o forms an increasing family of o-algebras generated by all
random variables observed up to iteration k.

Recall the update rule in the OTL algorithm (see Section 4.3):
Ory1=1lo (9k - nkG(ek;&:@taukyék}) . (EC.3.4)

It can be equivalently written as 0y 11 = Ilg (6, — 7k (V f(0r) + Ay + Bi + Vis1)), where

Ay =E[G(0k; &5 un, 0x) | Fi] — H(0k; Erv1), (EC.3.5)
By, = H(0r;&ri1) — VI(O1), (EC.3.6)
Vi1 = G(Hksgzityuk, 0k) — E[G(Qk;fﬂt, Uk, Ok ) | Fr). (EC.3.7)

Here, A, denotes the approximation bias from the zeroth-order method; B, denotes the Markovian bias
associated with the decision-dependent transition kernel; and V., ; denotes the martingale difference noise.

Define a sequence of time points ¢; by t, =0 and ¢, = Zf é 7, for k > 1. For any (continuous) time ¢ > 0,
let m(t) denote the iterate index identifying the discrete time interval [t;, ;. 1); that is, m(t) = max{k >
0:t;, <t}. Our goal is to show that the terms A;,, By, and V},,, are asymptotically negligible, allowing the
recursion to be analyzed through the limiting ordinary differential equation (ODE).

Approximation bias. From (EC.3.5), we decompose A, into two terms:

F(0), + 6pui; &) — F(0), — Spup; &
Ak —F ( k kUWk gk )25k ( k kUWk §k )Uk :| _Efk+1NP0k(fka')[H(ek;gk-i'l)‘]:k’]
:=A§CI)
+ E§k+l"‘P0k (fkv‘)[H(ek; 1) [Fr] — H (Or; 1) -
A

(1) Control term Ag). By Lemma EC.3 and Assumption 8, we have

Z - A(I)

where the bound in Lemma EC.3 holds for all £, € =. Since the series converges absolutely, we then have

<Zm |9 45061560 - V080 < (a+3 S/Zancsk <o,

mAY =0 as k — oo.
(2) Control term A" Define Dy, = >>*_2 1, AU for k> 1, and D, = 0. Since E[A"" | F,] = 0, it follows
that E[Dy 1| Fi] = E[Dy 4+ 0 AV | Fi] = Dy, and thus (Dy, F;,) is a martingale. Its quadratic variation

satisfies
> E[|Disr — DilPFi] =Y nZ B[ ALY (17| 74]
k=0 k=0

2

iE |:HEfk+1~P9k (k) [H(Gk; €k+1)|"rk] - H(ek; £k+1)

8

E
I
o
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<4 M By by, (6 | 1 (O rsn) HQ} <4Cy Y M <0, (EC.3.8)

k=0 k=0
where the last inequality follows from Assumption 7-(iv), together with the fact that 7, decays to zero faster
than ¢, under Assumption 8. By martingale convergence theorem, D, converges almost surely and in L?. By
Doob’s L? maximal inequality, there exists a constant 60 > (0 such that for any integer j > 0 and any finite

T >0,

E sup HDk — D1y H2

m(GT)<k<m((G+1)T)

<C,E MDm«jH)T) = Dinjm ”2} —0,

as j — oo. By Jensen’s inequality,

E sup | Dx. = Dongim ||

mGT)<k<m((j+1)T)

1/2
< (E [ sup HDk_Dm(jT)HQI) — 0,
m(GT)<k<m((j+1)T)

as j — oo. Given an € > 0, define the event E;(e) := {sup,,, ;1) <k<m((j11)1) || Pk — Dm(imy|| > €} for any

integer j > 0. By Markov’s inequality, for any € > 0,

B(E(e) <c'E

mGT)<k<m((j+1)T

sup : | Dk = Doy H] :

which is summable following similar arguments as in (EC.3.8). Then by the Borel-Cantelli lemma,

P (E;(€) i.0.) =0, so almost surely, Sup,,, ;1) <x<m((i+1)7) || Pk = D) || = 0 as j — co. Equivalently,

m(jT+t)—1
Sl I T
= s=m(j

Hence, the approximation bias is asymptotically negligible almost surely.

Markovian bias. From (11) and (EC.3.6), we decompose Bj, into three terms:

By, = H(0; k1) — V() = Voy, (Eky1) — Po, Vo, (Ekv1)

= (V@k (€k+1) - ng Vo, (gk)) + (ng Vo, (gk) - P9k+1 Vo1 (ékJrl)) + (P9k+11/9k+1 (§k+1) - P(.)k Vo, (§k+1)),

—5M — gD — gD
=By =By =By

where B,g) , B,iH), and B,im) represent martingale, coboundary, and residual term. Our goal is to show that

there exists a constant 7" > 0 such that

m(jT+t)—1
. (i) _ .
lim supmax ;T) Nss1B! 0, a.s. V(i)e{(®),I),II)}. (EC.3.9)
- s=m(J

For convenience, define S\ = ZI:;S ns+1BY for (i) € {(I), (IT), (I11) }.
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(1) Analyze martingale term B ,gl). It suffices to show that for some 7" > 0,

lim sup HS(I) o H =0, a.s.
J—oo <7n(JT)<k<m((J+l (JT)

Note that E[B,(CI) | Fi] = E[ve, (&k+1)|Fr] — Po, v, (&) =0, so S,(CI) is a martingale adapted to ;.. By Doob’s

L? maximal inequality, there exists a constant 61 > 0 such that

2
| e |5~ 5 | < 5 - s
m(jT)<k<m((]+1)T) m(]T) ! m(@+OT m(]T)
I E(CAR R _ m(G+D)T)-1
<SGE| > nalBOP =C > n2iElllve, (besr) = Po,vo, (6)]7]
s=m(jT) s=m(jT)
()T
<40y Z nZ1 Elllve, (s41)]7]
s=m(jT)
G- _ m(G+)T)-1
<4CiL, Y PLEA+HIEaT=C S L E[l€m)?]
s=m(jT) s=m(jT)

_ mGym)
< 04 Z 77§+1 —0,

s=m(jT)
as j — oo since Y, 77 < oo, where the last inequality follows from the drift condition E[||;+]|?|F%] <

Cv ||&x|I* + C4,. Taking the total expectation and unrolling the recurrence, we have

C” =
E[llgs1[") < CY E[l1€0]1*] + C ZCS <SCvE[l&l]+ =5 = O, (EC.3.10)
1%
which holds for all £ > 0 since 0 < Cy < 1. Again, by Jensen’s inequality,
1/2
E sup HS(I S(I(]T)H E sup HS( S(I(]T)H — 0,
mT)<k<m((j+1)T) mGT)<k<m((j+1)T)

as 7 — oo. The remaining steps proceed by repeating the same reasoning as in the analysis for 7, A,gl), and is

therefore omitted for brevity.

(1)

(2) Analyze coboundary term B, . We exploit the telescoping structure:

k—1 k-1
SI(CH) - ZUS-HBSD = Zns+1 (Pes Vo, (§s) — P,y v s+1(£s+1))
s=0 s§=

k—1

=" P90V90 (50) - [Z(ns - 778+1)P95V9s (58)] - nkPekyek (gk)

s=1
For any n > k, it follows that

n—1

SUD _ S,(CH) =— [Z(ﬁs —Ns+1)Po, Ve, (55)] —1nPo, V0, (&n) + kP, Vo, (§k)-

s=k
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By Lemma EC.2-(i), we have

n—1
1M — S| < Le, [Z(ns —0s1) L+ &) | + 170 Po, v, (&) || + || 76Po, Vo, (€x) | -
s=k

=(II)
=(I)

The term (II) is asymptotically negligible almost surely since

Zm 1+ [1&]1)?

by the bound in (EC.3.10). Then, by Tonelli’s theorem, we have 32 E[||7,Po,vs, (£,)]|] < oo and thus

1n5Pa, v, (&) || — 0 almost surely as s — oo.

S LPI/(]- +53)2Z773 < 0,

s=0

ZHT’SPGSVGS(gS || ] <LPV

For the term (I), we have

o0

E [Z(ns_nwl)(l'}_”fsn ] 1+C?> Z 775+1 <C4771 < 00.

s=1

where the first inequality follows from (EC.3.10). Since 75 > 7,1, Tonelli’s theorem applies. Therefore,

ZnerlB

almost surely as k — oo.

(3) Analyze residual term B ,(CIH). By Lemma EC.2-(ii),

sup
n>k

= sup [[S{10 — 5" ||<supz — ) (14 1) =

1B = [Pogs s Yoy (€xs1) = Pove, (Shsn) || < Lo 101 — Okl (1 + 1€l

= Lp,|[He (0r — mG(0r; & un, 1)) — Mo (01) | (1 + [|€xsal])

(9 F (0 + 0pup; &) — F(0r — Opun; &)
E— Mk

I = u) —ekH (1 + Il

< ZouCe (2 ) Bunl L+ e
where the second inequality is by the nonexpansiveness of projection Ilg, and the last inequality is by
Assumption 3. By Markov’s inequality, for any € > 0,

<||Bkﬁﬁ>||>e>s(LP“CF> (% ) Bl 21+ 1611 )7

€

2
g(LPCF> 2d(1 + Cy) (77’“> 0,
€ 51@
(111)

where the last inequality is due to (EC.3.10), and 7./, — 0 as k — oo. Here, P(|| B, { || > €) is summable

since >, 7 /07 < cc. Then by the Borel-Cantelli lemma, we have || B klfl || = 0 as k — oo almost surely.

Since 1 — 0 as k — oo, the weighted tail sum is also asymptotically negligible; that is, as k — oo,

Z s B(III

sup —0 a.s.

n>k
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Hence, the Markovian bias is asymptotically negligible almost surely.
Martingale difference sequence. From (EC.3.7), V}.; is Fj;-measurable and satisfies E[V},|F;] =0
almost surely. Define M), = Zf;é 1sVsi1 for k> 1, and My = 0. It follows that M, ; — M}, is a martingale

difference sequence. Its quadratic variation is given by

K

E[[| My = Mel*|F] = Y e B[l Vi |1 ]

k

oo

k

I
o

0
oo

M E[|G (0; &5, 0x) — BIG (O3 &5 i, 01) | Ful 1P Fe) <4 np BIIG(0k; & wn, 60) ||| Fi)

k=0

E [(F(Gk +0pug; &) — F (0, — 6kuk;§k—))2 HukHz‘ fk}

M

>
Il
<]

[
[
3=

b
Il
=)
EIC IS

< E[(2C)||uxl?| Fr] <4dC2 3T < o,

k=0

[M]#
%‘3

E

I

<]
ESIS

where the last inequality is by Assumption 3. Consequently, M, converges almost surely and in L2. Then by

Doob’s L? maximal inequality, Sup, , (;zy<x<m(j+1yr) | Mk = M || — 0 as j — oo almost surely for any

Jj+1

finite 7" > 0. Using the arguments similar to those for nkA(H), we have

m(jT+t)—1
lim | supmax g nsVsr1)| | =0, a.s.
k—o0 >k t<T
2 s=m(jT)

Hence, the martingale difference sequence is asymptotically negligible almost surely.

Limiting ODE. The continuous-time interpolation of the sequence {0}, } v~ is defined by 6(t,.) = 6, for
t € [ty, tx,1) with k& > 0. This construction yields a continuous-time interpolated trajectory that approximates
the discrete-time dynamics of the OTL algorithm. In the limit as the stepsize 7, — 0, the evolution of this

interpolated trajectory is described by the ODE:
0(t) =Tle (—V f(6(1))), (EC.3.11)

where IIg (-) denotes the directional derivative of the projection operator Ilg(-). For any continuous function
¥ : © — R? and any point ¥ € O, it is given by g (¥ (9)) = limo ((IL(Y + €p(9)) — 9)/€). Since O is
compact and convex, the limit always exists. In particular, if 1J lies in the interior of ©, it follows trivially
that TI(1(9)) = ¥(99). If ¥ is located on the smooth boundary of ©, the projection behaves locally as the
orthogonal projection of ¢(¢J) onto the tangent cone 7o (9); i.e., IL(1(9)) = Il1, (4 (¥(9)). In both cases,
the limit is unique. II(-) may be set-valued when % is not regular; i.e., a nonsmooth point of the boundary.

For any trajectory of the projected ODE in (EC.3.11) and any regular point 6(t), we have

%f@(t)) =VI(O))0(t) = ~ 7o) (VD)) < 0.
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Hence, f(6(t)) is non-increasing and thus a Lyapunov function for this projected gradient flow.
Under Assumption 1, all trajectories are automatically bounded and remain within ©. By LaSalle’s
invariance principle, every bounded trajectory converges to the largest invariant subset of O, =
{0€0: T 6)(VFi0)=0}={0€0:0Vf(0)+No(f)}, which s the set of all locally asymptotically
stable points. For any given 6* € ©,, its attraction domain D(6*) = {6, € © : lim; .. 0(t;0y) = 6*} is open.
Therefore, there exists a small ball B(6*, ) C D(6*) containing infinitely many iterates 6.

Under Assumption 8 where ), nx = oo and Y, 17 < oo, we conclude that limy_, . 0, = 6. This
establishes that when the trajectory converges to *, and the stochastic recursion (EC.3.4) asymptotically

tracks this ODE, then the sequence of the OTL algorithm iterates {6} },>o also converges to 6*. [
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